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We consider the convex combinations c𝛼n ∶= (1−𝛼)an+𝛼bn, n ∈ N, 𝛼 ∈ [0, 1], of
a pair of sequences of real numbers (an)n∈N and (bn)n∈N such that an ≤ bn, n ∈ N,
converging to ln 2, and study the location of the limit inside the intervals [an, bn],
for every n ∈ N or for sufficiently large n. We also investigate the same problem
for the case of two corresponding sequences converging to ln 3. Among other
results, we prove some, a bit, unexpected ones. Namely, for each 𝛼 ∈ [0, 1],
we determine the exact index n0 ∈ N at which the sequence c𝛼n changes the
monotonicity, and we also determine the type of the monotonicity. A number of
interesting remarks are also presented.
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1 INTRODUCTION

By N, we denote the set of positive natural numbers and by R the set of real numbers. Let Nk = {n ∈ N ∶ n ≥ k}, where
k ∈ N is fixed. If k, l ∈ N, where k ≤ l, then we use the notation 𝑗 = k, l instead of writing the expression: k ≤ 𝑗 ≤ l, 𝑗 ∈ N.

Sequences of real numbers have been studied for a long time. The sequences given by recursive relations were first
studied analytically by De Moivre [1, 2], then by D. Bernoulli [3], Euler [4], Lagrange [5], Laplace [6], and several other
mathematicians. Many results in this direction up to 1800 can be found in [7]. Their solvability was one of the first studied
problems (see also [8–10]). For some recent results on the solvability, invariants, and their applications, see, for example,
[11–23] and the references therein. On the other hand, there are some sequences which are given in some other ways.
For example, they can be given in the form of some sums or explicitly as some functions of N (see, e.g., [4, 10, 24–35]).

Sometimes sequences occur in pairs, for example, an and bn, n ∈ N; they satisfy the condition

an ≤ bn, n ∈ N, (1)

and it is proved by some methods that they both converge to the same limit, say, c ∈ R.
It is a frequent situation that an is nondecreasing, whereas bn is nonincreasing. In this situation, the sequences form a

family of nonincreasing compact intervals [an, bn], that is, [an+1, bn+1] ⊆ [an, bn], n ∈ N. Since limn→∞an = limn→∞bn = c,
we have that ∩n∈N[an, bn] = {c}.

Such pairs of sequences have been studied for a long time. One of the most known pairs of the sequences is

an =
(

1 + 1
n

)n
and bn =

(
1 + 1

n

)n+1
, n ∈ N, (2)

which converge to e, an increasingly and bn decreasingly.

Math. Meth. Appl. Sci. 2024;1–14. wileyonlinelibrary.com/journal/mma © 2024 John Wiley & Sons Ltd. 1

https://doi.org/10.1002/mma.10463
https://orcid.org/0000-0002-7202-9764
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fmma.10463&domain=pdf&date_stamp=2024-09-01


2 STEVIĆ

An interesting question is to locate the limit inside the interval [an, bn] for each fixed n. For example, each of the intervals
[an, bn] can be divided into k equal subintervals, and it should be investigated if there is one of them in which the limit c
lies for every n ∈ N or for sufficiently large n. For example, Problem 171 in [33] asks: If an and bn are defined in (2), in
which quarter of the interval [an, bn] is e contained? This paper, among other things, is devoted to such a problem.

Our motivation stems from the following problem [34, Problem 3] by R.P. Ushakov published in [26].

Problem 1. Let

an = 1
n + 1

+ 1
n + 2

+ · · · + 1
2n

, (3)

and

bn = 1
n
+ 1

n + 1
+ 1

n + 2
+ · · · + 1

2n
, (4)

for n ∈ N. For each n ∈ N, divide the interval [an, bn] into eight equal intervals. Prove that ln 2 lies in the second
interval from the left for every n ∈ N.

In this paper, we give two solutions to the problem, pose a more general problem, and present a solution to it; consider
the convex combinations c𝛼n ∶= (1 − 𝛼)an + 𝛼bn, n ∈ N, 𝛼 ∈ [0, 1] of the sequences in (3) and (4) and study the location
of their limit inside the intervals [an, bn], for every n ∈ N or for sufficiently large n. For each 𝛼 ∈ [0, 1], we determine the
index n0 ∈ N at which the sequence c𝛼n changes the monotonicity and determine the type of the monotonicity. We also
investigate the same problems for the case of two corresponding sequences converging to ln 3.

