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Abstract. In the framework of weak congruence lattices, many classes of
groups have been characterized up to now, in completely lattice-theoretic
terms. In this note, the center of the group is captured lattice-theoretically
and nilpotent groups are characterized by lattice properties.
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1. Introduction

It is known that subalgebra and congruence lattices are suitable tools for the
structural investigation of algebras. In particular, investigation of groups by
properties of their subgroup lattices has been performed since the development
of the theory of groups and the theory of lattices. The results on groups in
the framework of subgroup lattices are collected in the book [13] by Suzuki,
then also in the book [12] by Schmidt (see also a review of this book in [4] by
Freese); in addition, there is a survey paper on the topic [11] by Palfy.

Our research about groups is also situated in the framework of lattices.
We use the lattice of weak congruences, which contains, up to the isomorphism,
both lattices mentioned above as sublattices (see [14,16]). These lattices are
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particularly convenient when applied to groups, due to the close connection
between congruences and normal subgroups.

In the mentioned book [12] by R. Schmidt, the lattice-theoretic charac-
terization of the class of solvable groups is highlighted as one of the “most
exciting problems” in this context. This problem is solved in our paper [8],
where the class of solvable groups is characterized by weak congruence lattices
in a pure lattice theoretic way, together with several other well-known classes
of groups (Hamiltonian, Dedekind, abelian, supersolvable, metabelian and oth-
ers). Although the theory of lattice-theoretic characterization of various classes
of groups has been further developed [1,2,5,7,9], a characterization of a nilpo-
tent group G by properties of its subgroup or weak congruence lattice was still
an open problem. What is known about these groups is that the nilpotency
of G can be characterized within the congruence lattice of the group G x G
(see e.g., [3]). In particular, a characterization of torsion-free nilpotent groups
by subgroup lattices was done by Kontorovi¢ and Plotkin in [10]. Further, a
characterization of finite nilpotent groups by lower semimodularity of their
weak congruence lattice was given in [7].

In the present note, we give necessary and sufficient conditions that the
weak congruence lattice of a group G should fulfill to make G nilpotent.

2. Preliminaries

By H< G (or H< Gif H# G) and H <G we denote that H is a subgroup
and a normal subgroup of G, respectively. Sub(G) is the algebraic lattice of all
subgroups of G, ordered by the set inclusion. Sub, (G) is the modular sublattice
of Sub(G), consisting of all normal subgroups of G.

A group is said to satisfy the mazimal condition (the ascending chain
condition) if every strictly ascending chain of subgroups is finite. Recall that
the center of a group G, denoted by Z(G), is the set of elements that commute
with every element of G. Z(@) is an an abelian, normal subgroup.

A subgroup H of a group G is said to be central if it is contained in (is
a subgroup of ) the center Z(G). Clearly, central subgroups are abelian and
normal in G.

A group all whose subgroups are normal is a Dedekind group, which
may be abelian and non-abelian, i.e., Hamiltonian. A group G is said to be
torsion-free if the order of each x € G, x # e is infinite (i.e., the group (z) is
infinite).

A central series of a group G is a finite sequence of normal subgroups of
G

{e}=Ho<H <---<H,=0G,
such that all factors are central, i.e., for every 4
H;.1/H; < Z(G/H;).

A group G is nilpotent if it has a central series. The smallest k so that G
has a central series of length k (meaning that there are k41 different members
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in the series) is the nilpotency class of G, with this k, we say that G is nilpotent
of class k.

Another characterization of a nilpotent group:

A group G is nilpotent if there exists an upper central series terminating
with the whole group; in other words, there is a finite sequence of subgroups
of G, {e} = Hy < Hy < --- < Hp41 = G such that

(a) H; <G for all i;
(b) Hy = Z(G), and for all i, H;y1 < G such that H;1/H; = Z(G/H;) (the
subgroups H; are called iterated centers of G).

If L is a lattice, and a € L, we use notation |a for the ideal generated
with a, i.e., la = {& € L | < a}. The dual notion, the filter generated by a
is denoted with Ta.

A weak congruence of a group G is a congruence on a subgroup of G,
considered as a relation on G. Weak congruences of a group G form a lattice
under inclusion denoted by (Wcon(G), Vv, A), where Ag € Weon(G) is a special
element representing the diagonal relation on G. The weak congruence lattice
of a group G is an algebraic lattice.

