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Abstract: Numerous inequalities of the vector and numerical radius types have been found. We achieved several
extensions of the well-known numerical radius type inequalities by using the function h described in the publication by
Stojiljkovi¢ and Dragomir in [30] and convexity characteristics with standard operator theory approaches. In particular,

the following integral type numerical radius inequality has been obtained, that is

1 1 2 _
w) < w0 ([ et - i ar) o+ POk i i < i

Key words: Numerical radius, norm, integral type inequality

1. Introduction
With the identity operator 1g in B($)), let B($) be the Banach algebra of all bounded linear operators defined
on a complex Hilbert space (9, (.,.)).

A relevant and important concept is a numerical radius, which is defined as the following

wPB) = sup  [(Puy,ug)l.
u €9, [lur|[=1

It is commonly known that w(.) produces a norm on B(f)) that is equal to the norm of an ordinary operator.

In other words, the following glaring imbalance is true:

5 I8l < w(p) < 191, (11)

where the sharpness holds true for the first and second inequalities, respectively, when 32 = 0 and ‘B is normal.

We also have the following power inequality

w(P") < w"(P) (1.2)
for any B € B(H) and n € N. In [19], Kittaneh demonstrated that if P € B($), then

1 1 1
w(P) < 5 111+ 1970 < 5 (190 + (192 ) - (1.3)
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significantly improving the upper bound in (1.1). Refinement of (1.1) has also been given by Najafabadia and
Moradi in [25] by

(e + 921

1 1
w(P) < S VIR + BRI+ NIBIF] + BB < 5

for P € B(H).
Kittaneh and Moradi [21] further obtained the inequality for w?(.), which holds for any B € B($)

w?(P) < = [[1B17 + 1977 + %w(‘ﬁ) [I19B] -+ 1R (1.4)

=

Furthermore, Kittaneh et al. [14] established a few general inequalities that can be expressed as follows:

w(3) < 3 13+ 1370 (15)

and

w?(3) < (U3 + (1= D13

: (1.6)

where 3 € B($H), 0<I<1, and 7 > 1.
Recently, various interesting inequalities were obtained by Nayak [24], one of them being the following
two operator inequality
w(T*6)

A 2 2
0 [IE° + 6] H+4()\7IIT+6|I(IITII+||6||)7

1
=301 .y
for T,6 € B(H) and A > 0.

Motivated by the recent research conducted in the area of numerical radius inequalities, we obtain further
refinements of the well-known inequalities. In particular, (4.1) generalizes the inequality given by Rashid et al.
n [26]. We also obtain a boundary for the complex numerical radius, that is (4.21). Variations of (1.1) have
been given by (4.12) and (4.15). Generalization of the vector type inequalities has been given by (3.1) and (3.3)
of inequalities from Stojiljkovi¢ [30] and Dragomir in [11]. You may read more about Hilbert space inequalities
in the publications that follow [1, 3, 6, 8, 9, 13, 15-18, 2729, 31, 32].

2. Preliminaries

Lemma 2.1 Let B € B(H), then for ¢ € (0,1] we have
[(Brur, un) P < (B2, wn) (B POV, ). (2.1)
Lemma 2.2 If uj,uy, ug and are all in $, then we have

2
[[us
2

[ (1, u) (us, ug)| < ([l + [ (e, u2) ). (2.2)

The final conclusion is the Cauchy-Schwartz inequality extended by Buzano, see (2.2).
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Lemma 2.3 ([22]). Suppose that uy € ) be any unit vector and that P € B(H), P > 0. Afterwards, we get
(Pug,u1)" < (Plug,wy) for e >1, (2.3)
(Prug,ug) < (Pug,ug)t for 0 < < 1. (2.4)
The following conclusion is found in [5] and is related to nonnegative convex functions.

Lemma 2.4 Assume that PB1, Ve are positive operators in B($) and that f is a nonnegative convex function
on [0,+00). It follows that

52|y

‘ . (2.5)

Dragomir in [12] is the source of another crucial detail on the numerical radius upper boundaries that

are relevant to us.

