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Abstract: In this paper, we obtained the geometrical objects that are common in different definitions
of the generalized Riemannian spaces. These objects are analogies to the Thomas projective parameter
and the Weyl projective tensor. After that, we obtained some geometrical objects important for
applications in physics.
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1. Introduction

In many research articles, books, and monographs, Riemannian and pseudo-Riemannian
spaces have been studied. Some of the most significant authors who have developed the
theory of these spaces are L. P. Eisenhart [1], N. S. Sinyukov [2], ]. Mikes and his research
group [3-6], I. Hinterleitner [7,8], S. E. Stepanov [9], and many others.

An N-dimensional manifold My equipped with the regular symmetric metric tensor

8ijs 8ij = &ji 1s [2-6,10,11] the (pseudo-)Riemannian space RN, where ij denote the sym-
metrization with respect to indices i and j. The affine connection (Levi-Civita connection)

coefficients of the space RN are the Christoffel symbols " ]k' k = Fk 1% where I = = giT, jkr
_1

F (g]lk g]kl"‘g&])
One kind of covariant derivative with respect to the symmetric metric tensor 8ij is

@l = a4 Ty F]kaa, 1)

for a tensor a; of the type (1,1), the Christoffel symbols F;'.k and the partial derivative 9/9x*

are denoted by commas.
One Ricci identity [2-6] is founded with respect to the covariant derivative (1),

aélm'x” — Ajjgnjgm = 4] Rmn —al R]”‘mn With respect to this identity, the curvature tensor,

8
the Ricci tensor, and the scalar curvature of the associated space Ry are obtained
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Riyn = T = T + i Chn = T Dl @)
g _ g _ T o a1B B
Ri]’ - R Fz; a rux] + rl]ra/s —I ,BF]uc’ (3)
g aﬁR — B (T F’Y 7 1‘7 r 4
=8 IX,B_g ( ac‘B'y ﬁ+ aﬁ /S’y) ( )

Based on research articles (L. P. Eisenhart, [10,1 1]), many researchers have studied
and developed the theories of generalized Riemannian spaces and special kinds of them.
The physical meaning of curvature tensors in the sense of Eisenhart’s definition is presented
in [12].

The studies about the affine connection spaces with torsion are started by the research
of L. P. Eisenhart [13]. An N-dimensional manifold My equipped with the affine connec-
tion with torsion V, whose coefficients are Lj‘k/ L;‘k % Lf( ir for at least one pair of indices
(j, k), is the (general) affine connection space GAy.

The symmetric and antisymmetric parts of the coefficients L;k are

—_

=5 (L;-k + L}Cj) and L;k =

The tensor T]k =2L k is the torsion tensor for the space GAy.

0
The manifold My equipped with the torsion-free affine connection V, whose coeffi-
cients are L;.k, is the associated space Ay of the space GAy.

0
One kind of covariant derivative with respect to the affine connection V is [2-6]:

i i i
@y = aj,k—l—L@ L]ka

The corresponding Ricci-type identity is a]‘mn ]'.‘nm = Q?Rémn —al R}"mn, where
R;mn = L;m n L;n mt L?ﬂl‘i - sz Ltlxml ©®)
is the curvature tensor of the space Ay.
The Ricci tensor of the associated space Ay is
Rij = Rfjy = L, — L +L5;Lfﬁ ﬁLfX. (6)

1.1. Generalized Riemannian Spaces
An N-dimensional manifold My equipped with the nonsymmetric metric tensor g;;

g
is [1] the generalized Riemannian space GRy (in the Eisenhart’s sense).
The symmetric and antisymmetric parts of the metric tensor g;; are

1 1
= 3lsut ) and 5= 2is 50

We assume that the matrix [g;;] is regular. In this case, g;; is a metric tensor of some

g ..
Riemannian space, which we denote as Ry. Hence, the components g7 of the contravariant
metric tensor are [¢7] = [g] ~!. For this reason, the equality 8¢, = 5]’: holds for the



Axioms 2024, 13, 463

30f12

Kronecker §-symbol 511 For this reason, the tensors g;; and gﬁ are used for lowering and

4
raising the indices in the GRy space.

g
The affine connection coefficients of the GRy space are the generalized Christoffell
symbols [1]:

. 1 .
}k = Egﬂ(gjzx,k — Sjka T gak,j)-

, 1, . ,
One obtains that the symmetric and antisymmetric parts I'; = 5 (F;-k + 1";(]-) and
l";vk =3 (F}k - 1";(].) are

. 1 .
k= 58 (8juk = &jka + Sukj),

. 1 .
1 1114

k= 58 (Sujk t &jka — Sak,j)-
k=28 (gﬂy 8k g«v])

. 8
The tensor 2I" ;'k is the torsion tensor for the space GRy.

