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1 | INTRODUCTION

By N, we denote the set of positive natural numbers and by R the set of real numbers. Let Ny = {n € N : n > k}, where
k € Nisfixed. If k,[ € N, where k < [, then we use the notation j = minstead of writing the expression: k < j <[, j € N.
Sequences of real numbers have been studied for a long time. The sequences given by recursive relations were first
studied analytically by De Moivre [1, 2], then by D. Bernoulli [3], Euler [4], Lagrange [5], Laplace [6], and several other
mathematicians. Many results in this direction up to 1800 can be found in [7]. Their solvability was one of the first studied
problems (see also [8-10]). For some recent results on the solvability, invariants, and their applications, see, for example,
[11-23] and the references therein. On the other hand, there are some sequences which are given in some other ways.
For example, they can be given in the form of some sums or explicitly as some functions of N (see, e.g., [4, 10, 24-35]).
Sometimes sequences occur in pairs, for example, a, and b,, n € N; they satisfy the condition

an <bp, n€EN, ®

and it is proved by some methods that they both converge to the same limit, say, c € R.
It is a frequent situation that a, is nondecreasing, whereas b, is nonincreasing. In this situation, the sequences form a
family of nonincreasing compact intervals [a,, b,], that s, [ay41, bu+1] C [an, bn], n € N. Since lim,,_,,a, = limy—bn = ¢,

we have that N,ex[an, bn] = {c}.
Such pairs of sequences have been studied for a long time. One of the most known pairs of the sequences is

an=<1+%)n and bn=<1+%)n+l, neN, 2)

which converge to e, a,, increasingly and b,, decreasingly.
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An interesting question is to locate the limit inside the interval [a,, b,,] for each fixed n. For example, each of the intervals
[an, by] can be divided into k equal subintervals, and it should be investigated if there is one of them in which the limit ¢
lies for every n € N or for sufficiently large n. For example, Problem 171 in [33] asks: If a,, and b, are defined in (2), in
which quarter of the interval [a,, b,] is e contained? This paper, among other things, is devoted to such a problem.

Our motivation stems from the following problem [34, Problem 3] by R.P. Ushakov published in [26].

Problem 1. Let

1 1 1
a, = + +- =, 3)
n+l n+2 2n
and
1 1 1 1
b, = - +o =, 4
""n n+1l n+2 2n )

for n € N. For each n € N, divide the interval [a,, b,] into eight equal intervals. Prove that In 2 lies in the second
interval from the left for every n € N.

In this paper, we give two solutions to the problem, pose a more general problem, and present a solution to it; consider
the convex combinations ¢ := (1 — a)a, + ab,, n € N, a € [0, 1] of the sequences in (3) and (4) and study the location
of their limit inside the intervals [ay, by,], for every n € N or for sufficiently large n. For each a € [0, 1], we determine the
index ny € N at which the sequence ci changes the monotonicity and determine the type of the monotonicity. We also
investigate the same problems for the case of two corresponding sequences converging to In 3.

2 | TWOSOLUTIONS TO PROBLEM 1

Here we give two proofs of Problem 1. We include all the details for the completeness, benefit of the reader, and as a
motivation for some further investigations in this direction. The first proof is connected to some geometric interpretations
of the sequences defined in (3) and (4). Similar methods are frequently connected with these and some related sequences
(see, e.g., [25]), which suggested us to find a solution of the problem in this way. The second proof is standard and is the
one proposer of the problem expected to be found [35].

2.1 | On Problem1

It is well-known that the sequences (3) and (4) are convergent and that
lim a, = lim b, =1n2,

n—-oo n—oo

(see, e.g., [10, 32, 36]). It is also clear that a, < b, for everyn € N.
Now we present the first solution to Problem 1, which is based on some geometric considerations.

2.2 | First solution to Problem 1

1
dx
In2= = . 5
. /0x+1 kZ:;)A x+1 )

The Hermite-Hadamard inequalities say that

b
b
f<a;b>(b—a)s/f(t)dtsw(b—a) ©)

Note that

for each convex continuous function f : [a, b] — R, where the equality is achieved for the linear function ([31, 37, 38]).

