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Abstract

In this paper we construct representations of general positive sesquilinear maps with
values in ordered Banach bimodules such as commutative and non-commutative L'-
spaces and the spaces of bounded linear operators from a C*-algebra into the dual
of another C*-algebra are considered. As a starting point, a generalized Cauchy—
Schwarz inequality is proved for these maps and a representation of bounded positive
maps from a (quasi) *-algebra into such an ordered Banach bimodule is derived and
some more inequalities for these maps are deduced. In particular, an extension of
Paulsen’s modified Kadison—Schwarz inequality for 2-positive maps to the case of
general positive maps from a unital *-algebra into the space of trace-class operators
on a separable Hilbert space and into the duals of von-Neumann algebras is obtained.
Also, representations for completely positive maps with values in an ordered Banach
bimodule and Cauchy—Schwarz inequality for infinite sums of such maps are provided.
Concrete examples illustrate the results.
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1 Introduction

Positive and completely positive maps play an important role in the theory of operator
algebras and quantum information, see for instance [9]. This motivates a study of
representations involving these maps. A classical result in representation theory is the
famous Stinespring theorem [25] (see also [2, 20, 26] which gives a representation
of completely positive maps from a C*-algebra into the space of bounded operators
in Hilbert space. There is an extensive literature on the theory of representations see,
e.g., [24] and [23, Chapter 12]. Quite recently, in [6, Corollary 3.10] and [5, Corollary
3.3], a representation of general positive C*-valued maps on arbitrary *-algebras has
also been provided.

Now, C*-algebras are just a special case of Banach quasi *-algebras and, moreover,
every Banach quasi *-algebra is a Banach bimodule over a *-algebra.

Several beautiful and important mathematical structures (such as commutative and
noncommutative L”-spaces) are examples of Banach quasi *-algebras. Further, Hilbert
C*-modules [17, 18] and the spaces of bounded linear operators from a C*-algebra
into the dual of another C*-algebra are other examples of (ordered) Banach bimodules
over a *-algebra which are of interest for applications. All these facts motivated us
to study positive and completely positive maps from a Banach quasi *-algebra into
an (ordered) Banach bimodule over a *-algebra, and the main aim of this paper is
therefore obtaining representations and related inequalities of such maps.

In a recent paper [6] we considered a GNS-like construction defined by positive
sesquilinear maps on a quasi *-algebra taking their values in a C*-algebra. In this paper
we go some steps further and consider the possibility of replacing sesquilinear maps
taking values in a C*-algebra with sesquilinear maps with values in an ordered Banach
bimodule ) over some *-algebra 9)o. In this situation, an extension of the result of
[6] is possible, provided that the sesquilinear form ®, where we start from, satisfies
a generalized Cauchy—Schwarz inequality. This discussion is developed in Sect. 3
where (Proposition 3.1) we characterize a class of ordered Banach bimodules ) with
the property that every )-valued positive sesquilinear map satisfies a generalized
Cauchy—Schwarz inequality. Concrete examples of such bimodules are, for instance,
non-commutative L'-spaces and the space of bounded linear operators from a von
Neumann algebra into the dual of another von Neumann algebra. As a corollary, we
obtain an extension of Paulsen’s modified Kadison—Schwarz inequality for 2-positive
maps between C*-algebras to the case of general positive maps from a unital *-
algebra into any of the above mentioned ordered Banach bimodules (Corollary 3.2)
as well as Cauchy—Schwarz inequality for infinite sums of ordered Banach bimodule-
valued positive sesquilinear maps (Proposition 3.3). Then we provide a representation
of positive sesquilinear maps from a quasi *-algebra into such an ordered Banach
bimodule. Moreover, we give examples of such maps. In the last part of Sect. 3, we
obtain also a representation of positive ordered Banach bimodule-valued linear maps
on a unital *-algebra (Corollary 3.2).

An important difference between representations of ordered Banach bimodule-
valued positive maps given in Sect. 3 and the representations of C*-valued positive
maps given in [6] is that the ones from Sect. 3 are given in a proper Banach space
and not just in a quasi-Banach space (as in [6]). This is due to the Cauchy—Schwarz
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inequality for positive Banach bimodule-valued sesquilinear maps given in Proposition
3.1. Positive maps from a unital C*-algebra into the space of trace-class operators are
a special case of the positive maps treated in Sect. 3. Since the space of trace-class
operators is the subspace of the C*-algebra of bounded linear operators on a Hilbert
space, it follows that our results have an application in the theory of positive maps
on C*-algebras. This fact has also been a motivation for Sect. 3 in this paper. Thus,
the purpose of Section 3 is not only generalizing the results from [6] from the case of
positive C*-valued maps to the case of positive Banach bimodule-valued maps, but
also improving the results from [6] by providing representations of some classes of
positive maps in Banach spaces and not just in quasi-Banach spaces as done in [6].

Section 4 is devoted to the *-representations induced by completely positive
sesquilinear maps. This is actually a subject for which several approaches have been
proposed in view of a possible generalization of the Stinespring theorem to different
environments (see, for instance, [3, 11, 12, 14, 15, 19, 21]). Motivated by [21, Propo-
sition 3.1], following an idea proposed in [22, Ch. 11] and adopted in [4] for partial
*-algebras, we consider completely positive sesquilinear maps from a normed quasi
*-algebra 2 into a set of sesquilinear maps on a vector space which take values in
an ordered Banach bimodule ) and provide a generalization of the classical Stine-
spring theorem in this context, as well as applications of this result to Cauchy—Schwarz
inequality for infinite sums of such maps (Corollary 4.6). Further, we provide a version
of Radon—Nikodym theorem for these maps as well as for ordered Banach bimodule-
valued bounded positive sesquilinear maps on a quasi *-algebra, thus generalizing, in
this setting, the results from [26, Section 3.5] and give examples of such maps.