Vv
Motivated by the Einstein Metricity Condition
Sijtk = &ijk — Uik8aj — Tt;8in = 0,
S. Ivanov and M. Lj. Zlatanovié (see [14,15]) obtained the generalized Riemannian space
GRy, whose metric tensor is g;;, but the affine connection coefficients are

in

‘ 1 .
ik =T — Eg*(Tjak + Thaj + Skalj T 8ajlk — &jkla) T Tikr @)
— 1 1 1

for Sijlk = Sijk — Lii&aj — L}’.‘kg,ﬂ and the torsion tensor ]"]?k, T}k = —T,ij.
1
The curvature tensor and the Ricci tensor of the associated space Ry are given by
((5) and (6)). The scalar curvature of the associated space Ry is

o o
R= g%(LZjﬁ — ngﬁ + L&Lﬁ —LysLs,), (8)

for the corresponding affine connection coefficients L;k.

The GRy space obtained and used in [14,15] is a special kind of affine connection
space GAy in Eisenhart’s sense [13].

1.2. Mappings of Space Ay

Invariants of different mappings are significant objects in mathematical research.
Unlike in the theory of fixed points, where the existence of an object whose value does
not change under the action of a function is noted [16,17], in differential geometry, spe-
cific geometric objects are determined that do not change under the action of different
mappings [2-6,18,19].

8

The generalized Riemannian space GRy in the Eisenhart’s sense [1] is the special case

of the affine connection space GAy (see [13]).

_ 0
A diffeomorphism f : Ay — Ay, in which the affine connection V of the space Ay
0

transforms to the affine connection V of the space A is the mapping of the space Ay.
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If the mapping f transforms the affine connection coefficients L;‘k which correspond

0 .
to the affine connection V of the space Ay to the affine connection coefficients L}k of the

0
affine connection V of the space Ay, the tensor

g

is the deformation tensor for the mapping f.
After adding a symmetric tensor 7r]k, n]k = ”k] of the type (1,2) to the affine connec-

tion coefficient L % ie, L ik = L]k + n]k, one obtains the geometrical objects L i which are
0

the coefficients of the corresponding (unique) affine connection V. For this reason, any

deformation tensor P]?k generates unique mapping f : Ay — Ay.

Geodesic Mappings ‘oif Space Ay
A curve ¢ = (£'(t)) in the space Ay is a curve that satisfies the following system of
partial differential equations [2—6]

o devdeP 4l

o TR ar T Par

for a scalar function p.

A mapping f : Ay — Ay, which any geodesic line of space Ay transmits to a geodesic
line of the space Ay, is the geodesic mapping [2-6].

The basic equation of geodesic mapping f is

for a 1-form ¢;.
N. S. Sinyukov [2] and J. Mikes§ with his research group [3-6] contracted the equal-

ity (10) by i and k, expressed the 1-form ¢; as ¢; = (L”‘ - L"‘ ) substituted this

N+1
expression into the basic Equation (12), and obtained that it is Tg;.k = Tg i for

P 1

=Lk N1 (Liak + Liw9j), (11)

and the corresponding T}k. The geometric object T]?k is the Thomas Projective parameter

initially obtained by T. Thomas [20].

After that, N. S. Sinyukov [2] and J. Mike$ with his collaborators [3—6] applied H.
Weyl’s methodology [21] to obtain invariant from the transformation of curvature tensor
Ri  caused by the basic Equation (10):

jmn
Rl = R+ (W10 — $i90) 830 — (@1 — $50m) 8+ (P — Pujm) 51 (12)

They contracted the relation (12) by i and j, and obtained that itis ¢, — ¥,y = Rinn — Ryn-
The contraction of relation (12) by i and n gave

N 1 N 5 1 i
1Pj|m —lel/«’m = <N2 _1ij+ N2 _1ij> — <N2 _1ij+ N2 _1ij)- (13)

When substituting the expression (13) into the Equation (12), they obtained the equality
Wi =W for

jmn jmn
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1
W]lmn = R;mn N + 1511 (Rmn - an)

NZ_1 ((NRju+ Ruj) 8 = (NRjus + Ry} 63 ),

(14)
+

and the corresponding VV;

All of the traces W}"m " W}"m, W4, vanish. For this reason, it is not possible to use
the Weyl projective tensor to obtain an invariant for the geodesic mapping that is a linear
monic polynomial of Ricci tensor R;;.

