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Abstract
In this paper we construct representations of general positive sesquilinear maps with
values in ordered Banach bimodules such as commutative and non-commutative L1-
spaces and the spaces of bounded linear operators from a C∗-algebra into the dual
of another C∗-algebra are considered. As a starting point, a generalized Cauchy–
Schwarz inequality is proved for these maps and a representation of bounded positive
maps from a (quasi) *-algebra into such an ordered Banach bimodule is derived and
some more inequalities for these maps are deduced. In particular, an extension of
Paulsen’s modified Kadison–Schwarz inequality for 2-positive maps to the case of
general positive maps from a unital *-algebra into the space of trace-class operators
on a separable Hilbert space and into the duals of von-Neumann algebras is obtained.
Also, representations for completely positive maps with values in an ordered Banach
bimodule andCauchy–Schwarz inequality for infinite sums of suchmaps are provided.
Concrete examples illustrate the results.
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1 Introduction

Positive and completely positive maps play an important role in the theory of operator
algebras and quantum information, see for instance [9]. This motivates a study of
representations involving these maps. A classical result in representation theory is the
famous Stinespring theorem [25] (see also [2, 20, 26] which gives a representation
of completely positive maps from a C∗-algebra into the space of bounded operators
in Hilbert space. There is an extensive literature on the theory of representations see,
e.g., [24] and [23, Chapter 12]. Quite recently, in [6, Corollary 3.10] and [5, Corollary
3.3], a representation of general positive C∗-valued maps on arbitrary *-algebras has
also been provided.

Now, C∗-algebras are just a special case of Banach quasi *-algebras and, moreover,
every Banach quasi *-algebra is a Banach bimodule over a *-algebra.

Several beautiful and important mathematical structures (such as commutative and
noncommutative L p-spaces) are examples ofBanach quasi *-algebras. Further,Hilbert
C∗-modules [17, 18] and the spaces of bounded linear operators from a C∗-algebra
into the dual of another C∗-algebra are other examples of (ordered) Banach bimodules
over a *-algebra which are of interest for applications. All these facts motivated us
to study positive and completely positive maps from a Banach quasi *-algebra into
an (ordered) Banach bimodule over a *-algebra, and the main aim of this paper is
therefore obtaining representations and related inequalities of such maps.

In a recent paper [6] we considered a GNS-like construction defined by positive
sesquilinearmaps on a quasi *-algebra taking their values in aC∗-algebra. In this paper
we go some steps further and consider the possibility of replacing sesquilinear maps
taking values in aC∗-algebra with sesquilinear maps with values in an ordered Banach
bimodule Y over some *-algebra Y0. In this situation, an extension of the result of
[6] is possible, provided that the sesquilinear form �, where we start from, satisfies
a generalized Cauchy–Schwarz inequality. This discussion is developed in Sect. 3
where (Proposition 3.1) we characterize a class of ordered Banach bimodulesY with
the property that every Y-valued positive sesquilinear map satisfies a generalized
Cauchy–Schwarz inequality. Concrete examples of such bimodules are, for instance,
non-commutative L1-spaces and the space of bounded linear operators from a von
Neumann algebra into the dual of another von Neumann algebra. As a corollary, we
obtain an extension of Paulsen’s modified Kadison–Schwarz inequality for 2-positive
maps between C∗-algebras to the case of general positive maps from a unital *-
algebra into any of the above mentioned ordered Banach bimodules (Corollary 3.2)
as well as Cauchy–Schwarz inequality for infinite sums of ordered Banach bimodule-
valued positive sesquilinear maps (Proposition 3.3). Then we provide a representation
of positive sesquilinear maps from a quasi *-algebra into such an ordered Banach
bimodule. Moreover, we give examples of such maps. In the last part of Sect. 3, we
obtain also a representation of positive ordered Banach bimodule-valued linear maps
on a unital *-algebra (Corollary 3.2).

An important difference between representations of ordered Banach bimodule-
valued positive maps given in Sect. 3 and the representations of C∗-valued positive
maps given in [6] is that the ones from Sect. 3 are given in a proper Banach space
and not just in a quasi-Banach space (as in [6]). This is due to the Cauchy–Schwarz
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inequality for positiveBanach bimodule-valued sesquilinearmaps given in Proposition
3.1. Positive maps from a unital C∗-algebra into the space of trace-class operators are
a special case of the positive maps treated in Sect. 3. Since the space of trace-class
operators is the subspace of the C∗-algebra of bounded linear operators on a Hilbert
space, it follows that our results have an application in the theory of positive maps
on C∗-algebras. This fact has also been a motivation for Sect. 3 in this paper. Thus,
the purpose of Section 3 is not only generalizing the results from [6] from the case of
positive C∗-valued maps to the case of positive Banach bimodule-valued maps, but
also improving the results from [6] by providing representations of some classes of
positive maps in Banach spaces and not just in quasi-Banach spaces as done in [6].

Section 4 is devoted to the *-representations induced by completely positive
sesquilinear maps. This is actually a subject for which several approaches have been
proposed in view of a possible generalization of the Stinespring theorem to different
environments (see, for instance, [3, 11, 12, 14, 15, 19, 21]). Motivated by [21, Propo-
sition 3.1], following an idea proposed in [22, Ch. 11] and adopted in [4] for partial
*-algebras, we consider completely positive sesquilinear maps from a normed quasi
*-algebra A into a set of sesquilinear maps on a vector space which take values in
an ordered Banach bimodule Y and provide a generalization of the classical Stine-
spring theorem in this context, as well as applications of this result to Cauchy–Schwarz
inequality for infinite sums of suchmaps (Corollary 4.6). Further, we provide a version
of Radon–Nikodym theorem for these maps as well as for ordered Banach bimodule-
valued bounded positive sesquilinear maps on a quasi *-algebra, thus generalizing, in
this setting, the results from [26, Section 3.5] and give examples of such maps.

At the end of Sect. 4, we apply our results to obtain representations of bounded
completely positive sesquilinear maps on a quasi *-algebra with values in the space
of ordered Banach bimodule-valued, bounded, linear operators. As a consequence of
these representations, in Proposition 4.12 we obtain Cauchy–Schwarz inequalities for
suchmaps. This application has also been amotivation for constructing representations
of completely positive maps. Also, we provide some examples as well as some other
applications.

2 Preliminaries

A quasi *-algebra (A,A0) is a pair consisting of a vector space A and a *-algebra A0
contained in A as a subspace and such that

• A carries an involution a �→ a∗ extending the involution of A0;
• A is a bimodule over A0 and the module multiplications extend the multiplication
of A0. In particular, the following associative laws hold:

(ca)d = c(ad); a(cd) = (ac)d, ∀ a ∈ A, c, d ∈ A0;

• (ac)∗ = c∗a∗, for every a ∈ A and c ∈ A0.

