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1. Introduction

The advancement of fixed point theory in the last few decades has mainly been re-
lated to introducing a new kind of generalized metric space and extensions of the Banach
Contraction Principle. This principle has become known as a useful tool for establishing
the existence and uniqueness of a fixed point for contractive mappings. In this direc-
tion, in 2012, Wardowski [1,2] introduced a new type of contraction named F-contraction
as a generalization of this important principle in metric spaces. Subsequently, many re-
searchers [3-10] further developed this new category by improving its properties and
extending it in a more generalized setting. In the meantime, other recently defined concepts
such as a-admissible mapping in [11] promoted in [12-16], Suzuki contraction widely used
in [17-21], and formulations in partial metric spaces, metric-like spaces, b-metric spaces,
and b-metric -like spaces underline their significance and offer a broader understanding in
various contexts of the fixed point theory. For an extended introduction, we could mention
many new theorems and corresponding classical results with applications in the above
spaces, resulting in notions of interpolative and hybrid contractions; see [22-24].

In this paper, we introduce the notion of generalized Suzuki-type («, F)-contraction via
a set of implicit relations in the setting of b-metric-like spaces. It strictly extends the known
generalizations of metric and b-metric spaces. Moreover, it presents a new approach and
includes many types of contractions such as Suzuki F-contraction, interpolative, hybrid,
and r-order hybrid contractions, exploring diverse fixed point theorems, implementations,
and deduction for earlier and recent results.
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2. Preliminaries

Definition 1. Ref. [16]. Let S be a nonempty set and v > 1 be a given real number. A mapping
b:S xS —[0,400) is called a b-metric-like if for all s,9,{ € S, the following conditions
are satisfied:

b(s,9) = 0 implies s = 0;

b(s,9) = b(9,s);

b(s,9) < o[b(s, ) + b(Z,9)].

The pair (S,b) is called a b-metric-like space (for short b-m.Ls).

Note that by the first axiom of a definition, the self-distance of an arbitrary point
s € S may be positive.

There are various examples of b-metric-like space in the reference literature. To
illustrate them, we selected some from [16].

Example 1. Let S = [0,400) and b: S x S = [0, +0c0) defined by b(d,7) = (3 +¢)* for all
9,0 € S.Then, (S,b) isa b-m.ls with parameter v = 2 and b is not a b-metric on S.
Example 2. Let § = [0,+00) and b: S x S = [0, +oc0) defined by b(d,7) = (max{d,})?* for
all 9,{ € S. Then, bisa b-metric-like on S with parameter v = 2 and it is not a b-metric or a
metric-like on S.
Definition 2. Ref. [16]. Let (S, b) be a b-m.l.s with parameter v. Then, for any sequence {s,} in
S the following applies:
(@)  {sn} is said to be convergent to s € S if Ln}: b(sn,s) = b(s,s);

n o
(b)  {sn} is said to be a Cauchy sequence in (S,b) if li_r>r}r b(sn, sm) exists and is finite;

n,m I°)

(c) (S,b) is called a complete b-m.l.s if, for every Cauchy sequence {s,} in S, there exists

s € Ssuchthat lim b(sy,sm) = lLm b(sy,s) = b(s,s).
n,m——+0oo n— oo

Remark 1. In a b-metric-like-space:

- The limit of a convergent sequence is not necessarily unique.
- A convergent sequence need not be a Cauchy sequence.

The following example characterizes and supports Definition 2.

Example 3. Let S = [0,400)and b: S x S = [0, +c0) defined by b(s,{) = (max{s?, gz})zfor
all s,¢ € S. Also let be the sequence {s,} as

o — 1 ifn iseven
"TL0 ifn isodd.

2
; - 1 2 2 — ¢ —
For any s > 1 we have nhrB b(sn,s) = nhrB (max{(sn) /S }) = s* = b(s,s).

Therefore, the sequence {s, } is convergent where s, — s for each s > 1, that is the limit
of sequence, is not unique. Also, it is noted that lirr}r b(su,sm) does not exist, so it is
n,m——+oo

not Cauchy.

Definition 3. Ref. [16]. Let (S, b) be a b-m.Ls with parameter v, and a function P:S — S. We
say that the function P is continuous if for each sequence {s,} C S the sequence Ps, — Ps when-
ever Sy, — s as n — +oo, that is if ngrﬂoob(sn,s) = b(s,s) yields ngrﬂoob(Psn,Ps) = b(Ps, Ps).
Remark 2. In a b-m.Ls with parameter v > 1,if  LUm  b(sy,sm) = 0 then the limit of the

n,m—»—+00
sequence {s,} is unique if it exists.