For § € Wcon(G), 8 = Ap for a subgroup H of G if and only if § < Ag.
For 6 < A we define 6 as the largest element 7 of the weak congruence lattice of
G such that TN A = 6. In other words = H? where H is the unique subgroup
of G such that Ay = 6. We extend this definition and for all p € [Ag, H?],
we say that p = H?. Furthermore, we can identify “squares” of subgroups in
Wcon(G): for § € Weon(G), 6 = H? for a subgroup H of G if and only if 6 is
the largest element of Weon(G) such that § A Ag = Ap. For a subgroup H
of G, Wcon(H) is, as a lattice, the ideal |H? in Wcon(G), endowed with the
constant Ag. Also, Con(H) is, as a lattice, the interval [Ag, H?] in Wcon(G),
and Sub(H) is isomorphic to the ideal | Ay of Wcon(G). Moreover, H? V Ag
is the smallest weak congruence on G containing both H? and Ag - this is
actually the smallest congruence on G containing H?2.

We denote by 0 the bottom element of the lattice Weon(G), 0 = {(e, e)}.

In a complete lattice L, an element a € L is called cyclic in L if |a is a
distributive lattice satisfying the ascending chain condition. Denote by C(L)
the set of all cyclic elements in L.

3. Characterization of nilpotent groups

Lemma 3.1. If N is a subgroup of G then N <G if and only if N> < H? <
N2V Ag implies N? = H?.

Proof. If N <G then N is the equivalence class of the neutral element of G
for a congruence 6 on G, N = [e]p, and 6 is the smallest congruence containing
N?, hence § = N? V Ag in Weon(G). If N2 < H?> < N2V Ag for a subgroup
H of G, then for x € H, (x,e) € 0, hence x € N. For the opposite direction,
if V is not a normal subgroup of G then its normal closure H in G satisfies
N? < H* < N2V Ag. O
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If N <G we say that Ay is normal in Ag in Weon(G); we denote it by
Ay €4Ag. By Lemma 3.1 and the preceding remarks, this (unary) relation is
defined within the structure Wecon(G).

If NG and H a subgroup of G such that N C H, then by the Cor-
respondence Theorem, there is an isomorphism ¢y between Con(H/N) and
the filter T(N2V Ap) in the sublattice [Ag, H%] of Wecon(G) (that is, between
Con(H/N) and the interval [N?V Ay, H?] of Weon(G)). Weon(G/N) is a dis-
joint union of Weon(H/N), for N < H < G. Therefore, the union of the maps
®y is an isomorphism ® between Weon(G/N) and the filter TN? in Wcon(G),
and it maps Ag/n onto N? V Ag.

Next, we recall a result by Ore (see, e.g. [12], p.12).

Proposition 3.2 [12]. A group G is cyclic if and only if the lattice Sub(G) is
distributive and satisfies the maximal condition.

The following lemma is a direct consequence of Proposition 3.2:

Lemma 3.3. A subgroup H of G is cyclic if and only if the ideal |Ay of
Weon(G) is a distributive lattice satisfying the mazimal condition.

Further, we characterize commutativity of a subgroup of G within
Woecon(G). For this, we need the following characterization of Dedekind groups.
Theorem 3.4 [2,8]. The following are equivalent for a group G:

(i) G is a Dedekind group;
(i) the lattice Weon(G) of weak congruences of G is modular;
(iii) the diagonal relation A is a neutral element in the lattice Weon(G).

Abelian groups are characterized in [8], here we formulate the character-
ization of a subgroup which is abelian.

Proposition 3.5. A subgroup H of a group G is abelian if and only if the ideal
LH? in Wcon(G) is a modular lattice and the ideal |Ay (in Wecon(Q)) does
not have a subinterval isomorphic to Q in Figure 1.

Proof. If the ideal | H? in Wcon(G) is a modular lattice, H is a Dedekind group
by Theorem 3.4. Moreover, since the ideal |Ay does not have a subinterval
isomorphic to @ in Figure 1, H does not have a quaternion group as a subgroup;
hence it is abelian. The opposite direction is obvious. O

In the sequel we use also the following [12, p. 360]:

N

o]

N

Q

FIGURE 1. Subgroup lattice of the quaternion group.
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Proposition 3.6. A subgroup K of a group G is central if and only if the sub-
group K V (z) is abelian for every x € G.

We are ready to characterize central subgroups using weak congruence
lattices of groups.

Proposition 3.7. Let K be a subgroup of G. K is a central subgroup of G if
and only if the following holds in Wecon(G): for every Ax € C(]A), the ideal
Ak V Ax is a modular lattice and | (A V Ax) does not have a subinterval
isomorphic to Q in Figure 1.

Proof. As we said above, (K V X)? = Ax V Ax is the largest element p in
Woeon(G) such that p A Ag = Agvyx; also, Ax V Ax = Agyx in Weon(G).
Now we use Lemma 3.3 and Propositions 3.5 and 3.6. g

Let us denote by S the set of diagonals of central subgroups of G,
S ={Ak € |A| K is a central subgroup of G}.