The identity or unit element of (A,A0), if any, is a necessarily unique element
e ∈ A0, such that ae = a = ea, for all a ∈ A.
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We will always suppose that

ac = 0, ∀c ∈ A0 ⇒ a = 0

ac = 0, ∀a ∈ A ⇒ c = 0.

Clearly, both these conditions are automatically satisfied if (A,A0) has an identity e.
A quasi *-algebra (A,A0) is said to be normed ifA is a normed space, with a norm

‖ · ‖ enjoying the following properties

• there exists γ > 0 such that for every a ∈ A

max{‖ac‖, ‖ca‖} ≤ γ ‖a‖, ∀c ∈ A0;

• ‖a∗‖ = ‖a‖, ∀a ∈ A;
• A0 is dense in A[‖ · ‖].

If the normed vector space A[‖ · ‖] is complete, then (A,A0) is called a Banach quasi
*-algebra. We refer to [10] for further details.

Throughout the paper we will denote byB(X , Y ) the space of bounded linear maps
from the normed space X into the normed space Y . If X = Y we will simply write
B(X) = B(X , X).

Definition 2.1 Let Y be a Banach bimodule over the *-algebra Y0. We say that Y is
an ordered Banach bimodule over Y0 if

(i) Y is ordered as a vector space; that is,Y contains a (positive) closed cone K, i.e.,
K ⊂ Y is such that K + K ⊂ K, λK ⊂ K for λ ≥ 0 and K ∩ (−K) = {0};

(ii) z∗Kz ⊂ K, ∀z ∈ Y0.

As usual, we will write y1 ≤ y2 whenever y2− y1 ∈ K, with y1, y2 ∈ K and we will
sometimes suppose that Y has an order-preserving norm in the sense that if y1 ≤ y2
with y1, y2 ∈ K, then also ‖y1‖Y ≤ ‖y2‖Y. Throughout the paper, � will denote
a (locally) compact Hausdorff space and C(�) and M(�) will denote the space of
continuous functions on � and the Banach space of all complex Radon measures on
� equipped with the total variation norm, respectively.

Example 2.2 Examples of ordered Banach bimodules over a Banach *-algebra are
provided by:

• if H is a separable Hilbert space, and B1(H) denotes the space of all trace-class
operators, thenY = (B1(H), ‖ · ‖1) is a Banach bimodule over the von Neumann
algebraY0 = (B(H), ‖·‖) of bounded operators onH equipped with the operator
norm ‖ · ‖;

• the non commutative spacesY = L p(ρ), over theBanach *-algebraY0 = L∞(ρ),
with ρ a faithful finite trace on a von Neumann algebraM, see [10, Section 5.6.1];

• Y = B(C1,C2), the space of bounded linear operators from C1 into C2 equipped
with the operator norm, where C1 and C2 are unital C∗-algebras, Y0 = C1. If
A ∈ B(C1,C2) and c ∈ C1, the module multiplication can be defined as

(A · c)(d) = A(cd) and (c · A)(d) = A(dc), d ∈ C1.
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Similar construction applies if we instead of C2 consider the dual of C2;
• Y = Y0 = �2(C(�)), with �2(C(�)) the space of square summable sequences
of functions in C(�) with � a compact Hausdorff space. It is a Banach bimodule
over itself because it is a (non-unital) normed *-algebra.

The definitions of the positive cones are obvious in all these cases.

In the next results we will need the additional assumption that the norm on the
ordered Banach bimodule Y is order-preserving. Examples of Banach bimodules
with an order-preserving norm are commutative L p-spaces and �2(C(�)), with �

a compact Hausdorff space. Furthermore, if C1 and C2 are C∗-algebras with unit eC1

and eC2 , respectively, the Banach ordered bimodule B(C1,C2) is order-preserving
(this follows from the fact that ‖ϕ‖ = ‖ϕ(eC1)‖C2 ≤ ‖ψ(eC1)‖C2 = ‖ψ‖, with
ϕ,ψ ∈ B(C1,C2)

+ and ϕ ≤ ψ , see e.g. [26]). Moreover, if H is a separable Hilbert
space, the norm inB1(H) is clearly order-preserving.

Let X be a vector space andY an ordered Banach bimodule over the *-algebraY0,
with positive cone K. Let � be aY-valued positive sesquilinear map on X × X

� : (x1, x2) ∈ X × X → �(x1, x2) ∈ Y

i.e., a map with the properties

(i) �(x1, x1) ∈ K,
(ii) �(αx1 + βx2, γ x3) = γ [α�(x1, x3) + β�(x2, x3)],
with x1, x2, x3 ∈ X and α, β, γ ∈ C.

The Y-valued positive sesquilinear map � is called faithful if

�(x, x) = 0Y ⇒ x = 0.

3 Representations induced by positive maps

It is quite apparent that the cornerstone of every extension of the GNS-construction is
a Cauchy–Schwarz inequality.We begin with presenting some results in this direction.

Throughout this section we will assume that C is a C∗-algebra with positive convex
cone C+ and norm ‖ · ‖C, Y is (an ordered) Banach bimodule over a *-algebra Y0
(with Y0 equipped with a not necessarily sub-multiplicative norm ‖ · ‖Y0 ) with the
respective cones K and K0, with K0 = {∑N

i=1 z∗
i zi , zi ∈ Y0, i = 1, . . . , N ; N ∈ N}.

A positive sesquilinear map � from a complex vector space X into an ordered
Banach bimodule Y is said to satisfy the Cauchy–Schwarz inequality if, for every
x1, x2 ∈ X it holds that

‖�(x1, x2)‖Y ≤ ‖�(x1, x1)‖1/2Y ‖�(x2, x2)‖1/2Y .

From now on, by ρ we will denote a faithful semifinite trace on a von Neumann
algebra M.
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Proposition 3.1 Let X be a complex vector space. Assume that Y, Y0, K and C are
as above. Let � : X × X → Y be a positive sesquilinear map. Let �,ϒ be locally
compact Hausdorff spaces, H a separable Hilbert space, M a von Neumann algebra
and ρ a faithful trace on M. Then, the Cauchy–Schwarz inequality holds in each one
of the following cases

1. Y = L2(�),
2. Y = B(M,B1(H)), Y0 = M,
3. Y = M∗, the dual of M,
4. Y = M(�) and Y0 = C(�),
5. Y = B(M, M(�)), Y0 = M,
6. Y = B(C(�), C(ϒ)), or Y = B(M, C(�)),
7. Y = L1(ρ) or Y = L1(�),
8. Y = B(M, M̃∗) and Y0 = M, with M̃ another von Neumann algebra,
9. Y = Y0 = �2(C(�)).