Since the function
1
Jol¥) = — (7

x+1
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is convex on the interval [0, 1], by the second inequality in (6), we have

e k kly  n _n
/n o _ S+ AED s
k

= 8
x+17~ 2n 2n ®)
fork=0,n-1.
From (5) and (8), we obtain
n-1 _" n
n+k 1/1 2 2 2 1 1
In2< w:—(—+ + oot +—)=—+a. 9
_]; 2n 2\n n+1 n+2 2n—-1 2n an " ©)

From that, we have that In 2 lies in the first subinterval if we divide the interval [a,, b,] into four equal subintervals, for
eachn € N.
Using the first inequality in (6), we have

2 fGGHED [ ax

n+2k+1 n e x+1

for k = 0, n — 1, from which it follows that

n-1 1
2
— < Hdt =1n2. 10
I;2n+2k+1_/0f0() (10)
Further, we have
n—-1 n—-1

Z;‘Q_Z_:( 2 B 2 )
2n+2k+1 " 2n+2k+1 2n+2k+2

k=0 k=0
n-1
=Y 2 (11)
& (2n+2k+1)2n + 2k +2)
Zn; > i’
(4n—-14n 8n
forn € N.
From (10) and (11), we obtain
1 +a,<In2, (12)
8n
for every n € N, from which together with (9) we have that In 2 lies in the second subinterval if we divide the interval
[an, bn] into eight equal subintervals, for each n € N. O

Remark 1. Inequalities (9) and (12) are, in fact, strict, from which it follows that
1 1
In2 e (an+ —.a, + —) for n e N;
8n 4n

that is, In 2 lies inside the open interval (a, + é a, + ﬁ), for everyn € N.

Remark 2. If an integrable function f is nonincreasing on the interval [0, 1], then we have

L) er By vr (D)< [ roa

foreachn € N.
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From this and since (7) is a decreasing function, we have
1 n n n =
== e — ) < Hdt = Hdt =1n2,
an n(n+1+n+2+ +2n>‘,§)/c fol® /fO() .

for each n € N, from which we cannot conclude in which of the two intervals [an, a, + 8—1n] and [a, + % a, + ﬁ], In2
lies, by using this argument.

Remark 3. Inequality (12) can be obtained without using the Hadamard-Hermite inequality. Namely, we can use the
following inequality:

Area(Ty) < / " fotoyt, (3)

klk

where Ty, k = 1, n, is the trapezoid with the lateral sides con51st1ng of the interval [ ] and the interval obtained

as the intersection of the tangent line at the point (— fo( )) with the lines x = k— and x == Inequahty (13) holds
due to the convexity of the function fy (if fo is a dlfferentlable function; see, e.g., [39 p.246, Pr0p031t10n 6]).

_ k  (k kN _ n_ n _k
=0 (3)+4(3) (+=3) - atm (h)
<k—1>_ n_,_n
I\ n T n+k (n+k?’

1 k-1 k 1 1
Area(Ty) = — £)) = 14
rea(Ti) 2n<y< n >+y<n>> n+k+2(n+k)2’ a4
fork=1,n.

Using (14) in (13) and summing such obtained inequalities for k = 1, n, it follows that

The tangent line is

From this, we have

and consequently,

n n k
1 n
forn € N.
Now note that
- 1 1 1
> = —. 16
kz; 2n+ k2 = 2ene 8 (16)

Combining (15) and (16), we get
a, + 1 <In2,
8n
from which together with inequality (9) it follows thatIn2 € [a, + $ a, + ﬁ], for every n € N, as claimed.

Remark 4. Inequalities (9) and (13) are, in fact, strict (and so is (15)), from which it also follows that In2 €
<an + 8in,an + ﬁ) for every n € N.

Remark 5. Inequality (16) is not strict. The equality is achieved for n = 1.

Remark 6. Since

2 1 1 1 1
2n+2k—1 n+k 2m+k? @n+2k—1Dn+k 2n+k)?

1
= 0,
2(n+k)?*2n +2k-1) >
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for1 < k < n,n € N, we have that the approximation of the integral used in the first proof is better than in the
second one.
In fact, the last inequality holds in a much more general situation. Namely, the following result holds.

Proposition 1. Let f be a convex and continuously differentiable function on the interval [a, b]. Then, the following
inequality holds
Area(T) > Area(T), (17)

where T is the trapezoid with the lateral sides consisting of the interval [a, b] and the interval obtained as the intersection
of the tangent line at the point (“T*'b, f(aZLb)) with the lines x = a and x = b, whereas T is the trapezoid with the lateral
sides consisting of the interval [a, b] and the interval obtained as the intersection of the tangent line at the point (b, f (b))
with the lines x = a and x = b.