Lemma 1. Ref. [14]. Let (S, b) be a b-m.Ls with parameter v > 1. Then, the following applies:
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(@) If b(s,0) =0, then b(s,s) =b(9,9) =0;

(b) If {su} is a sequence such that ngwa(sn,an) = 0, then we have nl_i)rfoob(sn,sn) =
ngrfwb(sn+1/5n+l) =0

(c) If s#9,then b(s,d) > 0.

Lemma 2. Ref. [16]. Let (S, b) be a b-metric-like space with parameter v > 1, and suppose that
{sn} is b-convergent to s with b(s,s) = 0. Then, for each 0 € S, we have
v~ 1b(s,0) < liminfb(s,,d) < limsupb(s,,d) < vb(s,d).

n—r+o00 =00

Definition 4. Ref. [1]. Let (S, ) be a metric space and P :S — S be a mapping. Then, P is
called an

F-contraction if there exists a function F : (0,400) — R such that

(Fy). F is strictly increasing on (0, 400);

(F,) For each sequence {wy} of positive numbers,

nl_l)rJrrlooacn =0 1fandonly1fnl1>ri1wF (ay) = —o0

(F3) There exists ¢ € (0,1) such that 1i1’(I)1+OcCF(0c) =0;
a—
(Fs) There exists T > 0 such that

T+ F(b(Ps, Pd)) < F(b(s,0))
forall s,0 € Swith b(Ps,Pd) > 0.

For examples that show the class of F-contraction, the reader can confront the extended
literature in [1-3,6,7,9,12].

Definition 5. Ref. [11]. Let S be a non-empty set. Let P: S — S and a : S x S — R™ be given
functions. We say that P is an a-admissible mapping if a(s,d) > 1 implies that «(Ps, P9) > 1 for
all s,0 € S.

Definition 6. Ref. [18]. Let S # ¢ and a: S x S — [0, +-00) be a function, {s,} be a sequence
inSands € S. Then, S is called a-regular if for any n € N: a(sy,5,41) > 1 and {s, } converges
tos, then a(sy,s) > 1.

Lemma 3. Ref. [14]. Let (S, b) be complete b-m.l.s with parameter v > 1, let {s,, } be a sequence
such that 1_1&1 b(sn,Sn+1) = 0. If for the sequence {sy}, li_rgr b(sn,sm) # O, then there
n 00 n,m 00

exists e > 0 and sequences {my } ;= and {n;};5 of natural numbers with ny > my > k, (positive
integers) such that b(sy,,sn,) > €b(Smy, Sn—1) < &, e/v? < limsupb(sy,—1,54,-1) < €0,
k—+o0
g/v < limsupb(s,, —1,5m,) < ev?ande/v < limsupb (s, 1,51, ) < ev2.
k—+oc0 k—+o0

In the sequel, let we represent some notations and properties.
Suppose that F : R — R satisfied the conditions:

(a) Fis continuous and non-decreasing;
(b) For any sequence of positive real numbers, {«a;, } if lim F(a;) = —cothen lim a, = 0.
n—r =00 n——4o0

This family of all functions F : Rt — R will be denoted by F.

And W; is the set of all continuous functions « : [0, +o0)* — [0, +00), satisfying
the conditions:
x is non-decreasing in respect to each variable;

(u, u,u,u) < uforu € [0,400).
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O (s,u) =

[

Let be the mappings P:S — S and a:S xS — [0,+0c0). We say that P satisfies
admissible convergence property (for short AC-property), if for every sequence {s,} in S
such that a(s,, s,+1) > 1foralln € N and {s, } converges to s, then a(s, Ps) > 1.

3. Results

In this main section, among an enormous work presented for types of Suzuki contrac-
tions and interesting generalizations established in various spaces, we propose our new
general definitions and related theorems concerning such contractive mappings.

Definition 7. Let (S, b) be a complete b-m.l.s with parameter v > 1, P : S — S be a self-mapping,
and there exist F € F, T > 0and a:S xS — [0,+00). Then, P is called a generalized -
admissible Suzuki-type («, F)-contraction if the following condition is satisfied:

zl—vb(s, Ps) < b(s,u)
implies
a(s, Ps)a(u, Pu)F(v3b(Ps, Pu)) + 1 < F(Q(s,u)), (1)
foralls,u € S, a(s,u) > 1and b(Ps, Pu) > 0, where
Q(s,u) = K[b(s,u),b(s, Ps),b(u, Pu), W} for some k. € Wy.