The last presented methodology was used for obtaining invariants of mappings de-
fined on a nonsymmetric affine connection space GAy. Many authors have obtained
significant results in these generalizations. Some of them are M. S. Stankovi¢ [22-24], M. Lj.
Zlatanovi¢ [22-26], S. M. Minc¢i¢ [23], M. S. Najdanovi¢ [27], and many others.

Preferred Methodology for Obtaining Invariants of Mappings
Motivated by the basic Equation (10) for geodesic mapping f : Ay — Ay, with substi-

O+ LE,01), (10a)

1
§k+Lkuc]) N+1(

_. 1
1 1
JE_L”NH(

the methodology for obtaining invariants of a mapping F : Ay — Ay is developed in the

following way [19]:

*  The deformation tensor i;k — le is expressed as
Fi i i
ik~ ij = @je ~ Wik (15)

for geometrical objects wik = wyj € Ry, a‘)ik = a‘inj € Ry.
¢ In the next step, it was concluded that ﬁ - ‘i. = Li» - w;:k In this way, it was
proved that the geometrical object 7" i = L;k ]k is an invariant for the mapping F.

The geometrical object 7 i is the associated basic invariant of Thomas type for the

mapping F.
* Inthe next, based on the equality
T;m n T;n mt T@T:ﬁ - T}ianx = T]lm n T]ln mt T]{XﬁTi - T’X T;cmr

the next invariant for mapping F is obtained:

i AN |
+ w;‘ﬁwM — Wiy Wy (16)

Wl

i
jmn = ]mn - wjﬂ|n

—i—w

jnfm
The invariant W}mn is the associated basic invariant of the Weyl type for the
mapping F.

e After contracting the difference W mn W]lmn = 0, another invariant W]lmn for the
mapping F was obtained.

e  The trace W”‘ is a linear monic function of the Ricci tensor, unlike the trace Wf; "

By using this methodology, we proved that two invariants with respect to the transfor-
mation of curvature tensor R;mn may be obtained [28]. The trace Wf]‘ . of the first of these
two invariants is a monic linear polynomial of Ricci tensor R;;.
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In this paper, we focused on the associated invariants of Thomas and Weyl type of the
third class for a special mapping. These invariants are (see the Equations (2.6, 2.9) in [19]):

Tia)je = Lix +3 (17)

2 o
; 1 1
Wi, . =Ri 4 le‘n -

(3).jmn — “Njmn

i
5 Pinjms (18)

1
where R; nn 18 the curvature tensor of the associated space Ay and P ]k =5 ( P + P,i ).

1.3. Variations and Variational Derivatives

Let f(x) be a continuously differentiable function defined on the interval [a,b], a <
x < b,and let F [x, Y, z] be a function of three variables. The expression

b
I = [ Flx 0, £ )

where f(x) ranges over the set of all continuously differentiable functions defined on the
interval [a, b], is a functional [29].
The variational (or functional) derivative 6] /Jf of the operator J[f] is [29,30]

5] JIf+ep] —JIf] _[d
gtz = iy LB T [y 174

e:OI
where ¢ is an arbitrary function.

For a scalar £ = L[f] in four-dimensional space and the corresponding operator
S = [ d*xL, it satisfies the equalities

. 5£ g 05152 _ 851

05y
57 = 1 5f ~of

of

—Sy+ 51—

4

g

In particular, it holds the equality —R = Rjj.
gf

1.4. Motivation

The Einstein-Hilbert action that corresponds to the symmetric metric tensor g;; is [31]

g 8
S— /d4x,/|g\(R—2A+£M),

for a term £ describing any matter fields appearing in the theory, the metric determinant

g = det [g;;] and the cosmological constant A = 1.1056 x 10~>%m 2.
The Einstein’s equations of motion are
8 18 1 8
Rij = 5Rgij + 5 A8ij = Tijs (19)

8
where Tj; is the energy-momentum tensor.

8
In [32], the energy-momentum tensor T}; is expressed as

S g g
Tij = pUilU; + qgilj + giuj — (phi]' + 7Ti]'),
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for the energy density p, the pressure p, the 4-velocity u;, u,u® = 1, the 1-form ¢; such
that u,q* = 0, the trace-free tensor 77;; of type (0,2) which, together with the 4-velocity u;,
satisfies the equality 77;,u" = 0 and the tensor h;; = 8ij — uilj.