2 TWO SOLUTIONS TO PROBLEM 1

Here we give two proofs of Problem 1. We include all the details for the completeness, benefit of the reader, and as a
motivation for some further investigations in this direction. The first proof is connected to some geometric interpretations
of the sequences defined in (3) and (4). Similar methods are frequently connected with these and some related sequences
(see, e.g., [25]), which suggested us to find a solution of the problem in this way. The second proof is standard and is the
one proposer of the problem expected to be found [35].

2.1 On Problem 1
It is well-known that the sequences (3) and (4) are convergent and that

lim
n→∞

an = lim
n→∞

bn = ln 2,

(see, e.g., [10, 32, 36]). It is also clear that an < bn for every n ∈ N.
Now we present the first solution to Problem 1, which is based on some geometric considerations.

2.2 First solution to Problem 1
Note that

ln 2 = ∫
1

0

dx
x + 1

=
n−1∑
k=0

∫
k+1

n

k
n

dx
x + 1

. (5)

The Hermite–Hadamard inequalities say that

𝑓

(
a + b

2

)
(b − a) ≤ ∫

b

a
𝑓 (t)dt ≤ 𝑓 (a) + 𝑓 (b)

2
(b − a) (6)

for each convex continuous function 𝑓 ∶ [a, b] → R, where the equality is achieved for the linear function ([31, 37, 38]).
Since the function

𝑓0(x) =
1

x + 1
(7)
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STEVIĆ 3

is convex on the interval [0, 1], by the second inequality in (6), we have

∫
k+1

n

k
n

dx
x + 1

≤ 𝑓0( k
n
) + 𝑓0( k+1

n
)

2n
=

n
n+k

+ n
n+k+1

2n
(8)

for k = 0,n − 1.
From (5) and (8), we obtain

ln 2 ≤
n−1∑
k=0

n
n+k

+ n
n+k+1

2n
= 1

2

( 1
n
+ 2

n + 1
+ 2

n + 2
+ · · · + 2

2n − 1
+ 1

2n

)
= 1

4n
+ an. (9)

From that, we have that ln 2 lies in the first subinterval if we divide the interval [an, bn] into four equal subintervals, for
each n ∈ N.

Using the first inequality in (6), we have

2
2n + 2k + 1

=
𝑓0( 1

2
( k

n
+ k+1

n
))

n
≤ ∫

k+1
n

k
n

dx
x + 1

,

for k = 0,n − 1, from which it follows that

n−1∑
k=0

2
2n + 2k + 1

≤ ∫
1

0
𝑓0(t)dt = ln 2. (10)

Further, we have
n−1∑
k=0

2
2n + 2k + 1

− an =
n−1∑
k=0

( 2
2n + 2k + 1

− 2
2n + 2k + 2

)

=
n−1∑
k=0

2
(2n + 2k + 1)(2n + 2k + 2)

≥n 2
(4n − 1)4n

>
1

8n
,

(11)

for n ∈ N.
From (10) and (11), we obtain

1
8n

+ an < ln 2, (12)

for every n ∈ N, from which together with (9) we have that ln 2 lies in the second subinterval if we divide the interval
[an, bn] into eight equal subintervals, for each n ∈ N. □

Remark 1. Inequalities (9) and (12) are, in fact, strict, from which it follows that

ln 2 ∈
(

an + 1
8n

, an + 1
4n

)
, for n ∈ N;

that is, ln 2 lies inside the open interval (an + 1
8n
, an + 1

4n
), for every n ∈ N.

Remark 2. If an integrable function 𝑓 is nonincreasing on the interval [0, 1], then we have

1
n

(
𝑓
( 1

n

)
+ 𝑓

( 2
n

)
+ · · · + 𝑓

(n
n

)) ≤ ∫
1

0
𝑓 (t)dt,

for each n ∈ N.
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4 STEVIĆ

From this and since (7) is a decreasing function, we have

an = 1
n

( n
n + 1

+ n
n + 2

+ · · · + n
2n

) ≤
n−1∑
k=0

∫
k+1

n

k
n

𝑓0(t)dt = ∫
1

0
𝑓0(t)dt = ln 2,

for each n ∈ N, from which we cannot conclude in which of the two intervals
[

an, an + 1
8n

]
and [an + 1

8n
, an + 1

4n
], ln 2

lies, by using this argument.