Definition 8. Let (S,b) be a b-m.l.s with parameter v > 1, P: S — S be a self-mapping
and o : S xS — [0,400). Then, P is an a-admissible Hardy—Rogers Suzuki-type interpola-
tive (w, F)-contraction, if there exist F € F, T > 0 and ay,az,a3,a4 € (0,1) with
0 < a1 +ax+as+ay <1,such that

zl—vb(s, Ps) < b(s,u)

implies
a(s, Ps)a(u, Pu)F (v3b(Ps, Pu)) + 7 < F(Qq(s,u)) (2)

forall s,u € S\Fix(P), a(s,u) > 1and b(Ps, Pu) > 0, where

s 1) = (0(5,1))" - (b(s, P5)) " (o, P - (H 2D Ps))M.

4v

Definition 9. Let (S,b) be a b-m.l.s with parameter v > 1, P:S — S be a self-mapping
and a:S xS — [0,+00). Then, P is an a-admissible Hardy—Rogers Suzuki-type r-order hy-
brid (a, F)-contraction, if there exist F € F, T > 0 such that:

1
%b(s, Ps) < b(s,u)
implies
a(s, Ps)a(u, Pu)F (v3b(Ps, Pu)) + 1 < F(QY(s,u)) 3)

forall s,u € S\Fix(P), a(s,u) >1,r>0,4a;>0,i=1,2,3,4 suchthat 0 < a1 + ap + a3+
ay = 1 and b(Ps, Pu) > 0, where

1

a1 (b(s,10))" +aa(b(s, Ps)) +as (b, Pu))” + ag (MEPOLLEPINNT for 0,5 £

ay

(b(s,u))™ (b(s, Ps))™(b(u, Pu))™ (W) for r=0;s,u € S\Fix(P).
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Remark 3. Some notable cases of introduced definitions include the following:

v =1 corresponds to all in metric setting.

F:(0,400) — R can be fixed regarding its condition, and it turns to a generalized Suzuki-
type w-contractions.

a(s,u) =1, leads to types of Suzuki (v, F)-contraction defined in a b-m.ls.

All cases above taken simultaneously.

Theorem 1. Let (S, b) be a complete b-m.L.s with parameter v > 1 and P a generalized a-admissible
Suzuki-type F-contraction. Assume that

J1.  there exists sy € S with a(sg, Psg) > 1;
J2. Pis a-admissible and satisfies AC-property.

Then, P has a fixed point in S, and it is unique if (s, Ps) > 1, for all s € Fix(P).

Proof. Let be s, ; = Ps, for n € NU {0}, the Picard sequence induced by func-
tion P with initial point sy € S with a(sg, Psg) > 1. Let we perform the general case
where s, # 5,11 for each n € NU {0}, (that is the same with 0 < b(sy, Psy,)). Since P is a-
admissible, then a(sp, Psg) = a(sg,s1) > 1 implies a(Psg, Ps1) = a(s1,52) > 1. Repeating
this process we obtain «(s,, s, +1) > 1. Hence, we have «(sy,s,41) > 1, and s, # sy41
implies 2 b(su, Psy) < b(sn, Psy) = b(sn,Sp+1) .0

Therefore, we apply Condition (1) of theorem

F(b(sn+1/ Sn+2)) +7<
< a(sy, Psp)a(sy+1, Psn+1)F(03b(Psn, Psn+1)) + T

< F(x(b(sn,8n11),b(8n, Psn),b(sui1, Pspi1), b(S"'PS"H);,b(S"“'PS”)

b(sn, +b ,
=Fl(x b(sn/sn—i-l)/ (Sn/5n+1> (Sn+1/5n+2)/ (Sn.5n2) 4v(sn+1 Sn:1) (4)
< F(x(b(sn,8n41),b(Sn,8n41),b(Spi1,Sn12), U(b(sn's”“Hb(s"ﬁ’;”ﬁszh(s”“'s”)))

b , +3b ,
< F((b(sn,551), b(SnySnst ) b(Spst, Snia), (Sn+1 Sn+2)4 (Snt1 5n)>)