Proof We just give a sketch of the proof of each case.

(1) Let S be a simple function on�, then S = ∑N
j=1 c jχA j . Then, for each j , the map

ϕ j (x1, x2) = ∫
�

�(x1, x2)χA j dμ, x1, x2 ∈ X, is a positive sesquilinear form, so
we can apply the Cauchy–Schwarz inequality and get:

∣
∣
∣
∣

∫

�

�(x1, x2)Sdμ

∣
∣
∣
∣ ≤ ‖�(x1, x1)‖1/22 ‖�(x2, x2)‖1/22 ‖S‖2, ∀x1, x2 ∈ X;

Then consider a sequence {Sn}n of simple functions such that Sn → �(x1, x2)
in L2(�,μ) as n → ∞. By taking limits in the above inequality, we get the
Cauchy–Schwarz inequality.

(2) Let P ∈ M and Q ∈ B(H) be orthogonal projections. Define ϕP,Q : X×X → C

by

ϕP,Q(x1, x2) = tr(Q(�(x1, x2)(P))), ∀x1, x2 ∈ X. (3.1)

Then ϕP,Q is a positive sesquilinear form; hence, using the Cauchy–Schwarz
inequality, we get

|tr(Q(�(x1, x2)(P)))| ≤ (tr(Q(�(x1, x1)(P))))1/2(tr(Q(�(x2, x2)(P))))1/2

(3.2)

for all x1, x2 ∈ X. Let now S ∈ M and T ∈ B(H) be two simple operator
functions, so S = ∑N

i=1 αi Pi and T = ∑M
j=1 β j Q j with Pi1 Pi2 = Q j1 Q j2 = 0

whenever i1 �= i2 and j1 �= j2,
∑N

i=1 Pi = IM and
∑M

j=1 Q j = IH. By (3.2) and
some computations we get that
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|tr(T (�(x1, x2)(S)))| ≤
∑

i, j

|αi ||β j ||tr(Q j (�(x1, x2)(Pi )))|

≤ ‖T ‖‖S‖(tr(�(x1, x1)(IM)))1/2(tr(�(x2, x2)(IM)))1/2

≤ ‖T ‖‖S‖‖�(x1, x1)‖1/2‖�(x2, x2)‖1/2, ∀x1, x2 ∈ X.

(3.3)

Let now U ∈ M and W ∈ B(H) be unitary. Then, by the spectral theorem, we
can find sequences {Sn}n ⊂ M and {Tn}n ⊂ B(H) that converge in the operator
norm to U and W , respectively. Then, since

|tr(B(�(x1, x2)(A)))| ≤ tr(|B(�(x1, x2)(A))|)
≤ ‖B‖‖�(x1, x2)(A)‖1 ≤ ‖B‖‖A‖‖�(x1, x2)‖, (3.4)

for all A ∈ M, B ∈ B(H), x1, x2 ∈ X, it follows that

tr(Tn(�(x1, x2)(Sn))) → tr(W (�(x1, x2)(U ))), as n → ∞.

Also, ‖Tn‖‖Sn‖ → ‖W‖‖U‖ = 1 as n → ∞, hence, by using inequality (3.3),
passing to the limits, we deduce that

|tr(W (�(x1, x2)(U )))| ≤ ‖�(x1, x1)‖1/2‖�(x2, x2)‖1/2, (3.5)

for all x1, x2 ∈ X. This inequality extends easily to convex combinations∑N
i=1 λiUi ,

∑M
j=1 γ j W j .

The Russo–Dye theorem then allows to get the following inequality for A ∈ M
and B ∈ B(H) with ‖A‖, ‖B‖ < 1,

|tr(B(�(x1, x2)(A)))| ≤ ‖�(x1, x1)‖1/2‖�(x2, x2)‖1/2, ∀x1, x2 ∈ X.

(3.6)

Finally, let A ∈ M with ‖A‖ = 1, and V ∈ B(H) be the partial isometry
with V (�(x1, x2)(A)) = |�(x1, x2)(A)| and choose sequences {An}n ⊂ M and
{Vn}n ⊂ B(H), with ‖An‖, ‖Vn‖ < 1 for all n, such that An → A and Vn → V
in the operator norm as n → ∞. Once again, by using (3.4) and a limit procedure
we get

‖�(x1, x2)(A)‖1 = tr(V (�(x1, x2)(A))) ≤ ‖�(x1, x1)‖1/2‖�(x2, x2)‖1/2,

for all x1, x2 ∈ X. Finally, by taking the supremum over the unit ball in M, we
conclude that

‖�(x1, x2)‖ ≤ ‖�(x1, x1)‖1/2‖�(x2, x2)‖1/2, ∀x1, x2 ∈ X.

(3) It is a special case of (2): ifH is one dimensional, then B1(H) = C.
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(4) We can apply the Cauchy–Schwarz inequality to every positive sesquilinear form
ϕE (x1, x2) = �(x1, x2)(E), with E a given Borel subset of �, and therefore by
considering a partition {En}N

n=1 of � we obtain

N∑

n=1

|�(x1, x2)(En)| ≤
N∑

n=1

(�(x1, x1)(En))1/2(�(x2, x2)(En))
1/2

≤
(

N∑

n=1

�(x1, x1)(En)

) 1
2
(

N∑

n=1

�(x2, x2)(En)

) 1
2

hence, by taking the supremum of both sides, we get the Cauchy–Schwarz inequal-
ity.

(5) Let P ∈ M be an orthogonal projection and E be a Borel subset of �. The map
ϕP,E : X × X → C given by

ϕP,E (x1, x2) = �(x1, x2)(P)(E), ∀x1, x2 ∈ X

is a positive sesquilinear form, hence, by similar arguments as in the proof of (4)
we can deduce that

‖�(x1, x2)(P)‖ ≤ (�(x1, x1)(P))1/2(�(x2, x2)(P))1/2, ∀x1, x2 ∈ X.

Since this holds for an arbitrary orthogonal projection P ∈ M, we can then
proceed further in a similar way as in the proof of (2) and deduce Cauchy–Schwarz
inequality for �. We leave the details to the reader.