Remark 3. Inequality (12) can be obtained without using the Hadamard–Hermite inequality. Namely, we can use the
following inequality:

Area(Tk) ≤ ∫
k
n

k−1
n

𝑓0(t)dt, (13)

where Tk, k = 1,n, is the trapezoid with the lateral sides consisting of the interval [ k−1
n
,

k
n
] and the interval obtained

as the intersection of the tangent line at the point ( k
n
, 𝑓0( k

n
)) with the lines x = k−1

n
and x = k

n
. Inequality (13) holds

due to the convexity of the function 𝑓0 (if 𝑓0 is a differentiable function; see, e.g., [39, p.246, Proposition 6]).

The tangent line is

𝑦(x) = 𝑓0

(
k
n

)
+ 𝑓 ′

0

(
k
n

)(
x − k

n

)
= n

n + k
− n2

(n + k)2

(
x − k

n

)
.

From this, we have

𝑦

(
k − 1

n

)
= n

n + k
+ n

(n + k)2 ,

and consequently,

Area(Tk) =
1

2n

(
𝑦

(
k − 1

n

)
+ 𝑦

(
k
n

))
= 1

n + k
+ 1

2(n + k)2 , (14)

for k = 1,n.
Using (14) in (13) and summing such obtained inequalities for k = 1,n, it follows that

an +
n∑

k=1

1
2(n + k)2 ≤

n∑
k=1

∫
k
n

k−1
n

𝑓0(t)dt = ln 2, (15)

for n ∈ N.
Now note that

n∑
k=1

1
2(n + k)2 ≥ n 1

2(2n)2 = 1
8n

. (16)

Combining (15) and (16), we get

an + 1
8n

≤ ln 2,

from which together with inequality (9) it follows that ln 2 ∈ [an + 1
8n
, an + 1

4n
], for every n ∈ N, as claimed.

Remark 4. Inequalities (9) and (13) are, in fact, strict (and so is (15)), from which it also follows that ln 2 ∈(
an + 1

8n
, an + 1

4n

)
, for every n ∈ N.

Remark 5. Inequality (16) is not strict. The equality is achieved for n = 1.

Remark 6. Since

2
2n + 2k − 1

− 1
n + k

− 1
2(n + k)2 = 1

(2n + 2k − 1)(n + k)
− 1

2(n + k)2

= 1
2(n + k)2(2n + 2k − 1)

> 0,
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STEVIĆ 5

for 1 ≤ k ≤ n, n ∈ N, we have that the approximation of the integral used in the first proof is better than in the
second one.

In fact, the last inequality holds in a much more general situation. Namely, the following result holds.

Proposition 1. Let 𝑓 be a convex and continuously differentiable function on the interval [a, b]. Then, the following
inequality holds

Area(T̃) ≥ Area(T), (17)

where T̃ is the trapezoid with the lateral sides consisting of the interval [a, b] and the interval obtained as the intersection
of the tangent line at the point ( a+b

2
, 𝑓 ( a+b

2
)) with the lines x = a and x = b, whereas T is the trapezoid with the lateral

sides consisting of the interval [a, b] and the interval obtained as the intersection of the tangent line at the point (b, 𝑓 (b))
with the lines x = a and x = b.

Proof. First, note that

Area(T̃) = (b − a)𝑓
(

a + b
2

)
.

The tangent line of 𝑓 at the point (b, 𝑓 (b)) is

𝑦 = 𝑓 (b) + 𝑓 ′(b)(x − b).

Hence, we have
Area(T) = (b − a)1

2
(
𝑓 (b) + 𝑓 (b) + 𝑓 ′(b)(a − b)

)
.

From these two relations and the Lagrange mean value theorem, we have

Area(T̃) − Area(T) = (b − a)
(
𝑓

(
a + b

2

)
− 𝑓 (b) − 1

2
𝑓 ′(b)(a − b)

)

= (b − a)
(
𝑓 ′(𝜁 )a − b

2
− 1

2
𝑓 ′(b)(a − b)

)

= (b − a)2

2
(𝑓 ′(b) − 𝑓 ′(𝜁 )),

(18)

for some 𝜁 ∈ ( a+b
2
, b). Since the function 𝑓 is convex, 𝑓 ′ is a nondecreasing function (see, e.g., [39, p.245]), from which

together with (18), inequality in (17) follows. □

Remark 7. If in Proposition 1 we assume that the function 𝑓 is two times differentiable on the interval [a, b], then we
can apply the Lagrange mean value theorem to the function 𝑓 ′ on the interval (𝜁, b), and from (18), we obtain

Area(T̃) − Area(T) = (b − a)2(b − 𝜁 )𝑓 ′′(𝜁1)
2

, (19)

for some 𝜁1 ∈ (𝜁, b). Since the function 𝑓 is convex, it must be 𝑓 ′′(t) ≥ 0, t ∈ [a, b], (see, e.g., [39, p.245]), from which
together with (19) inequality in (17) follows, in this case.