Lemma 2.5 In the event when ¢ > 1 and Pq1,Pa € B(H),

L * 1 L L
w' (P5F1) < o [[1Ba]> + B> - (2.6)
Lemma 2.6 ([11]) Let P1,P2,P3,Pa € B(H). Then for u,uz € H we have the inequality

[(BaPBsPBoPaur, ur)[? < (B B2 * P, ur ) (Pa|B5 [R5 uz, us). (2.7)

Lemma 2.7 ([23]) Suppose wy; € H is a unit vector and P € B($) is a self adjoint operator. If f is a convex

function on an interval that contains Py ’s spectrum, then we have
F(Brur,ur)) < (F(Bur, u). (2.8)

Lemma 2.8 Assume that min {u1, ps} < & < & < max{u, po} is satisfied by positive real numbers &1,&s
and W1, pue > 0. Then we get

§2+§1 M2+M1
2.9
%\/ < (2.9)

Lemma 2.9 Given a nonnegative increasing convex function 1 on the interval [0,00), with ¥(0) = 0 and

0 <7 < 1. Then we have the following inequality:
P(rt) < TY(1). (2.10)
Lemma 2.10 ([7]) If uy,ug, ug and are all in $, then we have
(a0 2+ [tz u2)[* < Jusa* (G, )| + max((fun | [Juz]|*)- (2.11)

Lemma 2.11 The following relation for max holds
1
max(ay, dg) = i[al + ag + |ag — ay|] for any aj, a2 € R. (2.12)
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Lemma 2.12 ([30]) If h is a non negative mapping with the following characteristics: h : (0,1) C J — RT
such that h(t) + h(1 —1) =1, and P1,Ba, Ps, and Py € B(H), k > 1, then we have

(BB PBoPBrur, uz) | < h() (BB Pur, u) (| (BaPs) | Pua, up)”
+ h(1 — ) [(BaPsPoPrug, u) [F(BoPB1 [Pur, 1) 2 (|(PBaPs)*Puz, ua)
< (B2 Pur, ur) (| (BaPBs)*Puz, uz)”. (2.13)

k k
2 2

3. Main results
Lemma 3.1 Let the conditions from (2.13) hold, also if f is an increasing convex function such that f :

[0,4+00) — R, then the following inequality holds
FUBBaPBaPBrur, uz)[P) < he) F (BT Ba*Prur, ur)* (Pal B3 *Piua, ua)*)

+ h(1 =) F(|(BaPBsPaPBaua, ug) |* (B B> Brug, ur) 2 (P |5 >V o, us)%)
< FORTIB2PBrur, ur) ™ (Bl B3 *Biuz, uz)¥)
< h(p) (£ (IRB1 |7 Jur,u) + A(L — p) (£ (| (BaBa) | 707 Juiz, ). (3.1)

Proof Think about the following,
[(BaPBs PP, uz) [
< R (BB [Pur, un)* ([(BaPBs)* [Pua, u)* (by (2.13))
+h(L = )| (BaPaPoPrun, uz) [F (PP Pur )5 (|(BaPa)” Pz, ua) 2.
Applying f on both sides and using the fact that f is convex we get
FOBaPBRo P, uz)[F)
< () BB P, 1) (| (BaBa) *[Puz, u2)*)
(L = 0 F (BB Bautr, o) [ (B2 Pur, ) = (| (BaPa) Pz o) 2).

Using the four operator inequality on P4 B3PBoP1 term and using the reality that f is increasing, that is for
a < b we have f(a) < f(b), we get

< FUPBP Pur, un)* ([(BaPs)* [Pua, u9)*) (2.7).
We now turn to obtaining the right hand side chain of inequalities

FUBPB1 [P, 1) (| (BaPBs)* [Puz, ua)*)
< PP ur, wn) (| (PBaBs)* [Pz, u2)) (2.3)

< F(h(p) (BB TP s, 1) + (L — p){|(BaPs)* |77 1z, uz))
((2.4) with weighted AG inequality)

< h(p) f (BB |77y, u1)) + h(L = p) f (| (BaBa)*| 7T us, uz))
< h(p)(F (BB 7 Jur,ur) + (1 — p) (F(|(BaBa)* |70 Jus, us) (2.8).
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The following inequalities are consequences of (3.1).

Remark 3.2 The following Furuta [15] type inequality for o, > 0 with a + 8 > 1 is a particular case of
(5.1), namely

FOUEIZI P g, w9)[25) < () FOUT 0, 1w0) 5 (T 2P, u2)*)
(L= ) F(EIF0H g ua) (T2, 1) 2 (| T2 g, ua) 7)

< FUFP U, u) M P uz, u)")

< () FUTIF )y, un) + h(1 = p)(F(IT* 7 Jutz, ua). (3.2)

Proof Following the proof of (eq. 3.6 in [30]) the result follows, therefore we omit the details. O
It is also evident that the Kato’s inequality [18] follows from (3.1).