(6) The map ϕ̃t : X × X → (C(�))∗ ∼= M(�) given by

ϕ̃t (x1, x2)( f ) = (�(x1, x2)( f ))(t), ∀ f ∈ C(�), x1, x2 ∈ X

is sesquilinear and positive, hence, the Cauchy–Schwarz inequality holds for ϕ̃t

by case (4). Therefore, for every f ∈ C(�), with ‖ f ‖ ≤ 1 and every t ∈ ϒ , we
get

|(�(x1, x2)( f ))(t)| ≤ ‖ϕ̃t (x1, x2)‖ ≤ ‖ϕ̃t (x1, x1)‖1/2‖ϕ̃t (x2, x2)‖1/2

≤
⎛

⎜
⎝ sup

g∈C(�),
‖g‖∞≤1

‖�(x1, x1)(g)‖∞

⎞

⎟
⎠

1/2

⎛

⎜
⎝ sup

h∈C(�),
‖h‖∞≤1

‖�(x2, x2)(g)‖∞

⎞

⎟
⎠

1/2

≤ ‖�(x1, x1)‖1/2‖�(x2, x2)‖1/2.
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The statement follows by taking supremums.
The case Y = B(M, C(�)) can be treated similarly by using (3).

(7) Consider the map ι : L1(ρ) → M̃∗ given by

ι(T )(S) = ρ(ST ), ∀ T ∈ L1(ρ), S ∈ M.

It is not hard to check that ι is an isometry. Moreover, since ι(T )(S) =
ρ(S1/2T S1/2) ≥ 0 whenever S and T are positive, it follows that ι preserves
positivity. Hence, if � : X × X → L1(ρ) is a positive sesquilinear map, then
ι ◦ � : X × X → M∗ is also a positive sesquilinear map. By (3) and since ι is an
isometry, we get that

‖�(x1, x2)‖1 = ‖ι ◦ �(x1, x2)‖ ≤ ‖ι ◦ �(x1, x1)‖1/2‖ι ◦ �(x2, x2)‖1/2
= ‖�(x1, x2)‖1/21 ‖�(x1, x2)‖1/21 , ∀x1, x2 ∈ X.

Of course, an analogous result holds in the commutative case (i.e.Y = L1(�)).
(8) In the proof of (2), given P ∈ M and Q ∈ B(H), we have considered the

sesquilinear form ϕP,Q in (3.1). Now, given S ∈ M and T ∈ M̃, we can consider,
instead, the sesquilinear form ϕS,T : X × X → C given by

ϕS,T (x1, x2) = �(x1, x2)(S)(T ), ∀x1, x2 ∈ X

and proceed analogously to the proof of (2).
(9) We can apply the Cauchy–Schwarz inequality to all the positive sesquilinear

forms ϕn,t (x1, x2) = (�(x1, x2))n(t) with (�(x1, x2))n the n-th component of
the sequence �(x1, x2) and then applying the Cauchy–Schwarz inequality for the
inner product in �2(C(�)).

��
From now onY will denote any Banach bimodule considered in Proposition 3.1. The
next corollary is motivated by modified Schwarz inequality for 2-positive maps (see
[20, Ch. 3, Ex. 3.4, p.40] and [8, Lemma 2.6])

Corollary 3.2 If A is a unital *-algebra and ω : A → Y is a positive linear map, then

‖ω(b∗a)‖Y ≤ ‖ω(a∗a)‖1/2Y ‖ω(b∗b)‖1/2Y , ∀a, b ∈ A.

Proof This follows from Proposition 3.1 by considering the sesquilinear map � :
A × A → Y given by �(a, b) = ω(b∗a), for all a, b ∈ A. ��
Now we give an extension of Proposition 3.1.

Proposition 3.3 Let X be a vector space and assume that the norm on Y is order-
preserving. If {�n}n is a sequence of positive sesquilinear maps �n : X × X →
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Y and {xn}n, {̃xn}n are sequences in X such that the series
∑∞

n=1 �n(xn, xn) and∑∞
n=1 �n (̃xn, x̃n) are convergent in Y then

∥
∥
∥
∥
∥

∞∑

n=1

�n(xn, x̃n)

∥
∥
∥
∥
∥
Y

≤
∥
∥
∥
∥
∥

∞∑

n=1

�n(xn, xn)

∥
∥
∥
∥
∥

1/2

Y

∥
∥
∥
∥
∥

∞∑

n=1

�n (̃xn, x̃n)

∥
∥
∥
∥
∥

1/2

Y

.

Proof The statement can be proved by arguments similar to the first part of [18,
Example 1.3.5] due to Proposition 3.1 and the fact that the norm of Y is order-
preserving. ��

For a detailed overview of some other operator-inequalities for positive maps we
refer to [7, 16].

Definition 3.4 Let X be a vector space. AY-valued faithful positive sesquilinear map
� onX×X is said to be aY-valued inner product onX andwe oftenwrite 〈x1|x2〉� :=
�(x1, x2), x1, x2 ∈ X.

AY-valued inner product on X

� : X × X → Y

induces a norm ‖ · ‖� on X:

‖x‖� := √‖〈x |x〉�‖Y =
√

‖�(x, x)‖Y, x ∈ X,

since

‖x1 + x2‖� ≤ ‖x1‖� + ‖x2‖�, ∀x1, x2 ∈ X;

this can be shown similarly to what done in [6].
The space X is then a normed space w.r.to the norm ‖ · ‖�.

Definition 3.5 Let X be a complex vector space and � be a Y-valued inner product
on X. If X is complete w.r. to the norm ‖ · ‖�, then X is called a Banach space with
Y-valued inner product or for short a BY-space.

If � is not faithful, we can consider the subspace of X

N� = {x1 ∈ X : �(x1, x2) = 0Y,∀x2 ∈ X}.

By Proposition 3.1, then

N� = {x ∈ X : �(x, x) = 0Y}.



Banach bimodule-valued positive maps… Page 11 of 22    12 

We denote by ��(x) the coset of X/N� containing x ∈ X; i.e., ��(x) = x +N�

and define aY-valued inner product on X/N� as follows:

〈��(x1)|��(x2)〉� := �(x1, x2), x1, x2 ∈ X.

The associated norm is:

‖��(x)‖� :=
√

‖�(x, x)‖Y, x ∈ X.

The quotient space X/N� = ��(X) is a normed space (see [6]).
Let K be a BY-space and D(T ) be a dense subspace of K. A linear map T :

D(T ) → K is said�-adjointable if there exists a linear map T ∗ defined on a subspace
D(T ∗) ⊂ K such that

�(T ξ, η) = �(ξ, T ∗η), ∀ξ ∈ D(T ), η ∈ D(T ∗).