Proof. First, note that

Area(T) = (b—a)f <a;b>.

The tangent line of f at the point (b, f(b)) is
y=f(b)+ f'(b)x—b).

Hence, we have
Area(T) = (b - a)% (f) + f(b)+ f'(b)a—Db)).

From these two relations and the Lagrange mean value theorem, we have

Area(T) - Area(T) = (b - a) <f <“ I ) ~ J) = 5/ b)a - b))
= (b-a) <f’(c:>¥ - 27 ba- b)) (18)
= = - ro,
for some ¢ € (2, b). Since the function f is convex, /' is a nondecreasing function (see, e.g., [39, p.245]), from which
together with (18), inequality in (17) follows. O

Remark 7. If in Proposition 1 we assume that the function f is two times differentiable on the interval [a, b], then we
can apply the Lagrange mean value theorem to the function f” on the interval (£, b), and from (18), we obtain

b-a)’b-0f"&)

Area(?) — Area(T) = 3

19

for some ¢; € (¢, b). Since the function f is convex, it must be f”(t) > 0, t € [a, b], (see, e.g., [39, p.245]), from which
together with (19) inequality in (17) follows, in this case.

2.3 | Second solution to Problem 1

The complexity of the above presented solution to Problem 1 suggested us to try to find an easier solution to the problem.
There is a simpler solution which is based on studying the monotonicity of sequences ([35]), which is one of the basic
methods for their investigations (see, e.g., [12, 25, 29-32, 40, 41]). Namely, note that the sequences (a,),en and (by)nen are
monotone; the first one is increasing, whereas the second one is decreasing. Recall that they both converge to the same
limit. These facts suggest investigating the monotonicity of the sequences

cn=i 1 + L +~-~+i, (20)
8n n+1 n+2 2n
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d,,:i+ 1 + 1 +--~+i, (21)
n n+l1 n+2 2n
forn e N.
We have

1 1 .1 11 -1
8mn+1) 2n+1 2n+2 8n n+1 8nn+1)(2n+1)

Cnt1 — Cn

s

for each n € N; that is, the sequence ¢, is (strictly) increasing.
On the other hand, we have

1 1 1 1 1 -1

dn1 — dn = + + T = <
TN T An+1)  2n+1  2n+2 4n n+1  4n(n+D@2n+1)

il

for each n € N; that is, the sequence d,, is (strictly) decreasing.
Since we obviously have
lim ¢, = lim d, = 1n 2,
n—o0 n—oo
we get ¢, < In2 < d, for each n € N. Therefore, if we divide the interval [a,, b,] into eight equal subintervals, In 2 really
lies in the second one from the left for each n € N. O

3 | ANATURAL GENERALIZATION OF PROBLEM 1 AND ITS SOLUTION

Having solved Problem 1, the following problem naturally occurs.

Problem 2. Let the sequences (a,)nen and (by,)qen be defined in (3) and (4), respectively, and let k € N3. For each
n € N divide the interval [a,, b,] into 2¥ equal subintervals. Find the subinterval in which In 2 lies for every n € N or
for sufficiently large n.

If we want to develop the first proof of Problem 1, we have some technical difficulties, because of which it is better to find
a less involved solution to Problem 1. The second solution to Problem 1 gives us a simple method for solving Problem 2.
We prove the following result.

Proposition 2. Let the sequences (a,)neny and (by)nen be defined in (3) and (4), respectively, and let k € N;. For each
n € N, divide the interval [ay, b,] into 2* equal subintervals. Then In 2 lies in the 2¥-2-th subinterval from the left for
sufficiently large n.

Proof. Let
q,-22-1, 1 L 4 +1 nen
" 2kn n+1l n+2 2n’ ‘
Then, we have
- - k=2 _ 1 1 1 2k=2 _ 1 1 2n+1—2k2
dn+1 - dn = + =

= + — - = >0
2k(n+1) 2n+1 2n+2 2kn n+l 2kn(n+1)Q2n+1)
for n > 2k-3,

Thus, the sequence En is increasing for n > 2¢=3. Since obviously E,, —In2asn — oo, we get E,, < In2forn > 283,
From this and the first or the second proof of Problem 1, we have

d,<In2< = +a, (22)
4n

for n > 253, as claimed. O

Remark 8. Recall that the second inequality in (22) holds for every n € N.
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Remark 9. Note that we have managed to find the exact value of the natural number, say, no from which the
inequalities in (22) hold.