If suppose that
b(snranrl) < b(5n+115n+2)/

then from Inequality (4), we obtain
F(b(sut1,8n+2)) + T < F(k(b(sp11,8n+2), b(Sut1,8u+2), b(Sn+1,8n+2), b(Sut1,8n42))),

that implies

F(b<sn+1/5n+2)) < F(K(b(5n+1/5n+2)rb(sn+1rsn+2)rb(sn+1rsn+2)rb(sn+1rsn+2))) -7
< F(x(b(snv1,8n42), b(Snt1,80+2), b(Snv1,8n42), b(Sni1,8n12)))-

And from property of F have
b(sn+1,Sn+2) < K(b(Sn+1,5n42), b(Snt1,Sn+2), D(Snt1,Sn+2), b(Su+1,5n+2))-
That is a contradiction based with property of x. So we have that
b(sp+1,5n+2) < b(sy,sy41) forallnm € N. )

Then, using the result (5), Inequality (4) yields

F(b(sn+1,5n42)) < F(b(s,su1)) — T ©)
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Repeating this in general we obtain

F(b(sn11,5012)) < F(b(sw5u11)) — T
< F(b(sp-1,5n)) — 27
< F(b(sn—2,50-1)) — 3T
< F(b(sg,s1)) — nt
As per above we have ngrrl F(b(sn,sn+1)) = —oo since T > 0. Hence, in view of property
n oo
of F we obtain
ngrfoob(sn,snﬂ) =0 ()

Next, we show that n,nlgr}roob(sn’ sm) = 0. Let we suppose that n,r&ﬂwb(sn, sm) > 0.

Then, by Lemma 3, there exist ¢ > 0 and sequences {my} and {n;} of positive integers
with ne > myg > k, such that b(su,sn) > &b(Sm,sn—1) < € and
ﬁ < limsupb (s, —1,54,—1) < €0, 5 < limsupb(sy,—1,5m,) <&,

k—+oc0 k— 00

< limsupb(smk_l,snk) < ev? 8)
k—+o0

SHEG

From (7) and (8) we observe 21—vb(snk,Psnk) < 55 < b(Swy,sn,) and 0 < e < b(sp,,sn,) =
b(Psmk—erSl’lk—l)
Hence, applying Condition (1), we obtain

F(0®b(Psy,, Psp)) +T < a(Smy, Psmy )a(sny, Psn, ) F(D(Psmy, Psn,)) + T

b m IP n +b n IP m
< F( 5(b(smy, 50, ), b(Smy, P ), b (S, P ), 2o F0GnePs k))) o)
b my.ron +b nprom
= F K |:b(5mk, Snk)/b(smkrskarl)/ b(sl’lklsl’lkJrl)l (S k 5 k+1)4v (S k S k+1):| >’
that implies
F(03b(Psy,, Psp,)) + T <
b(Smy S, +1)+0(Sn; S, 41) 10
S Fl«x b(smk/ Snk)/ b(smk/ Smk+1)/ b(si’lkrsnk+1)/ k] 40 kTt :l > . ( )
By taking the limit superior as k — +co along (10), we write
limsupF (v3b(Psmk, Psnk)) +1<
k—+c0
. b(sm, 5n +b(sn, Sm
S hmsupF (K |:b(smk/ Snk), b<smk,smk+1), b(snk, Snk+]), (S k7S k+1)4v (5 k75 k+1):| > (11)
k—+c0
limsupb(smk,snkH)+limsupb(snk,smk+1)
< F| « |limsupb (s, Su, ), imsupb (s, , Sy 41), imsupb (s, Sy 41), === R .
k—o0 k—o0 k—o0

From (11), by using Lemmas 3 and result (7), we conclude

3 . 3
FRs) =P (mmpton o)+ m

D < F(x[ev,0,0,%]) < F(ev).

<F (K [sv, 0,0, Etﬁfﬂ
Hence, the acquired inequality
F(ev) + T < F(ev)

is a contradiction since ¢ > 0 and T > 0.
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Hence,
nlnli_r}r}roob(sn,sm) =0. (13)
The sequence {s, } is a b-Cauchy sequence such that n}%r_r)loob(sn, sm) = 0. Since (S, b) is
a b-complete b-m.ls, there is s* € S, such that

b(s*,s*) = lim b(sy,s*) = Lim b(sp,sm) = 0. (14)

n—»00 7,1Mm—>00

Further let we show that

1 1
%b(sn,Psn) < b(sp,s*) or %b(Psn,P%n) < b(Psy,s¥) (15)

On the contrary, there exists m € N with

1 N 1 X
%b(sm,Psm) > b(sy,s™) and %b(Psm,stm) > b(Psy, s*). (16)

Therefore,
20b(sy, ™) < b(sm, Ps) < vb(Sm,s") + vb(s*, Psm),
and it gives
b(sm,s*) < b(s*, Psm). (17)

Using (14) and (17), we conclude
b(Psy, P?sy,) (Smt1,Smi2)

(SmsSm+1)

(Sm, Psm)

b(sm,s*) +vb(s*, Psy)

vb(s*, Psy,).