We also obtain the following inequality as a consequence of (5.1),

FOEIRI I g, u2) [2) < h(e) £ TP un, un) M2 212, u2)*)

+h(1 = o) fF(CEIZI T g, ue) (T2 un, )

< ST, w) (T P2, 12) )

(1T *us, uz) % )

2kT « 2kw
< (R(p) fUZ@ Jur, wy) + (h(1 = p) f(IZ7[P0=7 Juz, uz) (3.3)
which holds for every operator T € B(9) and any T,w > 1.

Proof Following the proof of (eq. 3.7 in [30]) the result follows, we omit the details. O

Further setting w = 1,7 =1,k =1 in (3.3) we obtain the following interesting inequality

FUEPu1,u2)*) < B TP, w) (1T Pug, )

1

+h(1 = o) F(F2ur, o) (| Pag, 1) 2 (T Pz, ua) )
< LT Pur,un) (1T Pus, us))
< h(p) (LTI Jur, w) + A(L — p){F(IT* 7T Juz, uz). (3.4)

In particular, setting f =1,h = %, we obtain the following interesting inequality

1 1 1
(T2up,u9)]? < §<|5|2u1»u1>k<|3*\2u2,u2>k + §|<52ula112>|k<|5\2u1»111>%<|T*|21127U2>§

< (|1F P, un ) ([T Puz, ug)

IN

5 (1, m) + (T P wa)) (3.5)

The following Lemma is utilized to obtain a refinement of the inequality given by Kittaneh et al. (1.5).
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Lemma 3.3 Let [ be a nonnegative increasing convex function on [0, +00) such that f(0) =0 and P, P, Ps

and Py € B(H), also let the conditions from (2.13) hold. If

0 < [BoPu1l> <€ <m < |(PaBs)*|?
or
0 < [(PaPs) > <€ < < [PoP)?,
then
FUBBBPBrur, uz) ) < h() F{FB2P1 [ ur, 1) ([ (BaPs) [Puz, u2)*)
+ (1 = 1) F([(BaBPaPruwr, uo)[F (PP P, u1) 2 (| (PaPs)*Putz,u0) 7)
< BB Paar, un ) (| (BaPs)* [Puz, ua)*)

< 2V (( (|‘332‘3314k)u17u1>+<f(|(‘434‘433)*4k)u2»u2>>
- €+ n 2 ’

Proof Using the similar reasoning as in (3.1), we continue with the following

(193291 [P ur, ur ) (| (BaPBs) *[*Fuz, up)

2vEn (BB ur, u1) + ([(BaPs)*|*Fug, us)
£+ ( 2 ) (29)-

By using the convexity of f, we arrive

SBR[ ur, un) (| (PBaPBs) | uz, uz))

_ 2E, (<|m2ml|4ku1,ul> + <|<a34a33>*|4’“u2’“2>) (2.10).
] 2

So,

N (f((l%%“’“uhuﬁ) +f(<|(‘134‘l33)*|4’“u2,u2)>
&+ 2

Q\ﬁ (FUBB1 P )ur, 1) + (F([(BaPs)*[**)uz, us)
- €+77 ( 2 > (28)

is obtained by once more utilizing the fact that f is convex.

Remark 3.4 Setting f(r) =, we obtain
[{BaPBsPoPru, uz) [ < A (BB [Pur, 1) (| (BaBa)* [Pz, u)*
+ (1 = ) (BaBaPaPruur, uz)|* (PP [ur, w)
< (BB [Pur,un) (| (PBaBs) [Pz, ua)
< 2VEn ((|‘ﬁz‘1314ku17u1> (I(BaPa)* | U27u2>>.

k k
2 2

(| (BaP3) " [Puz, uz)

&+ 2
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Setting Py = 6*,P1 = T, Po =P3 = I, we obtain
(& Tur, un) |2 < A (T Pur, w1) (|6 uz, ua)*
+ (L — QNS Tug, ua) (TP, ur) # (|6 Pun, u0) 2

< (1T, un) (|6 Pz, ug)”