At the end of Sect. 4, we apply our results to obtain representations of bounded
completely positive sesquilinear maps on a quasi *-algebra with values in the space
of ordered Banach bimodule-valued, bounded, linear operators. As a consequence of
these representations, in Proposition 4.12 we obtain Cauchy—Schwarz inequalities for
such maps. This application has also been a motivation for constructing representations
of completely positive maps. Also, we provide some examples as well as some other
applications.

2 Preliminaries
A quasi *-algebra (2, 2p) is a pair consisting of a vector space 2 and a *-algebra 2l
contained in 2l as a subspace and such that

e 2 carries an involution a — a* extending the involution of 2ly;
e 2 is a bimodule over 2 and the module multiplications extend the multiplication
of 20p. In particular, the following associative laws hold:

(ca)d = c(ad); a(cd) = (ac)d, YaeX, c,d ey,

e (ac)* = c*a*, forevery a € A and ¢ € 2.

The identity or unit element of (2, %), if any, is a necessarily unique element
e € Ay, such that ae = a = eaq, for all a € 2.
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We will always suppose that

ac=0,VeeAy=>a=0
ac=0,VaeA=c=0.

Clearly, both these conditions are automatically satisfied if (2, 2y) has an identity e.
A quasi *-algebra (2, o) is said to be normed if 2 is a normed space, with a norm
I - || enjoying the following properties

e there exists ¥ > 0 such that for every a € 2
max{lacll, llcall} < ylall, Ve € Ao;

e [[a*|| = llall, Va € A;
o 2y is dense in A[| - ||].

If the normed vector space [|| - ||] is complete, then (2, 2g) is called a Banach quasi
*-algebra. We refer to [10] for further details.

Throughout the paper we will denote by B (X, Y) the space of bounded linear maps
from the normed space X into the normed space Y. If X = Y we will simply write
B(X) =B(X, X).

Definition 2.1 Let ) be a Banach bimodule over the *-algebra ). We say that Q) is
an ordered Banach bimodule over ) if

(i) %) is ordered as a vector space; that is, ) contains a (positive) closed cone £, i.e.,
RCPissuchthat R+ R C R, AR C Kfor A > 0and RN (—K) = {0};
(il) z*Rz C R, Vz € o.

Asusual, we will write y; < y, whenever y, —y; € K, with y;, y» € £ and we will
sometimes suppose that ) has an order-preserving norm in the sense that if y; < y»
with y1, y2 € R, then also ||yilly =< Ily2lly. Throughout the paper, &2 will denote
a (locally) compact Hausdorff space and C(€2) and M (£2) will denote the space of
continuous functions on €2 and the Banach space of all complex Radon measures on
2 equipped with the total variation norm, respectively.

Example 2.2 Examples of ordered Banach bimodules over a Banach *-algebra are
provided by:

e if 7 is a separable Hilbert space, and B () denotes the space of all trace-class

operators, then ) = (2B (H), || - ||1) is a Banach bimodule over the von Neumann
algebra®)o = (B(H), ||-||) of bounded operators on H equipped with the operator
norm || - [|;

e the non commutative spaces ) = L”(p), over the Banach *-algebraQ)y = L*°(p),
with p a faithful finite trace on a von Neumann algebra 91, see [10, Section 5.6.1];

e ) =‘B(&, &), the space of bounded linear operators from €; into ¢, equipped
with the operator norm, where € and &, are unital C*-algebras, Py = €. If
A € B(C, &) and ¢ € €1, the module multiplication can be defined as

(A-c)(d) = A(cd) and (c - A)(d) = A(dc), d e ;.
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Similar construction applies if we instead of €, consider the dual of €;

e Y =Py = €(C(R)), with £,(C(£2)) the space of square summable sequences
of functions in C(£2) with Q a compact Hausdorff space. It is a Banach bimodule
over itself because it is a (non-unital) normed *-algebra.

The definitions of the positive cones are obvious in all these cases.

In the next results we will need the additional assumption that the norm on the
ordered Banach bimodule ¥) is order-preserving. Examples of Banach bimodules
with an order-preserving norm are commutative L”-spaces and £,(C(£2)), with Q
a compact Hausdorff space. Furthermore, if ¢; and ¢, are C*-algebras with unit eg,
and eg,, respectively, the Banach ordered bimodule B(¢;, ¢;) is order-preserving
(this follows from the fact that ||| = [l¢(eec)lle, < ¥ (ee)lle, = ¥, with
o, € B(€1, )T and ¢ < ¥, see e.g. [26]). Moreover, if H is a separable Hilbert
space, the norm in 98 (H) is clearly order-preserving.

Let X be a vector space and ) an ordered Banach bimodule over the *-algebra )y,
with positive cone K. Let ® be a 2)-valued positive sesquilinear map on X x X

D:(x,x)eXxX—> Px,x0) ey

i.e., a map with the properties

(1) P(x1,x1) € K,
(i) ®(axy+ Bx2, yx3) = V[a®(xy, x3) + BD(x2, x3)],

with x1, xp,x3 € Xand «, 8,y € C.
The )-valued positive sesquilinear map & is called faithful if

®(x,x) =0y = x=0.

3 Representations induced by positive maps

It is quite apparent that the cornerstone of every extension of the GNS-construction is
a Cauchy—Schwarz inequality. We begin with presenting some results in this direction.

Throughout this section we will assume that € is a C*-algebra with positive convex
cone €1 and norm || - ||¢, ) is (an ordered) Banach bimodule over a *-algebra )
(with )¢ equipped with a not necessarily sub-multiplicative norm || - [lg),) with the
respective cones £ and Ry, with £y = {Z,N:l 272i, 2 € Yo, i =1,...,N; N e N}.