INIA I A
NYd oSS

and inequality above implies that

1
%b (Psm, stm) < b(s*, Psy),

that is a contradiction due to (16). Hence, Inequality (15) is true.
Therefore,

%b(sn,Psn) < b(sn,s*) ,b(Psy, Ps*) > 0and a(s*, Ps*) > 1.

So, we are in conditions to apply (1), and we have

F(v3b(spt1,Ps*)) +T < a(sy, Psp)a(s*, Ps*)F(03b(Psy, Ps*)) + T

< F(x b(sn,s*),b(sn,Psn),b(s*,Ps*),W) (18)

=Fl«x b(sn,s*),b(sn,snﬂ),b(s*,Ps*),% )

Taking limit superior as n — +o0 in Inequality (18) and keeping in mind (7), (14), and

Lemma 3, we obtain
F(vb(s*,Ps*)) + T P(K(0,0,b(s*,Ps*),W

F(x(b(s*, Ps*),b(s*, Ps*),b(s*, Ps*),b(s*, Ps*)))

E(b(s*, Ps*)),

INIA A
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that implies
F(vzb(s*,Ps*)) + 1 < F(b(s*, Ps*)). (19)

Inequality (19) leads to a contradiction, so b(s*, Ps*) = 0, and s* € S is a fixed point of
function P. Also, the uniqueness of the fixed point can be proved easily from Condition (1)
of the theorem.

Let there be two different fixed points named u,s with a(s, Ps) > 1, a(u, Pu) > 1.

Then

u # simplies0 < b(u,s) = b(Pu, Ps),

and ,
u # simplies0 = %b(u, Pu) < b(u,s).

Hence, being in the conditions of theorem and in view of (14), Inequality (1) implies

F(v3b(u,5) +T < a(u, u)a(s, Ps)F 3b(Pu Ps)) g
< F(x(b(u,5),b(u, Pu) b(s,Ps),M))

40
=F(x (u,s b(s,s),%)) (20)
= F(x b(u ’ ZMUS)>)
F(x(b(u,s ,b(u,s),b(u,s))).

From (20), we obtain

which implies

F(v®b(u,s)) < F(x(b(u,s),b(u,s),b(u,s),b(u,s))) -1

< E(k(b(u,3), b(1, s), b(1, ), b(,5))). @1)

The above inequality implies b(u,s) < x(b(u,s),b(u,s),b(u,s),b(u,s)) thatis a contra-
diction due to property of x. Therefore, the fixed point is unique.

Example 4. Let (S,b) bea complete b-m.1.s with parameter v = 2 > 1, where the b-m.1. distance is
given as b(s,u) = (s + u)?. Define the mappings P and « by

P(s):{ s/8 for s €0,1] ,oc(s,u)—{ 1 forsuel01]

3s for s >1 10 otherwise

Clearly, the mapping P is a-admissible. And for s, u € [0,1], we have

1 1 S 1 s\ 2 2 2
zvb(s,Ps) = 4b(s,8) = (s+ 8) s* < (s+u)” =b(s,u).

Take F € F, such as F(t) = Int, x(uy, up, u3, us) = max{uy, up, u3,us} and T = In8.
We see that for s, u € S that a(s, ) = 1, we have s, u € [0, 1] and one can compute:

a(s, Ps)a(u, Pu)v3F(b(Ps, Pu))

In(03b(Ps, Pu) )+ln8:1n<g<%+%)2> In8
n(&(s+u)?) +1n8 <In({b(s,u)) +In8
n(b(s,u)) —In8 +1n8

max {b(s u),b(s, Ps),b(u, Pu), w})
K[b(s u),b(s, Ps),b(u, Pu), W])
(Q(s,u))

(Q(s, u)).

| VAN [
“F 5 555
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Then, P is a generalized Suzuki-type (&, F)-contraction, and assumptions of theorem 1
are satisfied. Hence, s = 0 is the unique fixed point for P.