LetD be a dense subspace ofK and let us consider the following families of linear
operators acting on D:

L†(D,K) = {T �-adjointable, D(T ) = D; D(T ∗) ⊃ D}
L†(D) = {T ∈ L†(D,K) : TD ⊂ D; T ∗D ⊂ D}.

The involution in L†(D,K) is defined by T † := T ∗ � D, the restriction of T ∗, the
�-adjoint of T , to D. The set L†(D) is a *-algebra.

Remark 3.6 If T ∈ L†(D,K) then T is closable and its �-adjoint T ∗ is closed (it
can be shown similarly as in [6, Remark 2.8] due to Proposition 3.1). Moreover, the
spaceL†(D,K) is a partial *-algebra [1] with respect to the following operations: the
usual sum T1 + T2, the scalar multiplication λT , the involution T �→ T † := T ∗�D
and the (weak) partial multiplication � of two operators T1, T2 ∈ L†(D,K) defined
whenever there exists W ∈ L†(D,K) such that

�(T2ξ, T †
1 η) = �(Wξ, η), ∀ξ, η ∈ D.

Due to the density ofD inK, the elementW , if it exists, is unique.WeputW = T1 � T2.

Definition 3.7 Let (A,A0) be a quasi *-algebra with unit e. LetD be a dense subspace
of a certain BY-space K with Y-valued inner product 〈·|·〉K. A linear map π from A
into L†(D,K) is called a *-representation of (A,A0), if the following properties are
fulfilled:

(i) π(a∗) = π(a)† := π(a)∗ � D, ∀ a ∈ A;
(ii) for a ∈ A and c ∈ A0, π(a) � π(c) is well-defined and π(a) � π(c) = π(ac).

We assume that for every *-representation π of (A,A0), π(e) = ID, the identity
operator on the space D.

The *-representation π is said to be
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• closable if there exists π̃ the closure of π , defined as π̃(a) = π(a) � D̃ where D̃ is
the completion under the graph topology tπ defined by the seminorms ξ ∈ D →
‖ξ‖K + ‖π(a)ξ‖K, a ∈ A, with ‖ · ‖K the norm induced by the inner product on
K;

• closed if D[tπ ] is complete;
• cyclic if there exists ξ ∈ D such that π(A0)ξ is dense in K in its norm topology.
In this case ξ is called cyclic vector.

Definition 3.8 Let (A,A0) be a quasi *-algebra. We denote by IY
A0

(A) the set of those
positive sesquilinear maps � : A × A → Y such that:

(i) ��(A0) = A0/N� is dense in the completion Ã of A/N� w.r. to the norm ‖ · ‖�;
(ii) are left-invariant, i.e., �(ac, d) = �(c, a∗d), ∀ a ∈ A, c, d ∈ A0.

If A = A0 and ω : A → Y is a positive linear map, then � : A×A → Y given by

�(a, b) = ω(b∗a), ∀a, b ∈ A

satisfies the conditions of Definition 3.8, i.e. � ∈ IY
A0

(A).

Proposition 3.9 Let (A,A0) be a quasi *-algebra with unit e and � be aY-valued left-
invariant positive sesquilinear map onA×A. The following statements are equivalent:

(i) � ∈ IY
A0

(A);
(ii) there exist a BY-space K� with Y-valued inner product 〈·|·〉K�

, a dense subspace
D� ⊆ K� and a closed cyclic *-representation π : A → L†(D�,K�) with cyclic
vector ξ� such that

〈π(a)ξ |η〉K�
= 〈ξ |π(a∗)η〉K�

, ∀ξ, η ∈ D�, a ∈ A

and such that
�(a, b) = 〈π(a)ξ�|π(b)ξ�〉K�

, ∀a, b ∈ A.

Proof The proof proceeds along the lines of that one of [6, Theorem 3.2], due to the
Cauchy–Schwarz inequality for positiveY-valued sesquilinearmaps (Proposition 3.1)
and due to Remark 3.6. ��
Remark 3.10 By the same arguments as in [6, Corollary 3.5] one can show that every
Y-valued, bounded, left-invariant, positive sesquilinear map on a unital normed quasi
*-algebra belongs to IY

A0
(A).

In the following example we construct some Y-valued, bounded, left-invariant,
positive sesquilinear maps.

Example 3.11 Let ρ be a finite trace on a von Neumann algebraM. Let W ∈ L∞(ρ),
with W ≥ 0. Let k ∈ C([0, ‖W‖] × [0, ‖W‖]) be such that k ≥ 0. Then, for each
x ∈ [0, ‖W‖], the function ηx : [0, ‖W‖] → C defined by ηx (t) = k(x, t) is
a continuous, positive function on [0, ‖W‖]. Therefore, by the functional calculus,
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ηx (W ) defines a positive operator in L∞(ρ). Let us define, for every x ∈ [0, ‖W‖]
and X , Y ∈ L2(ρ),

ϕ(X , Y )(x) = ρ(Xηx (W )Y ∗).

Then, ϕ(X , Y ) ∈ C([0, ‖W‖]) for all X , Y ∈ L2(ρ). Moreover, ϕ : L2(ρ)×L2(ρ) →
C([0, ‖W‖]) is a bounded, left-invariant, positive sesquilinear map (see [6]).

Let f : [0, 1] → [0, ‖W‖] be measurable. For every X , Y ∈ L2(ρ), let ψ :
L2(ρ) × L2(ρ) → L2([0, 1]) defined by ψ(X , Y ) = φ(X , Y ) ◦ f . Then one can
check that ψ is a bounded, left-invariant, positive sesquilinear map.

Finally, if (A,A0) is a unital quasi *-algebra and� : A×A → L1(�) is a bounded
left-invariant positive sesquilinear map, then the induced map �̃ : A × A → M(�)

given by d�̃(a, b) = �(a, b)dμ, for all a, b ∈ A and some fixed positive measure
μ ∈ M(�), is also a bounded left-invariant positive sesquilinear map.

Corollary 3.12 Let A be a *–algebra with unit e and let ω be a positive linear Y-
valued map on A. Then, there exists a BY-space K� whose norm is induced by a
Y-valued inner product 〈·|·〉K�

, a dense subspace Dω ⊆ K� and a closed cyclic
*–representation �ω of A with domain Dω, such that

ω(b∗ac) = 〈�ω(a)�ω(c)|�ω(b)〉K�
, ∀a, b, c ∈ A.

Moreover, there exists a cyclic vector ηω, such that

ω(a) = 〈�ω(a)ηω|ηω〉K�
, ∀ a ∈ A.

The representation is unique up to unitary equivalence.

Proof The statement can be proved analogously to [6, Corollary 3.10], due to Propo-
sition 3.9. ��

4 Representations induced by completely positive sesquilinear maps

In this section, we extend the results of Sect. 3 to the case of Y-valued completely
positive sesquilinear maps.