A positive sesquilinear map ® from a complex vector space X into an ordered
Banach bimodule ) is said to satisfy the Cauchy—Schwarz inequality if, for every
X1, X2 € X it holds that

1/2 1/2
1DCx1, x2)lly < 1@ Ger, x)llg) I (2 x2)

From now on, by p we will denote a faithful semifinite trace on a von Neumann
algebra 1.

) Birkhauser
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Proposition 3.1 Let X be a complex vector space. Assume that ), Yo, R and € are
as above. Let ® : X x X — ) be a positive sesquilinear map. Let 2, Y be locally
compact Hausdorff spaces, H a separable Hilbert space, M a von Neumann algebra
and p a faithful trace on M. Then, the Cauchy—Schwarz inequality holds in each one
of the following cases

1.9 =L*(Q)

2.9 =8O, B1(H), Do=M,

3. 9 = IM*, the dual of N,

4. P = M(Q) and Yoy = C(Q),

5.9 = BER, M(Q)), Vo =M,

6. P =B(C(R),C(Y)), orY =BON, C(NQ)),
7.9=L'p)orY=L"Q), .

8. P = BN, M*) and Yo = M, with I another von Neumann algebra,
9. 9 =Po = L(C(Q)).

Proof We just give a sketch of the proof of each case.

(1) Let S be asimple function on €2, then § = Z;V:l cjxa,- Then, for each j, the map
@j(x1, x2) = fQ D (xq, Xz)XA‘,- du, x1,x0 € X, is a positive sesquilinear form, so
we can apply the Cauchy—Schwarz inequality and get:

'/ ®(x1, x2)Sdp| < [@Cer, x) 1) 21 (2, x2) 1521182, Va1, x2 € X
Q

Then consider a sequence {S,}, of simple functions such that S,, — ®(x1, x2)
in L?(Q, ) as n — oo. By taking limits in the above inequality, we get the
Cauchy—Schwarz inequality.

(2) Let P € Mand Q € B(H) be orthogonal projections. Define pp g : X x X — C
by

op,o(x1, x2) = tr(Q(®(x1, x2)(P))), Vxi,x2 € X. 3.1

Then ¢p o is a positive sesquilinear form; hence, using the Cauchy—Schwarz
inequality, we get

[tr(Q(® (x1, x2) (P)] < (tr(Q(®(x1, x) (PN (tr (Q (@ (x2, x2) (P)))/?
(3.2)

for all x;,x, € X. Letnow § € M and T € B(H) be two simple operator
functions, so S = ZlN:l a;P;and T = Zflzl BjQj with P, P, = Q;,0;, =0

whenever i # i and j| # j, ZIN=1 P; = Ign and Zyzl Q; =1x.By(3.2) and
some computations we get that

W Birkhauser
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(T (D (x1, x) ()N < Y et 1117(Q (@ (x1. x2) (P))]
i,j
< ITINSN(Er(@(xr, x1) o)) /2 (tr (@ (x2, x2) (Tgm))) />

< ITIISII®er, x) N2 1D (x2, x) 112, ¥y, x2 € X.
3.3)

Let now U € 9t and W € B(H) be unitary. Then, by the spectral theorem, we
can find sequences {S,}, C M and {7,,}, C B(H) that converge in the operator
norm to U and W, respectively. Then, since

|tr (B(®(x1, x2)(A)] < 17 (|B(P(x1, x2)(A))])
< IBIII®(x1, x2)(A) It < I BIANP (x1, x2)II, (3.4)

forall A € MM, B € B(H), x1, x» € X, it follows that
tr(Tp (P (x1, x2)(S))) — tr(W(®(x1, x2)(U))), asn — oo.

Also, || T, ISzl = WUl = 1 asn — oo, hence, by using inequality (3.3),
passing to the limits, we deduce that

jr (W(@ (1, x2)(U)))] < 10, 2210 (2, x2) )2, (3.5)
for all x1,x2 € X. This inequality extends easily to convex combinations
N M
Zi:1 i Ui, Zj:] YiW;.

The Russo—Dye theorem then allows to get the following inequality for A € 9
and B € B(H) with |A], | B < 1,

|t (B(®(x1, x2) (AN)] < [[@Cer, x| @2, x2)[1'/2, Vixr, xz € X
3.6)
Finally, let A € 9 with ||[A|| = 1, and V € B(H) be the partial isometry
with V(®(xq, x2)(A)) = |D(x1, x2)(A)| and choose sequences {A,}, C 9N and
{(Viiln € B(H), with ||A,|l, | Vull < 1 for all n, such that A, - Aand V,, — V

in the operator norm as n — o0. Once again, by using (3.4) and a limit procedure
we get

D (x1, x2) (A1 = 17 (V(®(x1, x2)(A))) < [[D(xp, x1) |2 (x2, x2) ('3,

for all x1, x € X. Finally, by taking the supremum over the unit ball in 21, we
conclude that

1D (1, x| < (1@, x) 21D G2, x2) (112, Yy, x2 € X
(3) Itis a special case of (2): if H is one dimensional, then 28 (H) = C.

) Birkhauser
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(4) We can apply the Cauchy—Schwarz inequality to every positive sesquilinear form
0E(x1, x2) = ©(x1, x2)(E), with E a given Borel subset of €2, and therefore by
considering a partition {En}rjy:] of 2 we obtain

N N
D10, x) (Bl < ) (@01, x)(En) (@ (2, x2) (B, )/

n=1 n=1

N YN >
< (Z cb(x],m(En)) (Z <I>(xz,x2>(En>)

n=1 n=1

hence, by taking the supremum of both sides, we get the Cauchy—Schwarz inequal-

1ty.
(5) Let P € 991 be an orthogonal projection and E be a Borel subset of 2. The map
op.E X x X — C given by

op.E(X1,x2) = ®(x1, x2)(P)(E), Vxi,xp€eX

is a positive sesquilinear form, hence, by similar arguments as in the proof of (4)
we can deduce that

1@ (x1, x2)(P)]| < (D (x1, x1) (PN 2D (x2, x2)(P)V2, Vaxp, x2 € X.