S C |A in Weon(G) and by Proposition 3.7, it can be defined in strictly
lattice-theoretic terms.

Corollary 3.8. A subgroup H of a group G is the center of G (H = Z(G)) if
and only if Ag =\/ S in the lattice Weon(G).

Proof. Straightforwardly, since by Proposition 3.7, K is a central subgroup
of G if and only if Ax € S, and the center of G is the greatest central
subgroup. O

Corollary 3.8 shows that the center of a group G can be determined in
Woecon(G) by purely lattice-theoretic methods.

The element Ay =\/ S from Corollary 3.8 is called w-center of the lattice
Weon(G).

Next, we use the isomorphism ® mentioned above Proposition 3.2 to char-
acterize cyclic, abelian, and central subgroups of a quotient group of G within
the lattice Wecon(G); @ : Weon(G/N) — [N?,G?]. (For a subgroup H of G
such that N < H, it maps Con(H/N) onto [N?V Ay, H?], and Wcon(H/N)
onto [N?, H?] in Wcon(G)).

Proposition 3.9. If N <G, and N < H < G, then H/N is a cyclic subgroup
of G/N if and only if the interval [N*, N2V Ag] in Weon(G) is a distributive
lattice and satisfies the maximal condition.

Proof. Tt is easy to see that |Ag/y in Weon(G//N) is isomorphic to the interval
[N?,N?V Ag] in Weon(G), with |Ay/y mapped onto NV Ay. Now we use
Lemma 3.3. O

Proposition 3.10. If N<G, and N < H < G, then H/N is an abelian sub-
group of G/N if and only if the interval [N?, H?] in Wcon(G) is a modular
lattice and the interval [N?, N2V Ag] in Weon(G) does not have a subinterval
isomorphic to Q in Figure 1.
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Proof. The isomorphism ® maps (H/N)? to H? and Ay/y to N2V Ay in
Woeon(G). The proof now follows from Proposition 3.5. O

Proposition 3.11. If NG, and N < K < G, then K/N is a central sub-
group of G/N if and only if the following holds in Wcon(G): For every § €
C([N?, N2V Ag]), the interval [N?, N2V Ak V 6] is a modular lattice, and the
interval [N?, N? V Ax V 8] does not have a subinterval isomorphic to Q in
Figure 1.

Proof. The proof follows from Propositon 3.10 and Proposition 3.7. 0

We can now characterize the center of a quotient group G/N by the
lattice Weon(G):

The center of G/N is the subgroup X of G/N such that

Ax = \{Ag/n | K/N is a central subgroup of G/N},
or, equivalently,

Ax =& (\{®(Ak/n) | K/N is a central subgroup of G/N}) =

O~ 1(\/{N?V Ak | K/N is a central subgroup of G/N}).

From everything said above, it follows that one can characterize nilpotent
groups only by the properties of their weak congruence lattices. The following
theorems are therefore consequences of the above-listed propositions.

Theorem 3.12. A group G is nilpotent if and only if there is a finite series of
elements in Wecon(G):

0=A2An,,An,..., A, Ag, such that A, < Apg, <--- <Ap, <Ag.

so that for every i € {0,1,...,k} the following holds:

(a) AHi <Ag;

(b) For every 6 € C([H?,H? V Ag)), the interval [H?, H? V Ay,,, V9] is a
modular lattice, and the interval [H?, H? V Ap,,, V 8] does not have a
subinterval isomorphic to Q in Figure 1.

Since we have characterized the center of a group (and the center of a
quotient group) by means of weak congruence lattices, using an upper cen-
tral series we obtain one more lattice theoretical characterization of nilpotent
groups.

Theorem 3.13. A group G is nilpotent if and only if there is a finite series of
elements in Wecon(G):

0= AHWAHI,...,AHk,Ag,SUCh thatAHO < AHl < ee < AHk < Ag.

so that for every i € {0,1,...,k} the following holds:
(a) AHi > VaVeh
(b) Ap, is the w-center of Weon(G), and H? V Ay, is the w-center of
[H?, G?] (considered as the weak congruence lattice of G/H;).
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4. Conclusion

In the series of papers including this one, we have characterized many known
classes of groups in lattice terms, using their weak congruence lattices. How-
ever, the weak congruence lattices of arbitrary algebras may not have relevant
properties as those for groups. Namely, lattices of congruences and subalgebras
are generally independent. Algebras for which congruences and subalgebras
are related similarly as for groups are those having a good ideal theory in the
sense of [15], see also [6]. There are also group-like structures, which have al-
ready been investigated in [2] by properties of their weak congruence lattices.
Therefore, as our future task, we intend to further characterize those classes
of algebras in the same lattice framework.
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