Let X andY be vector spaces. We will denote by SY(X) the space of allY-valued
sesquilinear maps on X.

Definition 4.1 LetX be a normed vector space,Y an ordered Banach module over the
*-algebra Y0, with positive cone K and (A,A0) a normed quasi *-algebra with unit.
The sesquilinear map � : A × A → SY(X) is called

• bounded if there exists a constant M > 0 such that

‖�(a, b)(x1, x2)‖Y ≤ M‖a‖‖b‖‖x1‖‖x2‖, ∀a, b ∈ A, x1, x2 ∈ X;

• left-invariant if �(ac, d) = �(c, a∗d), ∀a ∈ A, c, d ∈ A0;
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• completely positive if for every N ∈ N, a1, . . . , aN ∈ A, x1, . . . , xN ∈ X,

N∑

i, j=1

�(ai , a j )(xi , x j ) ∈ K.

The Stinespring Theorem is the main result on completely positive linear maps. In
the following we consider certain completely positive sesquilinear maps taking values
on the space of all Y-valued sesquilinear maps on a vector space, see Theorem 4.2
below.

Let (A,A0) be a normed quasi *-algebra with unit e,X be a normed complex vector
space. Let the cone K in Y be closed and � : A × A → SY(X) be a left-invariant
positive sesquilinear map. Consider the algebraic tensor product A⊗X and its subset

N� =
⎧
⎨

⎩

n∑

i=1

ai ⊗ xi ∈ A ⊗ X|
n∑

i=1

n∑

j=1

�(ai , a j )(xi , x j ) = 0Y

⎫
⎬

⎭
.

Hence, it is easy to check that the quotient space (A⊗X)/N� is a normed space.

Theorem 4.2 Let X be a normed complex vector space. Let (A,A0) be a normed quasi
*-algebra with unit e and � : A × A → SY(X) a left-invariant sesquilinear map.
Let � be bounded with bound M > 0. Then, � is completely positive if and only if
there exist a BY-space K�, a dense subspace D� of K�, a closed *-representation
π of A in L†(D�,K�) and a bounded linear operator V : X → D� such that
π(A)VX = (A ⊗ X)/N� and, for all a, b ∈ A and x1, x2 ∈ X, it holds that

�(a, b)(x1, x2) = 〈π(a)V x1|π(b)V x2〉K�
.

In this case ‖V ‖2 ≤ M‖e‖2. Moreover, the triple (π, V ,D�) is such that π(A)VX =
K�.

Proof The proof goes along the lines of that of [4] where more traditional sesquilinear
forms were considered thanks to Proposition 3.1 and Remark 3.6. We omit the details.

��
In the following we will refer to a triple (π, V ,D�) as in Theorem 4.2 as a Stine-

spring triple decomposing �.

Definition 4.3 Let X1,X2 be two BY-spaces with respect to the norms ‖ · ‖� and
‖ · ‖� , respectively, induced by twoY-valued inner products � : X1 × X1 → Y and
� : X2 × X2 → Y. A surjective operator U : X1 → X2 is said unitary if

〈Uξ |Uη〉� = 〈ξ |η〉�, ∀ξ, η ∈ X1.

In analogy to Corollary 3.10 in [4], the following result can be proved.
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Proposition 4.4 Let X be a normed complex vector space. Let (A,A0) be a normed
quasi *-algebra with unit e and � : A × A → SY(X) be a bounded left-invariant
sesquilinear map. If � is completely positive then π and V in the triple (π, V ,D�)

are uniquely determined by � up to unitary equivalence, i.e., if (π, V ,D�) and
(π1, V1, E�) are two Stinespring triples decomposing �, there exists a unitary oper-
ator U such that U V = V1, UD� = E� and π(a) = U−1π1(a)U, for all a ∈ A.

Remark 4.5 By Proposition 4.4 all the Stinespring triples (π, V ,D�) decomposing �

are such that π(A)VX = K�.

By Theorem 4.2, and similar arguments to those in the proof of Proposition 3.3, we
deduce the following

Corollary 4.6 Let X be a normed complex vector space. Let (A,A0) be a normed
quasi *-algebra with unit e and {�n}n be a sequence of bounded, left-invariant,
completely positive sesquilinear maps �n : A × A → SY(X). Let {an}n, {̃an}n

be sequences in A and {xn}n, {̃xn}n be sequences in X such that the series∑∞
n=1 �n(an, an)(xn, xn) and

∑∞
n=1 �n (̃an, ãn)(̃xn, x̃n) are convergent in Y. Then

the series
∑∞

n=1 �n(an, ãn)(xn, x̃n) is convergent and

∥
∥
∥
∥
∥

∞∑

n=1

�n(an, ãn)(xn, x̃n)

∥
∥
∥
∥
∥
Y

≤
∥
∥
∥
∥
∥

∞∑

n=1

�n(an, an)(xn, xn)

∥
∥
∥
∥
∥

1/2

Y

∥
∥
∥
∥
∥

∞∑

n=1

�n (̃an, ãn)(̃xn, x̃n)

∥
∥
∥
∥
∥

1/2

Y

. (4.1)

Following [26, Section 3.5]we nowprovide a generalization of theRadon-Nikodym
theorem for completely positive sesquilinear maps with values in the space SY(X) of
Y-valued sesquilinear maps on X × X.

Proposition 4.7 Let X be a normed complex vector space, (A,A0) be a normed quasi
*-algebra with unit e and �,� : A × A → SY(X) be bounded, left-invariant,
completely positive sesquilinear maps. Suppose that there exists γ > 0 such that, for
every N ∈ N, for all a1, . . . , aN ∈ A, x1, . . . , xN ∈ X

N∑

i, j=1

�(ai , a j )(xi , x j ) ≤ γ

N∑

i, j=1

�(ai , a j )(xi , x j ).

Let (π�, V�,D�) and (π�, V�,D�) be two Stinespring triples decomposing � and
�, respectively. Then, there exists a linear operator T : π�(A)V�X → K� such that:

(i) T V� = V� ;
(ii) T π�(a) = π�(a) � T on π�(A0)V�X, for every a ∈ A,

and for all a, b ∈ A, x1, x2 ∈ X,

�(a, b)(x1, x2) = 〈T π�(a)V�x1|T π�(b)V�x2〉K�
.
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Moreover, if the norm ‖ · ‖Y in Y is order-preserving, then T is bounded, defined
on K� = π�(A)V�X and ‖T ‖ ≤ √

γ . In this case, for every a ∈ A, T π�(a) =
π�(a) � T on the whole K�.