Since this holds for an arbitrary orthogonal projection P € 91, we can then
proceed further in a similar way as in the proof of (2) and deduce Cauchy—Schwarz
inequality for ®. We leave the details to the reader.

(6) Themap @; : X x X — (C(RQ))* = M () given by

Gr(x1, x2)(f) = (@, ) (@), VfeC(Q),x,xneX

is sesquilinear and positive, hence, the Cauchy—Schwarz inequality holds for ¢,
by case (4). Therefore, for every f € C(£2), with || f|| < 1 and every t € T, we
get

(@ (x1, x2) (FNO] < 1@ Gt x) 1 < 1 Ger, O 21@ (xa, x2) 112
1/2

IA

sup [P (x1, x1) (@)l
geC(Q),
llglloo=<1

1/2

sup || P (x2, x2) (&) lloo
heC(Q),
hlleo=<1

1D Cxr, x) 121D (xa, x2)11/2.

IA

W Birkhauser
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The statement follows by taking supremums.
The case Y = BN, C(£2)) can be treated similarly by using (3).
(7) Consider the map ¢ : Ll(p) — 9* given by

UT)(S) = p(ST), VYT e L'(p), S eM.

It is not hard to check that ¢ is an isometry. Moreover, since ((T)(S) =
p(SY2TSY/2) > 0 whenever S and T are positive, it follows that ¢ preserves
positivity. Hence, if ® : ¥ x X — L!(p) is a positive sesquilinear map, then
to®d: X x X — 90" is also a positive sesquilinear map. By (3) and since ¢ is an
isometry, we get that

@ (x1, x2)[1 = lle o @(x1, x2) || < lle o @ (xp, x1)|'/? e 0 D (x2, x2) |1/

1/2 1/2
= D1, x) 121D Cer, x2) 172, Var,x; € X

Of course, an analogous result holds in the commutative case (i.e. ) = LY(Q)).

(8) In the proof of (2), given P € M and Q € B(H), we have considered the
sesquilinear form ¢p ¢ in (3.1). Now, given S € M and T € NN, we can consider,
instead, the sesquilinear form ¢g 1 : X x X — C given by

@s.r(x1, x2) = ®(x1, x2)()(T), Vx,x2 € X

and proceed analogously to the proof of (2).

(9) We can apply the Cauchy—Schwarz inequality to all the positive sesquilinear
forms ¢ ;(x1, x2) = (P(x1, x2)), () with (P (x1, x2)), the n-th component of
the sequence ®(x1, x2) and then applying the Cauchy—Schwarz inequality for the
inner product in €7 (C(£2)).

O

From now on ) will denote any Banach bimodule considered in Proposition 3.1. The
next corollary is motivated by modified Schwarz inequality for 2-positive maps (see
[20, Ch. 3, Ex. 3.4, p.40] and [8, Lemma 2.6])

Corollary 3.2 [f 2l is a unital *-algebra and w : A — ) is a positive linear map, then

12

lo®*a)ly < lo@ @)y’ lo® by’

9 VYa,b € .

Proof This follows from Proposition 3.1 by considering the sesquilinear map @ :
A x A — ) given by ®(a, b) = w(b*a), forall a, b € 2. O

Now we give an extension of Proposition 3.1.

Proposition 3.3 Let X be a vector space and assume that the norm on %) is order-
preserving. If {®,}, is a sequence of positive sesquilinear maps ®,, : X x X —

) Birkhauser
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D and {x,}n, {Xn}n are sequences in X such that the series Z;’lozl &, (xp, x,,) and
Youl @ (X, Xu) are convergent in Q) then

1/2 1/2
=

2

o0
PR HEAES
n=1

00
Z D, (xp, x5)
n=1

o
D0, )
n=1

2 2

Proof The statement can be proved by arguments similar to the first part of [18,
Example 1.3.5] due to Proposition 3.1 and the fact that the norm of ) is order-
preserving. O

For a detailed overview of some other operator-inequalities for positive maps we
refer to [7, 16].

Definition 3.4 Let X be a vector space. A 9)-valued faithful positive sesquilinear map
® on X x X is said to be a Y)-valued inner product on X and we often write (x1|x2) ¢ =

D (x1, x2), x1,x2 € X.

A 9)-valued inner product on X
P:XxX—>9

induces a norm || - || on X:

lxlle == VIl{x[X)elly = /1P, D)y, xe€X,
since
lx1 +x20l0 < lIxtlle + Ix2lle,  Vxi,x2 € X;

this can be shown similarly to what done in [6].
The space X is then a normed space w.r.to the norm || - || .

Definition 3.5 Let X be a complex vector space and ® be a 9)-valued inner product
on X. If X is complete w.r. to the norm || - ||¢, then X is called a Banach space with
-valued inner product or for short a Bgy-space.
If @ is not faithful, we can consider the subspace of X

Nop ={x1€X: O(xy,x) = 0@,\7’)(2 e X}.
By Proposition 3.1, then

No ={x e X: &(x,x) =09}

W Birkhauser
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We denote by A¢(x) the coset of X/ containing x € X;i.e., Agp(x) =x +Ng
and define a )-valued inner product on X /¢ as follows:

(Ao (xD]Aa(x2)) o 1= P(x1,x2), x1,x2 € X.

The associated norm is:

[Ao()e = /P, ¥)lly, xe€X.

The quotient space X/M¢p = A¢(X) is a normed space (see [6]).

Let K be a By-space and D(T') be a dense subspace of K. A linear map T :
D(T) — Kis said ®-adjointable if there exists a linear map 7* defined on a subspace
D(T*) C K such that

O(T&, ) =@E T, V&€ D), neDT).

Let D be a dense subspace of K and let us consider the following families of linear
operators acting on D:

LT(D, K) = {T ®-adjointable, D(T) = D; D(T*) D D}
LID)={T e £L/(D,K): TD C D; T*D C D}.