2.3 Second solution to Problem 1
The complexity of the above presented solution to Problem 1 suggested us to try to find an easier solution to the problem.
There is a simpler solution which is based on studying the monotonicity of sequences ([35]), which is one of the basic
methods for their investigations (see, e.g., [12, 25, 29–32, 40, 41]). Namely, note that the sequences (an)n∈N and (bn)n∈N are
monotone; the first one is increasing, whereas the second one is decreasing. Recall that they both converge to the same
limit. These facts suggest investigating the monotonicity of the sequences

cn = 1
8n

+ 1
n + 1

+ 1
n + 2

+ · · · + 1
2n

, (20)
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6 STEVIĆ

dn = 1
4n

+ 1
n + 1

+ 1
n + 2

+ · · · + 1
2n

, (21)

for n ∈ N.
We have

cn+1 − cn = 1
8(n + 1)

+ 1
2n + 1

+ 1
2n + 2

− 1
8n

− 1
n + 1

= 2n − 1
8n(n + 1)(2n + 1)

> 0,

for each n ∈ N; that is, the sequence cn is (strictly) increasing.
On the other hand, we have

dn+1 − dn = 1
4(n + 1)

+ 1
2n + 1

+ 1
2n + 2

− 1
4n

− 1
n + 1

= −1
4n(n + 1)(2n + 1)

< 0,

for each n ∈ N; that is, the sequence dn is (strictly) decreasing.
Since we obviously have

lim
n→∞

cn = lim
n→∞

dn = ln 2,

we get cn < ln 2 < dn for each n ∈ N. Therefore, if we divide the interval [an, bn] into eight equal subintervals, ln 2 really
lies in the second one from the left for each n ∈ N. □

3 A NATURAL GENERALIZATION OF PROBLEM 1 AND ITS SOLUTION

Having solved Problem 1, the following problem naturally occurs.

Problem 2. Let the sequences (an)n∈N and (bn)n∈N be defined in (3) and (4), respectively, and let k ∈ N3. For each
n ∈ N divide the interval [an, bn] into 2k equal subintervals. Find the subinterval in which ln 2 lies for every n ∈ N or
for sufficiently large n.

If we want to develop the first proof of Problem 1, we have some technical difficulties, because of which it is better to find
a less involved solution to Problem 1. The second solution to Problem 1 gives us a simple method for solving Problem 2.
We prove the following result.

Proposition 2. Let the sequences (an)n∈N and (bn)n∈N be defined in (3) and (4), respectively, and let k ∈ N3. For each
n ∈ N, divide the interval [an, bn] into 2k equal subintervals. Then ln 2 lies in the 2k−2-th subinterval from the left for
sufficiently large n.

Proof. Let

d̃n = 2k−2 − 1
2kn

+ 1
n + 1

+ 1
n + 2

+ · · · + 1
2n

, n ∈ N.

Then, we have

d̃n+1 − d̃n = 2k−2 − 1
2k(n + 1)

+ 1
2n + 1

+ 1
2n + 2

− 2k−2 − 1
2kn

− 1
n + 1

= 2n + 1 − 2k−2

2kn(n + 1)(2n + 1)
> 0

for n ≥ 2k−3.
Thus, the sequence d̃n is increasing for n ≥ 2k−3. Since obviously d̃n → ln 2 as n → ∞, we get d̃n < ln 2 for n ≥ 2k−3.

From this and the first or the second proof of Problem 1, we have

d̃n < ln 2 <
1

4n
+ an, (22)

for n ≥ 2k−3, as claimed. □

Remark 8. Recall that the second inequality in (22) holds for every n ∈ N.
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STEVIĆ 7

Remark 9. Note that we have managed to find the exact value of the natural number, say, n0 from which the
inequalities in (22) hold.

4 CONVEX COMBINATIONS OF THE SEQUENCES (3) AND (4)

Note that the sequence (d̃n)n∈N in Proposition 2 is, in fact, a convex combination of the sequences (an)n∈N and (bn)n∈N.
This naturally suggests an investigation of the other convex combinations of the sequences, that is, of the sequences

c𝛼n ∶= (1 − 𝛼)an + 𝛼bn, n ∈ N, (23)

where 𝛼 ∈ (0, 1).