Proof Let N ∈ N and a1, . . . , aN ∈ A and x1, . . . , xN ∈ X, then

〈 N∑

i=1

π�(ai )V� xi

∣
∣
∣
∣

N∑

j=1

π�(a j )V� x j

〉

K�

=
N∑

i, j=1

�(ai , a j )(xi , x j )

≤ γ

N∑

i, j=1

�(ai , a j )(xi , x j )

= γ

〈 N∑

i=1

π�(ai )V�xi

∣
∣
∣
∣

N∑

j=1

π�(a j )V�x j

〉

K�

.

(4.2)

If
∑N

i=1 π�(ai )V�xi = 0, then also
∑N

i=1 π�(ai )V� xi = 0, hence, we can define a
linear operator T by

T
N∑

i=1

π�(ai )V�xi =
N∑

i=1

π�(ai )V� xi , (4.3)

for all ai ∈ A, xi ∈ X, i ∈ {1, . . . , N }.
Moreover, by taking a = e ∈ A0 then T V� = V� , since π�(e) = ID�

and
π�(e) = ID�

.
Then T � π�(a) = π�(a) � T , for every a ∈ A. Indeed, if now a ∈ A, c ∈ A0,

x ∈ X, by (4.3)

T (π�(a) � π�(c))V�x = T (π�(a)†
∗
π�(c))V�x = (T π�(a)†

∗
)π�(c)V�x,

on the other hand,

T (π�(a) � π�(c))V�x = T π�(ac)V�x = π�(ac)V� x

= π�(a)†
∗
π�(c)V� x = π�(a)†

∗
(T π�(c)V�x)

= (π�(a)†
∗
T )π�(c)V�x = (π�(a) � T )π�(c)V�x .

Finally, if y1 ≤ y2, with y1, y2 ∈ K implies that also ‖y1‖Y ≤ ‖y2‖Y then, by (4.2),
we have that T is bounded, hence it extends to the closure K� = π�(A)V�X and
‖T ‖ ≤ √

γ . Since the set π�(A0)V�X = (A0 ⊗X)/N� is dense inK�, we conclude
that T π�(a) = π�(a) � T on K�, for every a ∈ A. The last statement follows by the
very construction of T . ��

A Radon Nikodym-like theorem holds for positive sesquilinear maps �,� and not
just for completely positive sesquilinear maps.
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Proposition 4.8 Let X be a normed vector space and let the norm ‖ · ‖Y preserve the
order in Y. Let (A,A0) be a normed quasi *-algebra with unit e and �,� : A×A →
SY(X) be bounded left-invariant positive sesquilinear maps such that

�(a, a)(x, x) ≤ γ �(a, a)(x, x), ∀a ∈ A, x ∈ X

for some γ > 0. Let K� and K� be BY-spaces, D� and D� dense subspaces of K�

and K� , respectively, π� : A → L†(D�,K�) and π� : A → L†(D�,K�) closed
cyclic *-representations of � and �, respectively, with cyclic vectors ξ� and ξ� ,
respectively, as in Proposition 3.9. Then there exists a unique operator T : K� → K� ,
with ‖T ‖ ≤ √

γ such that for all a, b ∈ A,

�(a, b) = 〈T π�(a)ξ�|T π�(b)ξ�〉K�
.

Moreover, T π�(a) = π�(a) � T on π�(A0)ξ�, for all a ∈ A.

Proof The proof goes along the lines of that of Proposition 4.7, by applying the rep-
resentations of � and � of Proposition 3.9 and by letting T π�(a)ξ� = π�(a)ξ� for
all a ∈ A, see also Remark 3.10. ��

We give now some examples.

Example 4.9 LetY be either aC∗-algebra or one of the Banach bimodules fromPropo-
sition 3.1 and let �̃ : A × A → Y be a bounded left-invariant positive sesquilinear
map. Define the map � : A × A → SY(A0) by

�(a, b)(c, d) = �̃(ac, bd), ∀a, b ∈ A, c, d ∈ A0.

Then � is sesquilinear, bounded, left-invariant and completely positive.

Example 4.10 Let M be a von Neumann algebra with a finite trace ρ and let W and
ηx (W ) be as in Example 3.11. Consider a separable Hilbert space H and the space
L2([0, ‖W‖],B(H)) w.r. to the Gel’fand-Pettis integral (see [13] and [6, Example
2.26]). Fix F ∈ L2([0, ‖W‖],B(H)) with F(t) ≥ 0 for a.e. t ∈ [0, ‖W‖] and
T ∈ B2(H) and consider � : L2(ρ) × L2(ρ) → SB1(H)(L∞(ρ)) given by

�(A, B)(X1, X2) = T ∗
(∫ ‖W‖

0
ρ(X∗

2 B∗ AX1ηx (W )))F(x)dx

)

T ,

for every A, B ∈ L2(ρ), X1, X2 ∈ L2(ρ). Then � is a bounded, left-invariant,
completely positive sesquilinear map.

4.1 Applications to operator-valuedmaps

Definition 4.11 Let X be a Banach space, � : X × X → X a bounded sesquilinear
map. Let (A,A0) be a quasi *-algebra with unit e. A sesquilinear map � : A × A →
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B(X,Y) will be called completely positive w.r. to � if, for each N ∈ N and for every
a1, . . . , aN ∈ A, x1, . . . , xN ∈ X, it is

N∑

i, j=1

�(ai , a j )(�(xi , x j )) ∈ K.

Proposition 4.12 Let X be a Banach space, � : X × X → X a bounded sesquilinear
map. Let (A,A0) be a normed quasi *-algebra with unit e and � : A × A →
B(X,Y) be a bounded, left-invariant, completely positive sesquilinear map. Then,
there exist a dense subspace D� of a BY-space K�, a closed *-representation π

of A in L†(D�,K�) and a bounded linear operator V : X → D� with ‖V ‖2 ≤
‖�(e, e)‖‖�‖ such that we have

�(a, b)(�(x1, x2)) = 〈π(a)V x1|π(b)V x2〉K�
, ∀a, b ∈ A, x1, x2 ∈ X.

Moreover, for all a, b ∈ A and x1, x2 ∈ X, we have

‖�(a, b)(�(x1, x2))‖Y
≤ ‖�(a, a)(�(x1, x1))‖

1
2
Y‖�(b, b)(�(x2, x2))‖

1
2
Y. (4.4)

If B1 denotes the unit ball in X and �(B1 × B1) = B1, then for all a, b ∈ A we
have

‖�(a, b)‖ ≤ ‖�(a, a)‖1/2‖�(b, b)‖1/2. (4.5)

Proof Let SY(X) be the space of all Y-valued sesquilinear maps on X and �̃ : A ×
A → SY(X) be given by:

�̃(a, b)(x1, x2) := �(a, b)(�(x1, x2)), ∀a, b ∈ A, x1, x2 ∈ X.