4 | CONVEX COMBINATIONS OF THE SEQUENCES (3) AND (4)

Note that the sequence (En)neN in Proposition 2 is, in fact, a convex combination of the sequences (a,)ueny and (by,)nen-
This naturally suggests an investigation of the other convex combinations of the sequences, that is, of the sequences

¢t :=1-wa,+ab,, n€N, (23)

where a € (0, 1).
Proposition 3. Consider the sequence (c%)nen defined in (23), where a € [0, 1]. Then, the following statements hold.

(a) Ifa € [1/4,1], then the sequence is strictly decreasing.
(b) Ifa €[0,1/6), then the sequence is strictly increasing.
(¢c) Ifa € [ak, axs1) for some fixed k € N, where

k

- % kenN
%= okt <€

then the sequence is strictly increasing for n > k + 1 and nonincreasing for1 <n < k.

Proof. First, note that

cﬁ:g+ 1 + 1 +-~~+i,neN. (24)
n n+l n+2 2n
We have
a 1 1 a 1 1-4a)n - 2a«a
= + + -z _ = , 25
LT T 41l 2n4+1 2n42 n on+1l 2n(n+1)Q2n+1) (25
forn € N.

(o) If @ € [1/4,1], then from (25), we have

—2a

¢t -t < <0
LT = on(n+ 1D)(2n + 1)

for n € N, from which the claim immediately follows.
(b) If « € [0,1/6), then from (25), we have

> 1-6a >
T T on(n+ D@2 +1) T
for n € N, from which the claim immediately follows.

(c) If a € [ag, ars+1), then we have a1 € [1/6,1/4), so from (25), it follows that

N N 1 —4a)n —2a 1 -4a)k+1)—2a
TSy hEnt D) > 2nn+ D@n+ 1)
_ k+1-2Qk+3)a  k+1-202k+ 3
T 2n(n+1)2n+1) 2n(n+1)2n +1)

c

(26)

)

forn > k+1.
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We also have
O (1-4a)n —2a < (1 -4a)k — 2a
LT T on(n+1)2n+1) T 2n(n+1)2n+ 1) @7
_ _k—20@k+Da _ k-2@k+Da _
T 2n(n+1)2n+1) T 2n(n+1DR2n+1)
for n < k. From (26) and (27), the claim follows. O

Remark 10. Note that 11
[—, —> = |_| [ak, Apy1),
6 4 keN

where the symbol | | stands for a union of disjoint sets.

Remark 11. Note that if @ = 1/6, then the sequence c},/ ® increases for n € N, and that from (25) with n = 1, we have
1/6 _ 1/6
¢,/ =¢'"

Remark 12. The above analysis shows that the monotonicity of the family of sequences (c%),en changes at a = 1/4.
On the other hand, in the dyadic decompositions of the interval [a,, b,], n € N, the point ci/ * is the end point of the
2%=2th and 2%~2 + 1th subintervals from the left for each k € N;. These are the main reasons why In 2 eventually lies

in the 2k2th subinterval from the left.

5 1 ONTWO SEQUENCES CONVERGING TO In3

Here we consider the following two sequences

1 + 1 +i
"Thn+l n+2 3n’
and
1 1 1
b, =— =,
n n+l n+2 3n
forn e N.

It is well-known that the sequences (28) and (29) are convergent and that

lim a, = lim b, = 1n 3,

n—oo n—oo
(see, e.g., [10, 32]). It is also clear that
a, <b,
for everyn € N.

Besides, (a,)nen is strictly increasing, whereas (b, )nen is strictly decreasing. Indeed, we have

1 1 1 1 2 1

Apt1 — Qpn

for each n € N, from which it follows that the sequence (a,)qen is strictly increasing, and we have

1 1 1 1

3n+1 3n+2 3n+3 n

= (30 G5 (e 3
3n+1 3n 3n+2 3n 3n+3 3n

1 2 3
- - - <
3n3n+1) 3n(3n+2) 3n(Bn+3)

bn+1 - bn

)

3n+1 3n+2 3n+3 n+1 @Bn+1)Bn+3) @Bn+2)(3n+3)

(28)

(29)

(30)

s
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for every n € N, from which it follows that the sequence (b, ),en is strictly decreasing.
Now, as in the case of the sequences in (3) and (4), consider the convex combinations of the sequences

¢t i=1-wa,+ab,, n€N, (31)

where a € [0, 1]. From (30), we have that the sequence converges to In3 as n - +co.
Now we investigate the eventual monotonicity of the sequence in terms of the parameter a. Note that
1 1
o a +

1
== + +---+—,neN
n n+l n+2 3n

Proposition 4. Consider the sequence (ci)nen defined in (31), where a € [0, 1]. Then, the following statements hold.