Proposition 3. Consider the sequence (c𝛼n)n∈N defined in (23), where 𝛼 ∈ [0, 1]. Then, the following statements hold.

(a) If 𝛼 ∈ [1∕4, 1], then the sequence is strictly decreasing.
(b) If 𝛼 ∈ [0, 1∕6), then the sequence is strictly increasing.
(c) If 𝛼 ∈ [𝛼k, 𝛼k+1) for some fixed k ∈ N, where

𝛼k = k
2(2k + 1)

, k ∈ N,

then the sequence is strictly increasing for n ≥ k + 1 and nonincreasing for 1 ≤ n ≤ k.

Proof. First, note that

c𝛼n = 𝛼

n
+ 1

n + 1
+ 1

n + 2
+ · · · + 1

2n
, n ∈ N. (24)

We have

c𝛼n+1 − c𝛼n = 𝛼

n + 1
+ 1

2n + 1
+ 1

2n + 2
− 𝛼

n
− 1

n + 1
= (1 − 4𝛼)n − 2𝛼

2n(n + 1)(2n + 1)
, (25)

for n ∈ N.
(a) If 𝛼 ∈ [1∕4, 1], then from (25), we have

c𝛼n+1 − c𝛼n ≤ −2𝛼
2n(n + 1)(2n + 1)

< 0

for n ∈ N, from which the claim immediately follows.
(b) If 𝛼 ∈ [0, 1∕6), then from (25), we have

c𝛼n+1 − c𝛼n ≥ 1 − 6𝛼
2n(n + 1)(2n + 1)

> 0,

for n ∈ N, from which the claim immediately follows.
(c) If 𝛼 ∈ [𝛼k, 𝛼k+1), then we have 𝛼k+1 ∈ [1∕6, 1∕4), so from (25), it follows that

c𝛼n+1 − c𝛼n = (1 − 4𝛼)n − 2𝛼
2n(n + 1)(2n + 1)

≥ (1 − 4𝛼)(k + 1) − 2𝛼
2n(n + 1)(2n + 1)

= k + 1 − 2(2k + 3)𝛼
2n(n + 1)(2n + 1)

>
k + 1 − 2(2k + 3)𝛼k+1

2n(n + 1)(2n + 1)
= 0,

(26)

for n ≥ k + 1.
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8 STEVIĆ

We also have

c𝛼n+1 − c𝛼n = (1 − 4𝛼)n − 2𝛼
2n(n + 1)(2n + 1)

≤ (1 − 4𝛼)k − 2𝛼
2n(n + 1)(2n + 1)

= k − 2(2k + 1)𝛼
2n(n + 1)(2n + 1)

≤ k − 2(2k + 1)𝛼k

2n(n + 1)(2n + 1)
= 0,

(27)

for n ≤ k. From (26) and (27), the claim follows. □

Remark 10. Note that [1
6
,

1
4

)
=

⨆
k∈N

[𝛼k, 𝛼k+1),

where the symbol
⨆

stands for a union of disjoint sets.

Remark 11. Note that if 𝛼 = 1∕6, then the sequence c1∕6
n increases for n ∈ N2 and that from (25) with n = 1, we have

c1∕6
2 = c1∕6

1 .

Remark 12. The above analysis shows that the monotonicity of the family of sequences (c𝛼n)n∈N changes at 𝛼 = 1∕4.
On the other hand, in the dyadic decompositions of the interval [an, bn], n ∈ N, the point c1∕4

n is the end point of the
2k−2th and 2k−2 + 1th subintervals from the left for each k ∈ N3. These are the main reasons why ln 2 eventually lies
in the 2k−2th subinterval from the left.

5 ON TWO SEQUENCES CONVERGING TO ln𝟑

Here we consider the following two sequences

an = 1
n + 1

+ 1
n + 2

+ · · · + 1
3n

, (28)

and
bn = 1

n
+ 1

n + 1
+ 1

n + 2
+ · · · + 1

3n
, (29)

for n ∈ N.
It is well-known that the sequences (28) and (29) are convergent and that

lim
n→∞

an = lim
n→∞

bn = ln 3, (30)

(see, e.g., [10, 32]). It is also clear that
an < bn

for every n ∈ N.
Besides, (an)n∈N is strictly increasing, whereas (bn)n∈N is strictly decreasing. Indeed, we have

an+1 − an = 1
3n + 1

+ 1
3n + 2

+ 1
3n + 3

− 1
n + 1

= 2
(3n + 1)(3n + 3)

+ 1
(3n + 2)(3n + 3)