The involution in £T(D, K) is defined by T .= T* | D, the restriction of T*, the
®-adjoint of T, to D. The set LT(D) is a *-algebra.

Remark 3.6 If T € L7(D, K) then T is closable and its ®-adjoint 7* is closed (it
can be shown similarly as in [6, Remark 2.8] due to Proposition 3.1). Moreover, the
space LT(D, K) is a partial *-algebra [1] with respect to the following operations: the
usual sum 77 + T3, the scalar multiplication AT, the involution T +— TH .= T7*ID
and the (weak) partial multiplication O of two operators 11, 1> € LT (D, K) defined
whenever there exists W € £7(D, K) such that

O(Th&, T, ) = ®(WE,y), V&, neD.

Due to the density of D in /C, the element W, if it exists, is unique. We put W = 77 O 7.

Definition 3.7 Let (2, 2p) be a quasi *-algebra with unit e. Let D be a dense subspace
of a certain Bg)-space KC with 2)-valued inner product {:|-)x. A linear map 7 from 2l
into £T(D, K) is called a *-representation of (2, o), if the following properties are
fulfilled:

() w@) =n@" =n@* | D, Vaec;
(ii) fora € A and c € Ay, 7(a) Ox(c) is well-defined and 7 (a) O (c) = 7 (ac).

We assume that for every *-representation w of (2, 2lp), m(e) = Ip, the identity
operator on the space D.
The *-representation 7 is said to be

) Birkhauser
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e closable if there exists 7 the closure of 77, defined as 7 (a) = 7 (a) | D where D is
the completion under the graph topology 7, defined by the seminorms & € D —
€l + lImr@éllic, a € U, with || - || the norm induced by the inner product on
Ky

e closed if D[t;] is complete;

e cyclic if there exists £ € D such that 7 (%4p)& is dense in K in its norm topology.
In this case £ is called cyclic vector.

Definition 3.8 Let (2, 2lp) be a quasi *-algebra. We denote by Ig%z) (20) the set of those
positive sesquilinear maps @ : 2 x A — ) such that:

(1) Ap(Rlp) = Ao/Ng is dense in the completion A of A /N w.r. to the norm || - || ¢
(i) are left-invariant, i.e., ®(ac,d) = ®(c,a*d),YVa €U, c,d € Ay.

f2A =2Apand w : A — Q) is a positive linear map, then & : A x A — ) given by
®(a,b) =wb*a), Ya,beA

satisfies the conditions of Definition 3.8, i.e. ® € IQ% A0).

Proposition 3.9 Let (A, o) be a quasi *-algebra with unit e and ® be a ))-valued left-
invariant positive sesquilinear map onA x 2. The following statements are equivalent:

i) e Zy A);

(ii) there exist a Byy-space Ko withQ)-valued inner product (- |-} Ko a dense subspace
Do C Ko and a closed cyclic *-representationt : A — L' (Dg, Ko) with cyclic
vector Eg such that

(m(@é&In)ic, = Elm@In)ic,. V6.1 €Do,a e

and such that
®(a, b) = (n(a)éo|m(b)éo) iy, Ya,b e

Proof The proof proceeds along the lines of that one of [6, Theorem 3.2], due to the
Cauchy—-Schwarz inequality for positive 2)-valued sesquilinear maps (Proposition 3.1)
and due to Remark 3.6. O

Remark 3.10 By the same arguments as in [6, Corollary 3.5] one can show that every
)-valued, bounded, left-invariant, positive sesquilinear map on a unital normed quasi

*-algebra belongs to I;‘?O 0.

In the following example we construct some 2)-valued, bounded, left-invariant,
positive sesquilinear maps.

Example 3.11 Let p be a finite trace on a von Neumann algebra 90t. Let W € L*°(p),
with W > 0. Let k € C([0, [W|[] x [0, ||W]]]) be such that k > 0. Then, for each
x € [0, |W]]], the function 5, : [0, ||W]]] — C defined by n,(t) = k(x,1t) is
a continuous, positive function on [0, || W||]. Therefore, by the functional calculus,
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nx (W) defines a positive operator in L°(p). Let us define, for every x € [0, [|[W|]
and X, Y € L%(p),

(X, Y)(x) = p(Xn (W)Y™).

Then, (X, Y) € C([0, [W|]) forall X, Y € L?(p). Moreover, ¢ : L*>(p) x L*(p) —
C ([0, |W]]) is a bounded, left-invariant, positive sesquilinear map (see [6]).

Let f : [0,1] — [O, ||W]|] be measurable. For every X,Y € Lz(p), let ¢ :
L%(p) x L*(p) — L?([0, 1]) defined by ¥ (X,Y) = ¢(X,Y) o f. Then one can
check that i is a bounded, left-invariant, positive sesquilinear map.

Finally, if (2, %lp) is a unital quasi *-algebraand ¥ : A x A — L() is abounded
left-invariant positive sesquilinear map, then the induced map U AxA—> M(Q)
given by d\Il(a, b) = V(a, b)du, for all a, b € 2 and some fixed positive measure
n € M(2), is also a bounded left-invariant positive sesquilinear map.

Corollary 3.12 Let A be a *—algebra with unit e and let w be a positive linear )-
valued map on 2. Then, there exists a Byy-space Ko whose norm is induced by a
D-valued inner product (-|-)ic,,, a dense subspace D, € Ko and a closed cyclic
*—representation I, of 2 with domain D,,, such that

w(b*ac) = (My(a)Au(©)|Aw)) ke, Va,b,c e
Moreover, there exists a cyclic vector 1, such that

w(a) = (Mu(@nwlne) ke, Ya el

The representation is unique up to unitary equivalence.