Theorem 2. Let (S, b) be a complete b-m.l.s with parameter v > 1 and P a generalized a-admissible
Suzuki-type F-contraction. Assume that

J1. P is a-admissible and there exists sy € S with a(sg, Psg) > 1;
J1.  Sis o regular and for every sequence {sy } in S such that «(s,, sy4+1) > 1foralln € N U {0},
we have a(Sy, $y) > 1 forallm,n € N with m < n.

Then, P has a fixed point, and it is unique if «(s,u) > 1, for all s,u € Fix(P).

Proof. Using J1, we define the Picard sequence s,.1 = Ps, for n € N U {0}, induced
by function P with initial point sy € S with a(sg, Psg) > 1. From the theorem above, it is
concluded that the sequence {s,} is a b-Cauchy sequence such that ; grl}oob(sn,sm) =0.

And there is s* € S, such that

b(s*,s") = Jij%ob(sn,s*) = n}rillgoob(sn,sm) =0.

In the same, we can show that

1 1
%b(sn,Psn) < b(sy,s*) or %b(Psn,stn) < b(Psy,s¥)

Since S is regular, there exists a subsequence {s,, } of {s,} such that a(s,,,s) > 1 for
all k € N. Similarly holds

1 1
%b(snk,Psnk) < b(sp,s*) or %b(Psnk,stnk) < b(Psy,,s*).

Therefore, applying (1), we have
F(v3b(snk+1,Ps*)) +17 < zx(snk,Psnk)rx(s*,Ps*)F(v3b(Psnk,Ps*)) + 7T

<F <K (b (snk,s*), b(snk, Psnk)r b(S*, PS*), b(Snk/Ps* )Z;b(s*,PSnk) (22)

b Ny r * b *'n
= F(K (b(snkzS*)/b(Snk,SnkJrl),b(s*,Ps*), (S sz )Zv (s s k+1>>>.

Taking limit superior in Inequality (22) and keeping in mind lemma 3, we obtain

F(o?(s*,Ps")) + 7 < F(x(0,0,b(s", Ps*), 2050 Y )
F(x(b(s*, Ps*),b(s*, Ps*),b(s*, Ps*),b(s*, Ps*)))
F

(b(s*, Ps*)),

VAIVASIA

which implies
F(o?b(s", Ps")) +T < F(b(s", Ps")). (23)

Inequality (23) leads to a contradiction, so b(s*, Ps*) = 0, and s* € S is a fixed point of
function P. O

Let be two different fixed points named u, s with a(u,s) > 1.

and
u # simplies0 < b(u,s) = b(Pu, Ps),

also ,
u # simplies 0 = %b(u, Pu) < b(u,s)
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Hence, Inequality (1) can be written as
F(ob(u,s)) + T < a(u, Pu)a(s, Ps)F (v*b(Pu, Ps)) + T
< F(x(b(u,s),b(u, Pu) b(s, Ps),%f@’m))
= F(x(b(u,s),b(u,u),b(s,s), 7b(”’s);}b(s’”)>) (24)
= F(x(b(u, )o,o, ”S))
(x(b(u,s),b(u,s),b(u,s),b(u,s))).
From (24), we obtain
F<v3b(u,s)) + T < F(r(b(u,s),b(w,8),b(,3),b(1,5))),
that is
F(v®b(u,s)) < F(x(b(u,s),b(u,s),b(u,s),b(u,s))) -1 25)
< F(x(b(u,s),b(u,s),b(u,s),b(u,s))),

which implies b(u,s) < x(b(u,s),b(u,s),b(u,s),b(u,s)) that is a contradiction due to prop-
erty of x. Therefore, the fixed point is unique.

Corollary 1. Let (S,b) be a complete b-m.l.s with parameter v > 1 and P:S — S. If there
exist F € F,T > 0 such that

1
%b(s, Ps) < b(s,u)
implies
F(v3b(Ps, Pu)) + 1 < F(Q(s,u)),
forall s,u €S, b(Ps,Pu) > 0 where

Q(s,u) = K[b(s,u),b(s, Ps),b(u, Pu), W} for some x € Wy,

then P has a unique fixed point in S.

Proof. Corollary can be obtained from Theorem 1 by taking a(s, u) = 1.00

Now we will propose some new results belonging to the class of Suzuki («, F)-
contractions.

Theorem 3. Let we have (S,b) a b-m.ls with parameter v > 1, P:S — S, and
a:S xS —[0,+c0). If Pis an Hardy—Rogers Suzuki- type interpolative (, F)-contraction,
satisfying conditions 1, ], then P has a fixed point in S. And it is unique if «(s, Ps) > 1, for
all s € Fix(P).