Then, �̃ is a left-invariant, completely positive sesquilinear map onY since it inherits
these properties from �. Moreover �̃ is bounded. By Theorem 4.2, the statement
follows. Since π is a *-representation, π(e) = IK�

, the identity operator on the space
K�, hence, for every x ∈ X, we have that

‖〈V x |V x〉K�
‖Y = ‖〈π(e)V x |π(e)V x〉K�

‖Y = ‖〈e ⊗ x |e ⊗ x〉K�
‖Y

= ‖(�(e, e))(�(x, x))‖Y ≤ ‖�(e, e)‖‖�(x, x)‖
≤ ‖�(e, e)‖‖�‖‖x‖2.

The inequality (4.4) follows from Proposition 3.1 applied to the obtained represen-
tation, whereas (4.5) follows by taking supremums over B1 in (4.4) and using that
�(B1 × B1) = B1. ��

The following example shows maps � and � satisfying the hypotheses of Propo-
sition 4.12.
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Example 4.13 Take X = M a von Neumann algebra with a finite trace ρ and
�(T1, T2) = T1T ∗

2 , for all T1, T2 ∈ M. SinceM is unital, it follows that�(B1× B1) =
B1. Let W and ηx (W ) be as in Example 3.11. For every T ∈ M and x ∈ [0, ‖W‖], let

(ϕ(A, B)(T ))(x) = ρ(A ηx (W ) T ηx (W ) B∗), A, B ∈ L2(ρ).

By some calculations it is not hard to see that ϕ(A, B)(T )(·) is a continuous function
on [0, ‖W‖] and that ϕ is a bounded, left-invariant, sesquilinear map from L2(ρ) ×
L2(ρ) into B(M, C([0, ‖W‖])), which is completely positive w.r. to �. Moreover,
if M̃ is another von Neumann algebra with a semi-finite trace ρ̃ and if we choose
some W̃ ∈ M̃, with W̃ ≥ 0 and ‖W̃‖ = ‖W‖, then by the functional calculus,
ϕ(A, B)(T )(W̃ ) ∈ M̃, for all A, B ∈ L2(ρ) and T ∈ M. Hence, the map � :
L2(ρ) × L2(ρ) → B(M, M̃∗) given by

(�(A, B)(T ))(S) = ρ̃(S(ϕ(A, B)(T ))(W̃ ))

for all T ∈ M, A, B ∈ L2(ρ) and S ∈ M̃ is another example of a bounded, left-
invariant sesquilinear map which is completely positive w.r. to �. Further, if G ∈
L1(ρ̃), then the map �̃ : L2(ρ) × L2(ρ) → B(M, L1(ρ̃)) given by

�̃(A, B)(T ) = G(ϕ(A, B)(T )(W̃ ))G∗

is also an example of bounded left-invariant sesquilinear map which is completely
positive w.r. to �.

Motivated by the classical notion of complete positivity, we introduce now the follow-
ing generalization.

Definition 4.14 Let X,Z be Banach spaces, � : Z×X → Y be a map which is linear
in the first entry and conjugate linear in the second one and � : A×A → B(X,Z) be
a sesquilinear map. The map � is said to be completely positive w.r. to � if for every
N ∈ N and all a1, . . . , aN ∈ A, x1, x2, . . . , xN ∈ X it holds that

N∑

i, j=1

�(�(ai , a j )xi , x j ) ∈ K.

Remark 4.15 If X = Z = H is a Hilbert space, Y = C, A is a unital C∗-algebra, �
is inner product on H, φ : A → B(H) is a linear map and �(a, b) = φ(b∗a), for
all a, b ∈ A, then Definition 4.14 reduces to the definition of the classical complete
positivity of φ and �.

Proposition 4.16 Let X,Z be Banach spaces, � : Z × X → Y and � : A × A →
B(X,Z) be sesquilinear maps. If � and � are bounded and � is left-invariant and
completely positive w.r. to �, then there exists a dense subspace D� of a BY-space
K�, a closed *-representation π of A in L†(D�,K�) and a bounded linear operator
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V : X → D� with ‖V ‖2 ≤ ‖�(e, e)‖‖�‖ such that we have

�(�(a, b)x1, x2) = 〈π(a)V x1|π(b)V x2〉K�
, ∀a, b ∈ A, x1, x2 ∈ X.

Moreover,

‖�(�(a, b)x1, x2)‖Y ≤ ‖�(�(a, a)x1, x2)‖1/2Y ‖�(�(b, b)x1, x2)‖1/2Y ,

for all a, b ∈ A, x1, x2 ∈ X.
If Y = L1(ρ), the statements hold under the additional assumption that

�(�(a, b)x1, x2) ∈ L1(ρ)
⋂

L∞(ρ), for all a, b ∈ A and x1, x2 ∈ X.
Finally, if If‖�‖ = 1and for all z ∈ Zwe have that‖z‖Z = sup x∈X‖x‖X≤1

‖�(z, x)‖Y,

then for all a, b ∈ A, we have

‖�(a, b)‖ ≤ ‖�(a, a)‖1/2‖�(b, b)‖1/2.

Proof As in the proof of Proposition 4.12, we can consider the induced sesquilinear
map �̃ : A × A → SY(X) given by

�̃(a, b)(x1, x2) = �(�(a, b)x1, x2), ∀x1, x2 ∈ X

and deduce the first two statements by applying Theorem 4.2 and the obtained *-
representation. The last inequality in the statements follows from the first one, by
taking the supremums over the unit ball in Z. ��
Example 4.17 Let M be a von Neumann algebra with a finite trace ρ and let W ∈
L∞(ρ). Put Z = Y = L1(ρ),X = L∞(ρ). If� : Z×X → Y is given by�(Z , X) =
X∗Z , then � is bounded, ‖�‖ = 1 and ‖Z‖Z = sup X∈X‖X‖X≤1

‖�(Z , X)‖Y, due to the

fact that L∞(ρ) ⊂ L1(ρ) and that L∞(ρ) = M is unital. Let � : L2(ρ) × L2(ρ) →
B(X,Z) be given by

�(A, B)(X) = W ∗ B∗ AW X , ∀A, B ∈ L2(ρ), X ∈ X = L∞(ρ).

Then� is a bounded, left-invariant sesquilinear map which is completely positive w.r.
to �.
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