L 266 <<|3|4ku1,u1> + <|6|4’“u2,u2>> 7 (3.8)
§1+& 2
when
0<|TP <& <& <|SP
or

0<[62<& <& < |32

4. Numerical radius type inequalities

Theorem 4.1 Suppose k > 1 and By, Vs, Pa, and P1 € B(H). Let the conditions from (3.1) hold. Then, the

inequality shown below is true:

P (R FaPo1) < [R(p) £33 1757 + (1= p) F(1(BaPa) |77 (4.1)

Proof We get the necessary inequality by setting u; = us and obtaining the supremum over unit vectors
u; €9 in (3.1). O

Remark 4.2 The inequality that was previously discovered extends Rashid’s finding found in [26, eq. 2.6].
When we set k=1,h =1, we get

9

£ (FaPsFaP)) < [|pf(B2B115) + (1= p)f((BPs)"|T°7)

which is the inequality that Rashid provided. In particular, by setting f = I,h =1 we obtain the inequality (eq.
(2.7)) in the paper given by Rashid [26]

(P PaFaP) < [[pIBaPal ¥ + (1 - p)|(FaPa)' |77

Setting f = I,h = 1,02 = I,P4 = 1,P3 = Q*,p = % we obtain the (2.6) inequality for the case when the

powers are even, that is

Q) < 5 BB + (12)

Theorem 4.3 Let P1, P2, Ps, Pa € B(H) such that f(0) =0 and let f be a nonnegative increasing convex
function on [0,400). If
0 < [PoPuf” <€ <n < [(PaPa)*|

or

0 < |(BaPB3)** < €< n < [PaBul?,
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then

4k * |4k
f( %(‘Ihms%z% )) (Hf |m25¥1| ) (|(§*B4q33) | )

2

D . (43)

Proof We obtain the requisite inequality by taking the supremum over all unit vectors u; € $ with 1y = uy
n (3.6). O

_£+n

Remark 4.4 Setting f(u1) =uy in (4.5), we obtain

B2 P1 | + | (PaPs)*[**
2

2 (0 P Pr) < 5 i <‘

> (4.4)

Setting Py = 6*,P1 = T, P2 = P3 = I, we obtain

2v/€n (HITIM+64’C >
&*T , 4.5
*erT) < £+ (4.5)
when
0<[TP<e<n< S
or

0< |62 <e<n<|T

Setting Ps = P4 =Po =1 and P1 =%, f =1 in (/.3) we obtain

2vVEn (||| + 1
k(3) < (H , 4.6
w ()—g+77 5 (4.6)
when
0<[TP<e<n<I
or

0<I<&E<n< TP

Using the same configuration but setting £ = 3,n =5 in (4.5), we obtain a refinement of (2.6) in the case of

even powers, namely

vy o V15
#&T) < 151"+ 181 (4.7)
which obviously is a refinement of (2.6) since
vy - V15
HErT) < 11 + &) (4.8)

8

V16 1
Y2 i el = 5 i1 + |

when

0< |3 <3<5<|6)?
or

0<[6?<3<5< |3
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Theorem 4.5 Let 7,w > 1 and T € B(9H), then we get the following inequality

F (T TIEY) < ||h@) SIS + h(L - p)f(T7 7). (4.9)

Proof We obtain the requisite inequality by taking the supremum over all unit vectors u; €  with u; = uy
in (3.3). O

Corollary 4.6 We get

w*(T|T|TIT)) < HP\Sl% +(1—p)|T*|Tw

by letting f(w1) =u,h=I,7 =w =2 in (4.9). Further, setting k =2,p = %, we obtain

1
W (ST < o I+ (5P

Theorem 4.7 In the event where Py € B(H) and h satisfy the criteria in (2.13), and 1 is a nonnegative

increasing convex submultiplicative function on [0,400), the following inequality holds for k > 1:

1 1 2
P(w?(P)) < h(1)d ((/0 [[£198: 1% + (1 = )72 dt) )

2k * |2k

‘ . (4.10)
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Proof Let u; € § represent any unit vector. Then, take into account

(| (Prur, i) [**)
R (B [ 1B ™)
+ (L = O (B IBw” (B, Biun) ) (2.13)

(L (/ 9B 12 B0 ||2k1 9 dt> > (Logarithmic mean)
— OP([(RFun, w) ) ([Brun | [Biun ) (submultiplicavity of )