Proof. Itis a consequence of Theorem 1 by taking x € Wy as «(y1, 72, 73, 74) = 11 - 12" -
Y3 - ’)/41_’11_”2_'13; where a1, a3,a3 € (0, 1) anda; +ay +a3 < 1.0

Theorem 4. Let we have (S,b) a b-m.ls with parameter v > 1, P:S— S, and
a:SxS—0,+00). If there exist F € F, T > 0 such that hold condition J;, ], and:

zl—vb(s, Ps) < b(s,u)
implies
a(s, Ps)a(u, Pu)F (03b(Ps, Pu)) + T <
F ( [a1(b(s, 1))+ aa(b(s, PS))" + a5 (b, Pu))" + g (LELUP )] l)
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QT’

a(sru) =

foralls,u € S, a(s,u) >1,b(Ps,Pu) > 0andr > 0.
Then, P has a fixed point in S. And it is unique if (s, Ps) > 1, for all s € Fix(P).

Proof. It comes from Theorem 1 by taking x € Wy as x(y1, 72,73, 74) =
1
[a171" + axy2" +azys" +agys"|7, r > 0; where 0 < a1 +4ap + a3 +a4 < 1.0

Theorem 5. Let (S,b) be a b-m.ls with parameter v > 1, and mappings
P:S—S,a:5x%xS5—[0,+0c0). If the following conditions are satisfied

- There exists sy € S with a(sg, Psg) > 1;

- Pis a-admissible mapping and satisfies AC-property;

- Pisa Hardy—Rogers Suzuki —type r-order hybrid (w, F)-contraction.

Then, P has a fixed point in S. And it is unique if (s, Ps) > 1, for all s € Fix(P).

Proof. The L] (s, 1) can be represented as

1
-

QO (s,u) = { K1(71, 72,73, 74) = (@m” + a272" + asys" + asys”) forr>0,
a\>s

K2 (Y1, 72,3, 74) = 11™ - 722 - Y3 - ™ forr=0.

where k1, kp € Wy, a1,az,a3,a4 > 0with 0 < a3 +ay +a3 +a4 = 1,7 > 0. Hence, the proof
can be classified in Theorem 1. [

Corollary 2. Let (S,b) be a b-m.Ls with parameter v > 1, and P : S — S. If there exist F €
F, T > 0such that

1
%b(s, Ps) < b(s,u)
implies
F(v3b(Ps, Pu)) +7 < F(Q, (s, u))

for all s,u € S\Fix(P), r > 0, b(Ps,Pu) > 0and a; > 0,i = 1,2,3,4 such that
0 < a1 + ap + az + ag = 1,where

1
a1 (b(s,u))" +ax(b(s, Ps)) +az(b(u, Pu)) + m(%) } ' forr>0,s#u
(b(s,u))™(b(s, Ps))™(b(u, Pu))™ (W)a4 for r=0;s,u € S\Fix(P).

v

Then, P has a fixed point in S.
Proof. It can be derived from Theorem 5 by taking a(s, u) = 1. O

Corollary 3. Let (S, b) be a b-m.L.s with parameter v > 1,and P: S — S, a: S x S — [0, +00).
If there exist F € F, T > 0 such that hold condition |, ], and

1
%b(s, Ps) < b(s,u)

implies

T+ a(s, Ps)a(u, Pu)v3b(Ps, Pu) < (b(s,u))™ - (b(s, Ps))™ - (b(u, Pu))™ - (b(s’ Pu) + b(u, Ps) )M

4v

foralls,u € S\Fix(P), b(Ps,Pu) > 0anda; > 0,i=1,2,3,4suchthat0 < a; +a, +az+as =1,
Then, P has a fixed point in S. And it is unique if (s, Ps) > 1, forall s € Fix(P).
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Proof. The proof is called done by Theorem 1, if we take F € F, as F(x) = x and

(g, i, 3, ug) = (u1)™ - (1u2)™ - (uz)™ - (ug) ™ (OF9270) O

Corollary 4. Let (S, b) be a b-m.l.s with parameter v > 1,and P : S — S. If there exist F € F,
T > 0 such that:

1
Zb(s, Ps) < b(s,u)

implies

T+ Usb(PS, Pu) < (b(s,u))'“ . (b(S,PS))uZ ) (b(u, Pu)>u3 ) (b(s, PM) + b(u,Ps)>a4

4v

forall s,u € S\Fix(P), b(Ps,Pu) > 0anda; > 0,i=1,2,3,4suchthat0 < a; +ay +az+as =1,
Then, P has a fixed point in S.