(@) Ifa € [1/3,1], then the sequence is strictly decreasing.
(b) Ifa € [0,7/30), then the sequence is strictly increasing.
(¢) Ifa € [ag, ax+1) for some fixed k € N, where

9k? + 5k

=—— _keN,
27k2 + 27k + 6

o
then the sequence is strictly increasing for n > k + 1 and nonincreasing for1 <n < k.

Proof. We have
o o o4 1 1 1 a 1
nil—Cn = + + + -—= =
n+l 3n+1 3n+2 3n+3 n n+l
_ 2 + 1 _ a
3n+ HBn+1) 3+ DHBn+2) nm+1) (32)
9n? + 5n — a(27n% + 27n + 6)

3n(n+1)Bn+1)B3n+2)

c

_ 901 = 3a)n* + (5 - 27a)n — 6a

) 33
3n(n+1)Bn+ 1)Bn+2) (33)
forn € N.
(o) If a € [1/3, 1], then from (33), we have
—6a
(4 _ < 0
1 TS 3 T DGR DGR+ 2)
for n € N, from which the claim immediately follows.
(b) Let
fa) =91 = 3a)t* + (5 — 27a)t — 6a. (34)
Then
fo@®) =181 = 3a)t + 5 — 27a. (35)

If « € [0,1/3), then the function f} is increasing, and consequently, we have that
fa®) > f2(1) = 23 - 8la,

fort > 1.
Hence, if « € [0,23/81), the function f,(t) is increasing for ¢t > 1, from which it follows that

fa(®) > fo(1) =14 — 60a > 0,
if « € [0,7/30).

Now note that
[0,7/30) C [0,23/81).
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So, if « € [0,7/30), then from (33), we have

14 — 60«

¢t —ch> >0,
LT 3pn+ 1D)(Bn + 1)(3n + 2)

for n € N, from which the claim immediately follows.
(c) Let f,(¢) be defined in (34) and a € [ak, ax+1)- Then (35) holds, and since a € [7/30,1/3), we have that f,(¢) is
increasing. On the other hand,
Fa() = 98 + 5t — a7t + 27t + 6)

from which it follows that it is decreasing in « for each ¢ > 0.
Note that f, (k) = 0. Since f, is a quadratic polynomial and its discriminant

A = (5-27a)* + 216a(1 — 3a) > 0

for « € [0,1/3), we have that f, has two real roots ¢;(a) = t;, j = 1,2,

_ —(5-270)+ /A
17181 - 3a)
and
_ —(5-270) - /A
2T 181 -3
Since

VA > |5-27a| > 0,

for a € [0,1/3), the root t; is positive, whereas the root ¢, is negative. We also have

min fu(0) = fo <M>

18(1 — 3a)
and
270 — 5
181 = 3a) =
fora €[7/30,1/3).
Hence, we have
fa’(t) < 09 fOr te (t29 tl)? (36)
fo(H) >0, for t > t;, (37)

and the sequence f,(n) is increasing on the set Ny, 14;.
Especially, we have
fa, () <0, for t € (t,k), (38)

S, () >0, for t >k, (39)

and the sequence f, (n) is increasing on the set Ny, ;.
Let

9t> + 5t _1(1 4t +2 )
=3 :

= ———— —
4O 2712 + 27t + 6 92 +9t+2
Then

3612 + 36t + 10
'ty==—""""—">0, teR,
g0 3(9t2 + 9t + 2)2
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from which it follows that the sequence a) = g(k) is increasing, and since it converges to 1/3 as k — oo, we have

[% %) = |_| [ak, ae+1)-

keN

If a € [ak, ag+1), then g € [7/30,1/3) and
k= t() < ti(a) < ti(ogqr) =k + 1. (40)

Hence, from the relations (32) and (40), the monotonicity of the function f,(n) on the set Ny ()41, and the
monotonicity of f, in variable a, we have