2
w(( / 9 2 352 20 tdt) )

2k * |2k
+h<1—L>w<|<m%u1,ul>’“w(“"pl' o LR (g

< h)y (( / ({0, ) (5 o ) 1) dt>2>

2k * |2k
(1 = (] (g ) ) LU0 0) RS, )

1 1 2
< h(u)y ((/ (B P, ur) + (1 — )P [P ur, )2 dt> ) (weighted AG inequality)
0

2k *|2k U, g
—l—h(l _ L)¢(|<‘I3%U1,u1>\k) <(¢(\q31| )+Z/;(|q31| )) > (2.8)

< h()y ((/0 el + (1 — o)1 dt) )

’wuw%) + (P
2

+ h(1 = ) (|(Piu, ur)[¥)

We get the required inequality when we take sup over all the unit vectors. O

Corollary 4.8 The following chain of inequalities for Py € B($) when ¢ = I holds:

2

2% (902) < h(0) ( [ el 1 - o dt)

M0 o) a2 + o

< (198 )1** (4.11)

+

Proof We will bound two quantities, first the term inside the integral, that is
4k
[ 4 (1= BT[] < 198 ™

o8
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we will also use the following bound w*(P?) < H‘B%Hk < |B1||** then using the elementary inequality

H|‘Bl|2k + |‘BT|2’“|| <2 ||‘Bl||2k . Combining everything, we get

4k 4k 4k
R() B[ + A(L = o) [[Ba][ = [|FB[]™
O
The inequality (4.11) is sharp. To see this, let us suppose that B; is a normal operator, that is
PiP1 = FaPi, we also have w(PF) = w?(P1) = [P ]* = |2, from that we get

2

1 1
I < B ( [ e+ @ - o) dt)

+ POty 2+ |
Wl — 2k
= (o) % + P IBIE g pp 2)y
= h(e) [l + AL = o) 197" - 98
=

Further, from (1.2) we obtain that

2

1 1
W) < W (32) < h(2) ( [ el @ - o) dt)

h(1—1)
2

< [1Ba** (4.12)

+

w® (P (|19 + 197 2]

We can also obtain the following inequality by fixing the function h.
Setting h(1) = 3 (3 +¢),c €[0,1],k =1, we obtain

Wil < w?(P2) < 5 (L4 L) (/1 e[ + (1 — )57 dt>2
1) = 1) = 2\2 1 1
0
13 _
202 o
< 1Bl (4.13)

which is clearly a variation of (1.1).

Theorem 4.9 Let PB1 € B(H) and the criteria from (2.13) are met, then the following inequality holds for
k>1,7€(0,1]

1 2k *|2k
w? (Pr) < h(L)/O Htmu“k + (1= OO dt + h(1 - 1) - [ Z'W ”
L P20 o). (4.14)

2
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Proof Consider the following for the unit vector uy

Ol R1ur, ur) PP+ h(1 = ) [(Brug, ur) (Brug, ug)[*

[(PBrug, ur)[* = h(
A(e) (B au, w) (7 120, ) (2.1)
h(

<
1-—
+

) (e [ 15 | + | B, P [F)(2.2)

1
= h("/ (9B 27 )2 (97 20y )20
0

h(1—1)
4

h(1—1)
2

+ |(PFur, ur)|* + (1B 2% + 1B )y, ug)

1
< h(1) / (B g, ) + (1= ) (B ug,w))dt (Weighted AG)
0

h(1—1)
4

o [ et 1 o

h(1—1) h(1—1)
2 4

h(l1—1)

5 (1B + B85 )ur, 1)

- [(BTur, u)|* +

(B2 + BT, ).

+ [(PBur, w) " +

Taking sup over uy, we obtain the desired inequality. O

It can be shown that (4.14) is sharp for 7 = % when assuming that 937 is normal, it can also be shown that for

7':5

2k * |2k
< [ oo e - o BT
(12— L) (AQ)
- HAH% (4.15)

which is a refinement of (1.1).

The following Theorem gives us a boundary for w?(B;) and as a corollary, we obtain an inequality for

a complex numerical radius.