Proof. It is generated by corollary 3 by taking a(s, u) = 1.00

4. Application

The study of the existence and finding of the solution of differential and integral
equations is a longstanding problem, so one of the main tools of the solution is developed
and consists of the application of the fixed point method. Many researchers have employed
various contractions in different metric spaces to define the necessary conditions for a
variety of types of linear and nonlinear integral equations

In this supported section, by employing b-m.Ls, the purpose is to prove the existence
and uniqueness of the solution for the following integral equation of the form:

K1) = h(t,x(0) 4 [ Gt (o, x(p)dp; € 0,1], 6)

where 0 < f < 1and given continuous functions G : [0.1] x R — [0,+00),k: [0.1] Xx R — R.
Consider Y = C([0,1],R) the set of real continuous functions defined on [0, 1] with
the b-metric-like b(s, u) = sup |s(t) + u(t)|" foralls,u € Y. The pair (Y, b) is a complete b-
te[0,1]
m.Ls with parameter v = 2"~ 1.
Define the mapping P : Y — Y for all x € C[0,1], by

Px(t) = h(t,x(1)) + A [ G(t, (o, x(0))dp.

Associated with the following hypotheses:
(i) Themapping P:Y — Y is continuous;

There exists constant A > Osuch that 4 : [0,1] x R — R satisfies h(p, v(p)) +h(p, u(p)) <
Alo(p) +u(p)| for t,p € [0,1];

(i) The constants A, A and function G satisfy condition Asup fot G(t,p)dp <
fort,p € (0,1).

1
AVot
Theorem 6. If for the integral Equation (26) assume the assertions: (i), (ii), (iii) then, the integral
Equation (26) has a unique solution x(t) in Y.

Proof. Solving Equation (26) is equivalent to find x(f) € Y which is a fixed point of
function P. And for all t € [0,1], and x,u € Y we have
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oy, (Px(t), Pu(t)) = o°|Px(t >+Pu< )" N
= o |(t,x(1)) + A fy G(t,p)h(p, x(0))dp + h(t, u(t))+A fy G(t, p)a(p, u(p) o]
= | [(t, < )+ ht,u(t))] +A[f0 (o, (0))dp+fy (L, Yo, u(p))dp] |
= | n(t, <>>+h<t u(t))] +A[fo < (prx(p)) + (o, u(e)))dp |
< v®| Alx(t) \+)\{ G(t,p)Alx( )+u |dp”
1 1 "
= | A(x() +u()]") m +A| Jy Gt,p)A(Ix(p) +u<p>|’”)mdp]
= 0% A(b(x,u)) M + A | [y G(t,0) A(b(x,u))mdp )
1 1
= A(b(x,u))m +AA(b fo (t,p)dp
1 m
= 03|A(b(x,u))m (l +)\f0 (t,p dp)

= BA(x,u) 1+ Ay G(t,p)dp’m

1 m
< v3A"b(x,u
‘b ( )AW
< (x,u)
v

Further, taking x € Wy as (71, 72,73, v4) = 71 we can obtain:

Pb(Px(t), Pu(t)) < %L(x,u).

Consequently, by choosing: F({) = In({), T = Inv we deduce

1
%b(x, Px) < b(x,u) implies F(v3b(Px, Pu)) + 1 < F(L(x,u))
which implies that P is a generalized Suzuki-type (v, F)-contraction. Thus, Corollary 1 is
applicable and x(t) is the fixed point of P which is the solution of the integral Equation (26). [J

5. Conclusions

In this work, via the help of an implicit class of functions, we introduced new con-
tractive mappings, including linear and nonlinear contractions revised under the name of
Suzuki contractions. Our approach generates and resumes more well-known fixed point
theorems; it shows the validity and generality of the proof of the main result for broad
setting theorems. Also, it provides a further extension on the recent published work in the
fixed point theory.

A future focus holds for the following:

- A consistent improvement in the inequality condition can be considered in terms
O f 1" II

- The extension of the established Suzuki results in extended b-m.1.s; rectangular metric space;
and b-rectangular metric spaces elaborating with the notion of x-admissible mappings.

Author Contributions: K.Z., V.T. and V.5.-C. designed the research and M.Z. wrote the paper. K.Z.
and M.P. wrote the draft preparation and provided the methodology. S.R. co-wrote and made
revisions to the paper. All authors have read and agreed to the published version of the manuscript.
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