> 0,

for each n ∈ N, from which it follows that the sequence (an)n∈N is strictly increasing, and we have

bn+1 − bn = 1
3n + 1

+ 1
3n + 2

+ 1
3n + 3

− 1
n

=
( 1

3n + 1
− 1

3n

)
+
( 1

3n + 2
− 1

3n

)
+
( 1

3n + 3
− 1

3n

)
= − 1

3n(3n + 1)
− 2

3n(3n + 2)
− 3

3n(3n + 3)
< 0,
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STEVIĆ 9

for every n ∈ N, from which it follows that the sequence (bn)n∈N is strictly decreasing.
Now, as in the case of the sequences in (3) and (4), consider the convex combinations of the sequences

c𝛼n ∶= (1 − 𝛼)an + 𝛼bn, n ∈ N, (31)

where 𝛼 ∈ [0, 1]. From (30), we have that the sequence converges to ln 3 as n → +∞.
Now we investigate the eventual monotonicity of the sequence in terms of the parameter 𝛼. Note that

c𝛼n = 𝛼

n
+ 1

n + 1
+ 1

n + 2
+ · · · + 1

3n
, n ∈ N.

Proposition 4. Consider the sequence (c𝛼n)n∈N defined in (31), where 𝛼 ∈ [0, 1]. Then, the following statements hold.

(a) If 𝛼 ∈ [1∕3, 1], then the sequence is strictly decreasing.
(b) If 𝛼 ∈ [0, 7∕30), then the sequence is strictly increasing.
(c) If 𝛼 ∈ [𝛼k, 𝛼k+1) for some fixed k ∈ N, where

𝛼k = 9k2 + 5k
27k2 + 27k + 6

, k ∈ N,

then the sequence is strictly increasing for n ≥ k + 1 and nonincreasing for 1 ≤ n ≤ k.

Proof. We have
c𝛼n+1 − c𝛼n = 𝛼

n + 1
+ 1

3n + 1
+ 1

3n + 2
+ 1

3n + 3
− 𝛼

n
− 1

n + 1

= 2
3(n + 1)(3n + 1)

+ 1
3(n + 1)(3n + 2)

− 𝛼

n(n + 1)

= 9n2 + 5n − 𝛼(27n2 + 27n + 6)
3n(n + 1)(3n + 1)(3n + 2)

(32)

= 9(1 − 3𝛼)n2 + (5 − 27𝛼)n − 6𝛼
3n(n + 1)(3n + 1)(3n + 2)

, (33)

for n ∈ N.
(a) If 𝛼 ∈ [1∕3, 1], then from (33), we have

c𝛼n+1 − c𝛼n ≤ −6𝛼
3n(n + 1)(3n + 1)(3n + 2)

< 0

for n ∈ N, from which the claim immediately follows.
(b) Let

𝑓𝛼(t) = 9(1 − 3𝛼)t2 + (5 − 27𝛼)t − 6𝛼. (34)
Then

𝑓 ′
𝛼(t) = 18(1 − 3𝛼)t + 5 − 27𝛼. (35)

If 𝛼 ∈ [0, 1∕3), then the function 𝑓 ′
𝛼 is increasing, and consequently, we have that

𝑓 ′
𝛼(t) ≥ 𝑓 ′

𝛼(1) = 23 − 81𝛼,

for t ≥ 1.
Hence, if 𝛼 ∈ [0, 23∕81), the function 𝑓𝛼(t) is increasing for t ≥ 1, from which it follows that

𝑓𝛼(t) ≥ 𝑓𝛼(1) = 14 − 60𝛼 > 0,

if 𝛼 ∈ [0, 7∕30).
Now note that

[0, 7∕30) ⊂ [0, 23∕81).

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10463 by IN

A
SP/H

IN
A

R
I - SE

R
B

IA
, W

iley O
nline L

ibrary on [09/09/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



10 STEVIĆ

So, if 𝛼 ∈ [0, 7∕30), then from (33), we have

c𝛼n+1 − c𝛼n ≥ 14 − 60𝛼
3n(n + 1)(3n + 1)(3n + 2)

> 0,

for n ∈ N, from which the claim immediately follows.
(c) Let 𝑓𝛼(t) be defined in (34) and 𝛼 ∈ [𝛼k, 𝛼k+1). Then (35) holds, and since 𝛼 ∈ [7∕30, 1∕3), we have that 𝑓 ′