Proof The statement can be proved analogously to [6, Corollary 3.10], due to Propo-
sition 3.9. o

4 Representations induced by completely positive sesquilinear maps

In this section, we extend the results of Sect. 3 to the case of )-valued completely
positive sesquilinear maps.

Let X and ) be vector spaces. We will denote by Sgy (X) the space of all J)-valued
sesquilinear maps on X.

Definition 4.1 Let X be a normed vector space, ) an ordered Banach module over the
*-algebra J)o, with positive cone £ and (2, o) a normed quasi *-algebra with unit.
The sesquilinear map @ : A x A — Sgy(X) is called

e bounded if there exists a constant M > 0 such that
[®(a, b)(x1, x2)lp < Mllallllbllllxtlilxzll, Va,b €A xi,x2 € X;
o left-invariant if ®(ac,d) = ®(c,a*d), Va €U, c,d € p;
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e completely positive if forevery N e N, ay,...,ay € A, x1,...,xy € X,
N
Y Plaiap(e.x)) € &
i j=1

The Stinespring Theorem is the main result on completely positive linear maps. In
the following we consider certain completely positive sesquilinear maps taking values
on the space of all g)-valued sesquilinear maps on a vector space, see Theorem 4.2
below.

Let (2, Ap) be a normed quasi *-algebra with unit e, X be a normed complex vector
space. Let the cone £ in ) be closed and ® : A x 2 — Sy (X) be a left-invariant
positive sesquilinear map. Consider the algebraic tensor product 2 ® X and its subset

n n o n
No = Za,-@x,-e%l@iﬂZZ(IJ(a,',aj)(xi,xj)=0@
i=1

i=1j=1

Hence, it is easy to check that the quotient space (2 ® X)/Ng is a normed space.

Theorem 4.2 Let X be a normed complex vector space. Let (U, 2gp) be a normed quasi
*-algebra with unit € and ® : A x A — Sy (X) a left-invariant sesquilinear map.
Let ® be bounded with bound M > 0. Then, ® is completely positive if and only if
there exist a By-space Ko, a dense subspace Do of Ko, a closed *-representation
w of Ain LT (Dg, Ko) and a bounded linear operator V. : X — D¢ such that
7(R)VX = A ® X)/No and, forall a, b € A and x1, xp € X, it holds that

P (a, b)(x1, x2) = (m(@)Vxi|m(b)Vx2)KCq -

In this case | V||> < M|e||>. Moreover, the triple (wt, V, Do) is such that 1 (A) VX =
Ko.

Proof The proof goes along the lines of that of [4] where more traditional sesquilinear
forms were considered thanks to Proposition 3.1 and Remark 3.6. We omit the details.

O

In the following we will refer to a triple (7, V, Dg) as in Theorem 4.2 as a Stine-
spring triple decomposing ®.

Definition 4.3 Let X, X, be two By-spaces with respect to the norms || - [|¢ and

Il - lw, respectively, induced by two )-valued inner products ¢ : X; x X; — 2) and
W X5 x Xy — ). A surjective operator U : X1 — X, is said unitary if

(UsIUnw = (lme. VY& ne Xy
In analogy to Corollary 3.10 in [4], the following result can be proved.
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Proposition 4.4 Let X be a normed complex vector space. Let (U, Up) be a normed
quasi *-algebra with unit € and ® : A x A — Sg)(X) be a bounded left-invariant
sesquilinear map. If ® is completely positive then w and V in the triple (w, V, Do)
are uniquely determined by ® up to unitary equivalence, i.e., if (w,V,D¢) and
(1, Vi, Ep) are two Stinespring triples decomposing ®, there exists a unitary oper-
ator U such that UV = Vi, UDg = Ep and w(a) = U_lm(a)U,for alla € .

Remark 4.5 By Proposition 4.4 all the Stinespring triples (7, V, Dg) decomposing &
are such that r (D VX = K.

By Theorem 4.2, and similar arguments to those in the proof of Proposition 3.3, we
deduce the following

Corollary 4.6 Let X be a normed complex vector space. Let (A, 2ly) be a normed
quasi *-algebra with unit e and {®,}, be a sequence of bounded, left-invariant,
completely positive sesquilinear maps ®, : A x A — Sy (X). Let {an}n, {Gn}n
be sequences in U and {x,},, {X,}n be sequences in X such that the series
Y0 @nlan, an) (X, xn) and Y 02| ®p(ay, an)(Xn, Xn) are convergent in ). Then
the series Y oo | ®p(ay, dn)(xy, Xn) is convergent and

Z D, (an, En)(xna fn)

n=1

2

1/2 172

o0
> Dy @ ) (T Fo)

n=1

Z @, (an, an)(xp, Xn)

n=1

=<

“.1)

2 2

Following [26, Section 3.5] we now provide a generalization of the Radon-Nikodym
theorem for completely positive sesquilinear maps with values in the space Sg) (X) of
5))-valued sesquilinear maps on X x X.

Proposition 4.7 Let X be a normed complex vector space, (2, o) be a normed quasi
*-algebra with unit € and ¥V, ® : A x A — Sg(X) be bounded, left-invariant,
completely positive sesquilinear maps. Suppose that there exists y > 0 such that, for
every N e N, forallay,...,ay € A, x1,...,xy € X

N N
Z W(ai,aj)(xi, xj) <y Z D(a;, aj)(xi, xj).

ij=1 i j=1

Let (my, Vy, Dy) and (e, Vo, Do) be two Stinespring triples decomposing V and
@, respectively. Then, there exists a linear operator T : wgp () Ve X — Ky such that:

(i) TVe = Vy;
(1) Trne(a) =my(a)OT on e (o) Ve X, for everya € 2,

and forall a,b € U, x1,x3 € X,
W(a, b)(x1,x2) = (Trwe(a)Voxi1|Tre (D) Voxa) gy, -
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Moreover, if the norm | - |lg in Q) is order-preserving, then T is bounded, defined
on Ko = np()VoX and |T|| < /. In this case, for every a € 2, Trngp(a) =
7wy (a)OT on the whole K.