Theorem 4.10 Suppose that Py € B(H). Let 1p be a nonnegative increasing convex function on [0,4+00) and
let the mapping h satisfy the conditions of (2.13). Then for any T € [0,1] the following inequality holds

PP (B0) < SR DIBP) + 5 (vl + g0

)+ w(w(P '~ [F1O)) L (416)

l\D\»—t
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Proof Setting u; = |P1]?7,u = [P5?~7) and uz = u; in (2.11) while taking uz to be unit vector, we obtain
B2 Tur, w) P [T P D, un) [P < BP9 T ur, )

|

2
P ).

+ max(|| |91 *7uy |
Now realizing the following

2Py, 1) |* < 2007w, w) B2 g, ur) < (PP ur, wn)? 4+ (B2, un)?,
and using (2.12), we obtain
2(P1uz, ur)® < [(B5 PP g, )|

1 T * —T T * —T
+ 5 (B + BT, w) + (BT — 7 ))u17u1>l] :
It gives rise to the inequality

BP9 2 g, ug) |

N

[(Brur,u1)]? <

o OB+ 95O e )+ (B |7 — (BT Jur, )|

= =

as follows. Taking % on both sides and using the convexity properties, we obtain the following

Y([(Prug, up)|?)

4T #14(1—7) 4T 4(1—7)
(|<|q3{|2(1_7)|‘131\27u1,u1>|) AP ™7 +B )uhu1>+2\((|‘431\ R Ju1,u1)]

=¥ 2 + 2
1
< 51/1(|<|‘131‘|2(1’T)\‘431|27u1,u1>|)
i Lo (LB B )+ OB = 1
2 2
1
< 5¢(|<|‘13’{|2(1’T)\‘131|27u1,u1>|)
n DB + BT, ua)) + (P *™ — 1B, wa))
4
1
< §¢(|<|mf|2(1_ﬂ\‘131|27u17u1>|)
N DB+ 1B+ (B = 15w, wa))
1 .
Taking sup over the unit vectors, the proof is finished. O

Remark 4.11 Using (2.6) and the fact that w(|B1|*" — |B5*C=7) < w(P1* + B1*E=7), we can obtain
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the following bound while setting ¢ = 1

1 ’T T T ’T T T
w? (1) < (B PO + ¢ ([ + 180w - pee)) @)
3 «|4(1—7
4 DTSN TR (4.18)
Remark 4.12 The inequality (4.17) is sharp for T = % To see this, let us assume that PB1 is a normal

operator, that is PiP1 = PP}, we also have w(P?) = w?(Py) = ||‘,]31||2 = ||2B%

, from that we get

191 * < f||m31||w+ (1 + 1985 12)

e Hlmll |
- 5 T3
B
2 + 2

Further, we obtain the following inequality concerning the invertible operator.

Corollary 4.13 Assume that Py € B(H) is an invertible operator, then we have the following inequality

w?(Py) <

Y Y
2 4 '

Proof Setting 7 = % in (4.16) and utilizing the basic inequalities, (2.6) and [20, eq. 34], we achieve the
intended disparity. O

Setting ¢ =ul,p > 1 in (4.16) we obtain the following

W) < gur (PP ) + ([l + e

T (B 1RT)) . (49)

Setting p = 2, we obtain the following interesting result

w0 < oA )+ ([ + g

C WP — T>>> (4.20)

Following the proof of (4.16) and using the fact (|Z>7uy, ur )2+ (TP uy, ur)? = [(Z12 7wy, wy) +i| T POy w2 =
[(Z127 + 4|22 )uy,wy)|? and taking sup over all the unit vectors, we get

W ([ + il 7))
(5 P 27) 4 (il + g0

w7 ) (4.21)
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Corollary 4.14 Using a similar reasoning to the one in (4.18), we obtain the following chain of inequalities

w? (PP + PP )

* -7 T 1 T * -7
< w2 + 5 (||l + e

+ w7~ [BEO))

3 T * —T
< 5 |+ g0

. (4.22)

5. Conclusion

Various vector and numerical radius-type inequalities have been obtained. Utilizing the function h defined in

the paper written by Stojiljkovié¢ and Dragomir in [30] and convexity properties with standard operator theory

techniques, we obtained various refinements of the well-known numerical radius type inequalities. Namely, we

have generalized the inequality given by Rashid in [26], and we also have sharpened the inequality given by

Dragomir (2.6) by (4.8). Further, inequality for the complex numerical radius of the absolute value of a bounded
operator has been given by (4.22). Variation of (1.1) has been given by (4.12) and (4.14).
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