𝛼(t) is
increasing. On the other hand,

𝑓𝛼(t) = 9t2 + 5t − 𝛼(27t2 + 27t + 6)

from which it follows that it is decreasing in 𝛼 for each t ≥ 0.
Note that 𝑓𝛼k (k) = 0. Since 𝑓𝛼 is a quadratic polynomial and its discriminant

Δ = (5 − 27𝛼)2 + 216𝛼(1 − 3𝛼) > 0

for 𝛼 ∈ [0, 1∕3), we have that 𝑓𝛼 has two real roots t𝑗(𝛼) = t𝑗 , 𝑗 = 1, 2,

t1 =
−(5 − 27𝛼) +

√
Δ

18(1 − 3𝛼)

and

t2 =
−(5 − 27𝛼) −

√
Δ

18(1 − 3𝛼)
.

Since √
Δ > |5 − 27𝛼| > 0,

for 𝛼 ∈ [0, 1∕3), the root t1 is positive, whereas the root t2 is negative. We also have

min
t∈R

𝑓𝛼(t) = 𝑓𝛼

(
27𝛼 − 5

18(1 − 3𝛼)

)

and
27𝛼 − 5

18(1 − 3𝛼)
> 0,

for 𝛼 ∈ [7∕30, 1∕3).
Hence, we have

𝑓𝛼(t) < 0, for t ∈ (t2, t1), (36)

𝑓𝛼(t) > 0, for t > t1, (37)

and the sequence 𝑓𝛼(n) is increasing on the set N[t1]+1.
Especially, we have

𝑓𝛼k (t) < 0, for t ∈ (t2, k), (38)

𝑓𝛼k (t) > 0, for t > k, (39)

and the sequence 𝑓𝛼k (n) is increasing on the set Nk+1.
Let

g(t) = 9t2 + 5t
27t2 + 27t + 6

= 1
3

(
1 − 4t + 2

9t2 + 9t + 2

)
.

Then

g′(t) = 36t2 + 36t + 10
3(9t2 + 9t + 2)2 > 0, t ∈ R,
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STEVIĆ 11

from which it follows that the sequence 𝛼k = g(k) is increasing, and since it converges to 1/3 as k → ∞, we have

[ 7
30

,
1
3

)
=

⨆
k∈N

[𝛼k, 𝛼k+1).

If 𝛼 ∈ [𝛼k, 𝛼k+1), then 𝛼k+1 ∈ [7∕30, 1∕3) and

k = t1(𝛼k) ≤ t1(𝛼) < t1(𝛼k+1) = k + 1. (40)

Hence, from the relations (32) and (40), the monotonicity of the function 𝑓𝛼(n) on the set N[t1(𝛼)]+1, and the
monotonicity of 𝑓𝛼 in variable 𝛼, we have

c𝛼n+1 − c𝛼n = 9n2 + 5n − 𝛼(27n2 + 27n + 6)
3n(n + 1)(3n + 1)(3n + 2)

≥9(k + 1)2 + 5(k + 1) − 𝛼(27(k + 1)2 + 27(k + 1) + 6)
3n(n + 1)(3n + 1)(3n + 2)

>
9(k + 1)2 + 5(k + 1) − 𝛼k+1(27(k + 1)2 + 27(k + 1) + 6)

3n(n + 1)(3n + 1)(3n + 2)
= 0,

(41)

for n ≥ k + 1.
By using (32), (36), and (40), we have

c𝛼n+1 − c𝛼n = 9n2 + 5n − 𝛼(27n2 + 27n + 6)
3n(n + 1)(3n + 1)(3n + 2)

≤9t1(𝛼)2 + 5t1(𝛼) − 𝛼(27t1(𝛼)2 + 27t1(𝛼) + 6)
3n(n + 1)(3n + 1)(3n + 2)

= 0,
(42)

for 1 ≤ n ≤ k.
Finally, from the inequalities in (41) and (42), the claim immediately follows. □

Now we address to Problem 2 with respect to the sequences defined in (28) and (29). We make dyadic divisions of the
interval [0, 1]. First, if we divide the interval [0, 1] in two equal halves, then the number 1/3 belongs to the first one from
the left, and we have 0 <

1
3
<

1
2
< 1. If we divide the interval [0, 1] in four equal subintervals, then 1/3 belongs to the

second one from the left and we have 0 <
1
4
<

1
3
<

1
2
< 1. Further, if we divide the interval [0, 1] in eight equal subintervals,

then 1/3 belongs to the third one from the left and we have 0 <
1
4
<

1
3
<

3
8
<

1
2
< 1. If we divide the interval [0, 1] in 16

equal subintervals, then 1/3 belongs to the sixth subinterval from the left and we have 0 <
1
4
<

5
16

<
1
3
<

3
8
<

1
2
< 1.