Proof Let N e Nandaj,...,ay € Aand x, ..., xy € X, then

N
<Z Ty (a;) Vi x;

i=1

N N
Zﬂ\y(aj)vwxj> = Z W(aj, aj)(xi, xj)
K

j=1 v i,j=1

N
<vy Z ®(aj, aj)(xi, xj)

i,j=1

N
=V <Z 7o (a;)Vox;

i=1

N
an;(aj)V¢Xj> .
Ko

j=1
4.2)

If ZlNzl o (a;)Vox; = 0, then also Z,NZI my(a;)Vyx; = 0, hence, we can define a
linear operator T by

N N
Ty mola)Vexi = Y mu(a)Vox, (4.3)
i=1 i=1

foralla; e A, x; € X,i € {1,..., N}.

Moreover, by taking a = e € g then TVe = Vy, since nop(e) = Ip, and
my(e) =Ip,.

Then T Ong(a) = my(a)OT, for every a € 2. Indeed, if now a € 2, ¢ € Uy,
x € X, by (4.3)

T (10(a) Do) Vox = T (1e(a) 70 (@) Vox = (Tme(@) e () Vox,
on the other hand,
T(wep(a)One(c))Vox = Tre(ac) Vox = my(ac)Vyx
= ny(@) Ty (@) Vex = 1y (@) (Tme () Vox)
= (my (@) T)me(c)Vox = (ne(a) O T)7e(c) Vox.
Finally, if y; < yz, with y;, y2 € & implies that also ||y;[lg) < [ly2llg) then, by (4.2),
we have that T is bounded, hence it extends to the closure Ko = 7o () Ve X and
IT| < ./v.Since the set mp (o) Vo X = (Ao ® X)/Ng is dense in Ko, we conclude

that Twg(a) = wy(a) OT on Ko, for every a € 2. The last statement follows by the
very construction of 7. O

A Radon Nikodym-like theorem holds for positive sesquilinear maps @, ¥ and not
just for completely positive sesquilinear maps.
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Proposition 4.8 Let X be a normed vector space and let the norm || - ||g) preserve the
orderin?). Let (U, o) be a normed quasi *-algebra with unite and @, ¥ : A x A —
Sg)(X) be bounded left-invariant positive sesquilinear maps such that

Y(a,a)(x,x) <y d(a,a)(x,x), VaeA, xeX

for some y > 0. Let Ko and Ky be Byy-spaces, Dg and Dy dense subspaces of Ko
and Ky, respectively, o = A — L (Do, Ko) and my = A — LT (Dy, Ky) closed
cyclic *-representations of ® and WV, respectively, with cyclic vectors &p and &y,
respectively, as in Proposition 3.9. Then there exists a unique operator T : Ko — Ky,
with || T|| < /¥ such that for all a, b € 2,

V(a,b) = (Trno(@)éa|Tre(b)és) Ky -

Moreover, Trp(a) = my(a)OT on we(RAp)ée, for all a € .

Proof The proof goes along the lines of that of Proposition 4.7, by applying the rep-
resentations of ® and W of Proposition 3.9 and by letting Twg (a)ép = my(a)éy for
all a € 2, see also Remark 3.10. O

We give now some examples.

Example 4.9 Let?) be either a C*-algebra or one of the Banach bimodules from Propo-
sition 3.1 and let @ : A x A — ) be a bounded left-invariant positive sesquilinear
map. Define the map @ : 2 x 2 — Sg) (o) by

®(a, b)(c,d) = D(ac, bd), Va,beU, c,de.

Then @ is sesquilinear, bounded, left-invariant and completely positive.

Example 4.10 Let 971 be a von Neumann algebra with a finite trace p and let W and
nx (W) be as in Example 3.11. Consider a separable Hilbert space H and the space
L%([0, |W][], B(H)) w.r. to the Gel’fand-Pettis integral (see [13] and [6, Example
2.26]). Fix F e L2([0, |W|]1, B(H)) with F(r) > 0 for a.e. r € [0, |W]] and
T € B,(H) and consider ® : L?(p) x L%(p) — S, (1) (L>(p)) given by

Wi
O(A, B)(X1, X2) =T (/0 p(XE‘B*Ame(W)))F(X)dX> T,

for every A, B € L?(p), X1, X» € L?*(p). Then ® is a bounded, left-invariant,
completely positive sesquilinear map.

4.1 Applications to operator-valued maps

Definition 4.11 Let X be a Banach space, I' : X x X — X a bounded sesquilinear
map. Let (2, 2p) be a quasi *-algebra with unit e. A sesquilinear map @ : A x A —
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B (X, ) will be called completely positive w.r. to T if, for each N € N and for every
ai,...,ay €A, xy,...,xy € X,itis

N
D @(ai,a)((xi, x)) € &

ij=1

Proposition 4.12 Let X be a Banach space, I : X x X — X a bounded sesquilinear
map. Let (A, Ay) be a normed quasi *-algebra with unit e and ® : A x A —
B(X,9) be a bounded, left-invariant, completely positive sesquilinear map. Then,
there exist a dense subspace Do of a Bgy-space Ko, a closed *-representation ©
of A in LY (Do, Ko) and a bounded linear operator V : ¥ — Dg with |V|?* <
1D (e, )| such that we have

D(a,b)(I'(x1, x2)) = (m(@)Vx1lm(D)Vx2)ic,, Ya,b e, xi,x € X.
Moreover, forall a, b € A and x1, x5 € X, we have

[®(a, b)(T(x1, x2) I
1 1
< [|9(a, a)(T (x1, xD)) |3 [P (B, b)(T (x2, x2)) [l - 4.4)

If By denotes the unit ball in X and T'(B| x By) = By, then for all a,b € A we
have

@ (a, b)|| < (@, a)|/?1D @, b)|'/2. (4.5)

Proof Let Sg)(X) be the space of all 2)-valued sesquilinear maps on X and D Ax
A — Sy (X) be given by:

Ef>(a, b)(x1, x2) := ®(a, b)(I'(x1, x2)), Va,bei, x;,x e X.