¢ e 9n* + 5n — a(27n? + 27n + 6)
LT 3p(n+1)(3n+ 1)(3n + 2)
>9(k +1)2+5(k+1)—aR7(k+1)2+27(k+1) +6)

c

(41)
3n(n+1)B3n+1)3n+2)
S 9k +1)*+5k+1) — a1 (27(k + 1) +27(k + 1) + 6) 0
3n(n+1)(3n+ 1)(3n + 2) o
forn > k+1.
By using (32), (36), and (40), we have
P 9n? + 5n — a(27n* + 27n + 6)
T 3p(n4+ 1B+ 1)(3n + 2) “2)
<9t1(a)2 + 5t () — (27t (2)* + 27t () + 6) 0
- 3n(n+1)(3n+ 1)(3n + 2) o
forl<n<k
Finally, from the inequalities in (41) and (42), the claim immediately follows. O

Now we address to Problem 2 with respect to the sequences defined in (28) and (29). We make dyadic divisions of the

interval [0, 1]. First, if we divide the interval [0, 1] in two equal halves, then the number 1/3 belongs to the first one from

the left, and we have 0 < % < % < 1. If we divide the interval [0, 1] in four equal subintervals, then 1/3 belongs to the

second one from the left and we have 0 < i < % < % < 1. Further, if we divide the interval [0, 1] in eight equal subintervals,
then 1/3 belongs to the third one from the left and we have 0 < i < % < 5—3; < % < 1. If we divide the interval [0,1] in 16

equal subintervals, then 1/3 belongs to the sixth subinterval from the left and we have 0 < i < % < % < % < % <1
Continuing the procedure, we get

Now we describe the exact position of the dyadic subinterval in which 1/3 lies, if we divide the interval [0, 1] into 2" equal
subinterval.
The dyadic decimal expression for 1/3is 1/3 = 0.010101 - - -. Indeed, note that

- -1
0.010101...=ZL=1<1_1> _

where we have used the formula for the infinite sum of a geometric progression.
Let

1 1
a;==and a, = -, 43
1= 2=7 (43)
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Uns2 = —a”“; & nen, (44)
and
_ bn 4
a, = ﬁ’ ( 5)
forn € N.
Then, from (43), we get
bi=b,=1, (46)
whereas from (44) and (45), we have
butz = byt + 2by, (47)

for every n € N.
By solving the initial value problems (46) and (47), we get

3 2 — (=1)"
bn - 3 > (48)

forne N.
This shows that for each n € N, 1/3 belongs to the interval with the end points a, and a,;; and that

1
0 < ayn < Gomy2 £ = L Ao < Ao < 1,

w

for every m € N.
From this, it follows that if we divide the interval [0, 1] into 2" equal subintervals, then 1/3 belongs to the subinterval
which is located on the position
2N — (=D 1 -1)"
(=1) L1 (=1)
3 2

from the left.

Moreover, 1/3 is not an end point of any of these intervals. Indeed, if it were, then we would have % =2

> for some
pkeN1<p< 2k — 1. We may assume that ged(p, 2%y = 1; otherwise, we will cancel the factor of p containing the
power of 2. So, we would get 3p = 2¥, which is not possible since from the left-hand side it is an odd number, but on the
right-hand side is an even number, which is a contradiction. Hence, 1/3 belongs to each open interval with the end points

a, and a,.1; that is, we have

1
0 < aym < aomy2 < 3 < Aymy1 < Azpm-1 <1,

for every m € N.

The above consideration shows that Problem 2 in the case of the sequences defined in (28) and (29) has a different
solution, so it is less connected to them than for the sequences in (3) and (4). Regarding the problem, we have the following
result, whose proof follows from Proposition 4.

Corollary 1. Let the sequences (a,)nen and (by)nen be defined in (28) and (29), respectively, and let k € Ns. For each
n € N, divide the interval [a,, b,] into 3 equal subintervals. Then In 3 lies in the 3~-th subinterval from the left for
sufficiently large n.

6 | CONCLUSION

Here we give two solutions to a problem of locating the limit of two sequences a, and b,, inside each of the intervals
[an, bn], and motivated by it, we start investigating convex combinations of two pairs of classical sequences in detail. For
each value of the convexity parameter, we managed to determine the exact value of the index at which the corresponding
convex combination changes the monotonicity and determine the type of the monotonicity, that is, if it is increasing,
decreasing, or eventually increasing or decreasing. The problems studied in the paper could be a starting point for further
investigations in the topic.
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