Continuing the procedure, we get

0 <
1
4
<

5
16

<
21
64

< · · · < 1
3
< · · · < 43

128
<

11
32

<
3
8
<

1
2
< 1.

Now we describe the exact position of the dyadic subinterval in which 1/3 lies, if we divide the interval [0, 1] into 2n equal
subinterval.

The dyadic decimal expression for 1/3 is 1∕3 = 0.010101 · · · . Indeed, note that

0.010101 · · · =
∞∑
𝑗=1

1
22𝑗 = 1

4

(
1 − 1

4

)−1
= 1

3
,

where we have used the formula for the infinite sum of a geometric progression.
Let

a1 = 1
2

and a2 = 1
4
, (43)
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12 STEVIĆ

an+2 = an+1 + an

2
, n ∈ N, (44)

and
an = bn

2n , (45)

for n ∈ N.
Then, from (43), we get

b1 = b2 = 1, (46)

whereas from (44) and (45), we have
bn+2 = bn+1 + 2bn, (47)

for every n ∈ N.
By solving the initial value problems (46) and (47), we get

bn = 2n − (−1)n

3
, (48)

for n ∈ N.
This shows that for each n ∈ N, 1∕3 belongs to the interval with the end points an and an+1 and that

0 < a2m < a2m+2 ≤ 1
3
≤ a2m+1 < a2m−1 < 1,

for every m ∈ N.
From this, it follows that if we divide the interval [0, 1] into 2n equal subintervals, then 1/3 belongs to the subinterval

which is located on the position
2n − (−1)n

3
+ 1 + (−1)n

2
from the left.

Moreover, 1/3 is not an end point of any of these intervals. Indeed, if it were, then we would have 1
3
= p

2k , for some
p, k ∈ N, 1 ≤ p ≤ 2k − 1. We may assume that gcd(p, 2k) = 1; otherwise, we will cancel the factor of p containing the
power of 2. So, we would get 3p = 2k, which is not possible since from the left-hand side it is an odd number, but on the
right-hand side is an even number, which is a contradiction. Hence, 1/3 belongs to each open interval with the end points
an and an+1; that is, we have

0 < a2m < a2m+2 <
1
3
< a2m+1 < a2m−1 < 1,

for every m ∈ N.
The above consideration shows that Problem 2 in the case of the sequences defined in (28) and (29) has a different

solution, so it is less connected to them than for the sequences in (3) and (4). Regarding the problem, we have the following
result, whose proof follows from Proposition 4.

Corollary 1. Let the sequences (an)n∈N and (bn)n∈N be defined in (28) and (29), respectively, and let k ∈ N3. For each
n ∈ N, divide the interval [an, bn] into 3k equal subintervals. Then ln 3 lies in the 3k−1-th subinterval from the left for
sufficiently large n.

6 CONCLUSION

Here we give two solutions to a problem of locating the limit of two sequences an and bn inside each of the intervals
[an, bn], and motivated by it, we start investigating convex combinations of two pairs of classical sequences in detail. For
each value of the convexity parameter, we managed to determine the exact value of the index at which the corresponding
convex combination changes the monotonicity and determine the type of the monotonicity, that is, if it is increasing,
decreasing, or eventually increasing or decreasing. The problems studied in the paper could be a starting point for further
investigations in the topic.
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33. G. Polya and G. Szegö, Aufgaben und Lehrsätze aus der analysis, Verlag von Julius Springer Berlin, 1925. (in German).
34. R. P. Ushakov, Zadacha 3, Matematika Segodnya '90, 1990. (in Russian).
35. R. P. Ushakov, Reshenie Zadachi 3 iz Matematika Segodnya '90, Matematika Segodnya '94, 1994. (in Russian).
36. N. Nielsen, Handbuch der Theorie der Gammafunktion, B. G. Teübner, Leipzig, 1906. (in German).
37. J. Hadamard, Étude sur les propriétés des fonctions entiéres et en particulier d'une fonction considérée par Riemann, J. Math. Pures Appl. 58

(1893), 171–215. (in French).
38. Ch. Hermite, Sur deux limites d'une intégrale définie, Mathesis 3 (1883), 82. (in French).
39. V. A. Zorich, Mathematical analysis, vol. I, Springer, Berlin, Heidelberg, 2004.
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