Then, & is a left-invariant, completely positive sesquilinear map on 2) since it inherits
these properties from ®. Moreover ® is bounded. By Theorem 4.2, the statement
follows. Since 7 is a *-representation, 7w (e) = I, , the identity operator on the space
Ko, hence, for every x € X, we have that

[(Vx|Vx)ellp = l{m@Vxlr(@) Vi), lly = (e ®xle ® X, I
= [[(®(e, &) (T (x, X))y = [[P(e, )[IT(x, x)I
< (e o) IT x>
The inequality (4.4) follows from Proposition 3.1 applied to the obtained represen-

tation, whereas (4.5) follows by taking supremums over B in (4.4) and using that
I'(B| x By) = By. O

The following example shows maps ® and I' satisfying the hypotheses of Propo-
sition 4.12.

W Birkhauser



Banach bimodule-valued positive maps... Page 19 of 22 12

Example4.13 Take X = 91 a von Neumann algebra with a finite trace p and
['(Ty, T) = T' T, forall Ty, T € M. Since M is unital, it follows that I'(By x By) =
Bj.Let W and 1, (W) be as in Example 3.11. Forevery T € M and x € [0, |W][], let

(@(A, BYT)(x) = p(An (W) T no(W) B¥), A, B € L*(p).

By some calculations it is not hard to see that ¢(A, B)(T)(-) is a continuous function
on [0, ||[W]|] and that ¢ is a bounded, left-invariant, sesquilinear map from L2(p) x
Lz(,o) into BN, C([0, ||W]])), which is completely positive w.r. to I'. Moreover,
if 9N i is_another von Neumann algebra with a semi-finite trace o and if we choose
some W € S)JT with_ W > 0 and ||W|| = ||W||, then by the functional calculus,
o(A, B)(T)(W) € 9)? for all A, B € L%(p) and T € M. Hence, the map P :
L2(p) x L2(p) — B(M, M*) given by

(@(A, BYT))(S) = 5(S(p(A, B)(T))(W))

forall T € M, A, B € L2(,o) and S € 931 is another example of a bounded, left-
invariant sesquilinear map which is completely positive w.r. to I'. Further, if G €
L'(p), then the map ® : L?(p) x L?(p) — B(M, L' (p)) given by

®(A, B)(T) = G(¢(A, B)(T)(W))G*
is also an example of bounded left-invariant sesquilinear map which is completely
positive w.r. to I".

Motivated by the classical notion of complete positivity, we introduce now the follow-
ing generalization.

Definition 4.14 Let X, 3 be Banach spaces, ¥ : 3 x X — 9) be a map which is linear
in the first entry and conjugate linear in the second one and ® : A x A — B(X, 3) be
a sesquilinear map. The map @ is said to be completely positive w.r. to W if for every

N eNandallay,...,ay €U, x1, x2,...,xny € X it holds that
N
> W(@(ai, a))xi, x)) € R
i j=l1

Remark 4.15 If X = 3 = H is a Hilbert space, 2 = C, 2l is a unital C*-algebra, ¥
is inner product on H, ¢ : A — B(H) is a linear map and ®(a, b) = ¢(b*a), for
all a, b € U, then Definition 4.14 reduces to the definition of the classical complete
positivity of ¢ and ®.

Proposition 4.16 Let X, 3 be Banach spaces, ¥ : 3 x X — Y and  : A x A —
B(X, 3) be sesquilinear maps. If ® and ¥ are bounded and ® is left-invariant and
completely positive w.r. to \V, then there exists a dense subspace Do of a By-space
Ko, a closed *-representation 7w of U in LY (Do, Ko) and a bounded linear operator
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V : X — Do with |V]? < |®(e, e[|V such that we have
W(P(a, b)x1, x2) = (m(@)Vxilm(D)Vx2)k,, Ya,b el x1,x € X.

Moreover,

1/2

[W (P (a, b)x1, x2) [l = [W(P(a, a)x1, x2) gy

1/2
W (@b, b)x1, x2) gy
foralla,b e, x1,xy € X.
If Y = LYp), the statements hold under the additional assumption that
W(P(a, b)xi, x2) € LY (p) (N L>®(p), foralla,b € A and x1, x; € X.
Finally, ifIf |¥ || = 1andforallz € 3wehavethat ||z||3 = sup rex [¥(z,2)y,
| 1

lxll <

then for all a, b € 2, we have
[ ®(a, b)|| < (@, a)||'/?| Db, b))/

Proof As in the proof of Proposition 4.12, we can consider the induced sesquilinear
map ® : A x A — Sy (X) given by

®(a, b)(x1, x2) = W(D(a, b)x1, x2), V¥xi,x2 € X

and deduce the first two statements by applying Theorem 4.2 and the obtained *-
representation. The last inequality in the statements follows from the first one, by
taking the supremums over the unit ball in 3. O

Example 4.17 Let 9t be a von Neumann algebra with a finite trace p and let W €

L®(p).Put3 =9 =L (p), X = L®(p).If ¥ :3x ¥ — Qisgivenby ¥(Z, X) =

X*Z, then W is bounded, |W| = 1 and || Z]|3 =sup xex [W(Z, X)|y, due to the
I1X1lx=1

fact that L>°(p) C L'(p) and that L (p) = 91 is unital. Let ® : L2(p) x L%(p) —
B(X, 3) be given by
®(A, B)(X) = W*B*AWX, VA, B¢ Lz(p), X € X =L%)).

Then @ is a bounded, left-invariant sesquilinear map which is completely positive w.r.
to W.
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