The next equalities are satisfied [32]:

18 18
ng + gTalBuauﬁ.

g
[g) = T,Xﬁu"‘wg, and i% = —
The following equalities are satisfied [12,33]

1
6

8

8 g 8 8
p= %Raﬁu“uﬁ +-R—-—A and f) = R“ﬁu“uﬁ - %R + A, (20)

in the reference system u' = ¢’*1,, such as

18 18 18
igJ §R11+6R A and p1 R11—§R+A, (21)

in the comoving reference system u' = g'u, = 4;.

2. Main Results
With respect to Equation (7), we conclude the existence of the unique mapping

8
f : GRy — GRy whose deformation tensor is

]k 2g ( ]ak+Tkoc]+gka|]+g]a\k gjk\tx) _T]k
1

In this section, we realize the next purposes of this paper: (1) To obtain the associated

8
invariants of Thomas and Weyl type of the third class for the mapping f : GRy — GRy,
whose deformation tensor is given by (9); (2) To study the transformation rules of the

8
pressure p and the energy density p with respect to the mapping f : GRy — GR,.

2.1. Invariants

After symmetrizing the Equation (7) by j and k, one obtains

le + 2g < jock + Tkzx] +gktx\] +gﬂ(]|k gjka) : (22)
1

From the last equation, after using the equalities

. . 1_ 1 ,
1 1 —1 1
k= L = =5 P = (= 5Pi) = @) i = s jio

one obtains
wl(3),jk g ( jok + Tka] + gka|] + goc]\k - g]k|1x) (23)

. o1 1 1
Based on L;'k = LLk + 5 5 T]k' we conclude that gﬁlk = 8ijlk — ETlf’,‘(g,ﬂ» - E]ﬁgiﬂ such as

8 (8kalj T Sjalk — Sikla) = & (8kalj + Sjalk — Sikia) — 8™ (Traj + Tiak)-
1 -1 1 - -
Hence, the geometrical object a}l@.jk given by (23) reduces to

1 .
Wayjp = ~ 78" (8kalj T &julk — jila)- (23a)
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After substituting the expression (23a) into the Equations (17) and (18) multiplied by

%, one obtains
3
. .
Tk = L}£+ 18%8@1 + Sjalk — 3@4), (24)
oy . 1 .
Wis)jmn = Rimn = 38" (Rjamn = &{malju] + &jlm|an)) 5)
1 i i i
= 3 (8] 8nlnj + 8] ujin) — &\ jnlla)-

The next theorem holds.

8
Theorem 1. Let f : GRy — GRy be the mapping which transforms the generalized Riemannian
space GRy in the sense of Ivanov and Zlatanovi¢’s definition [14] of the generalized Riemannian

g ~ . oy
space GRy in the sense of Eisenhart’s definition [1]. The geometrical objects Tl(3)'jk and Wl(3).jmn,

given by (24), (25), are the associated basic invariants of the Thomas and Weyl type of the third class
for the mapping f.

2.2. Physical Examples

In this part of the paper, we compare the pressures, energy densities, and state param-

4
eters generated by the spaces GR4 and GR,. We also assume that the equality ;Ij] = Rjj
gf

holds for the contravariant metric tensor gﬁ obtained from the metric tensor g;;.
Let us consider the Einstein-Hilbert action

5= /d4x\/E(R—2A+£M), (26)

for the scalar curvature of the associated Riemannian space Ry in the sense of the definition
from [14,15]. -
As in [12], after varying the Einstein—Hilbert action (26) by ¢” we obtain

1 1
Rij — ERgﬁ-i- EAgl = Tij'

In a reference system u! = gi%u,, the pressure and the energy density are

1 1
p= gRaﬁu"‘uﬁ +eR-A, (27)
1
p = Rypu*uf — SREA, (28)
for the 4-velocity (u', u?,u3,u*). ' ' '
In the comoving reference system u' = g¢'*u, = ¢}, the pressure and the energy

densitygiven by (27), (28) reduce to

1 1
p1= gRll + gR —A, (29)
1
P1 = R11 — ER + A. (30)

With respect to Equations (22) and (23a), we get

. 1. ‘ ‘
e = Lk + 58" (Stalj T Sjalk ~ Sjila) = Lt = 20(5) (222)

for the tensor wéa).jk given by (23a).
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After substituting the expression (22a) in Equations (3), (4), (6), and (8), one obtains

a B o

i = Rij = 2(0f3) 10 = Wls)ialj) +4@05)9(3).0p ~ 905).89(3)a) (1)

)

g

R

g
— & o 1)

R = R =25 (@ oppy ~ @l anip) T 48 apla00 ~ Wlaslaypn)- D)

As we concluded above, the symmetric part of the deformation tensor for the mapping
g . . .
. . i i : : i p :
f: GRy — GRy is Pﬁ = 2w(3).].k. Hence, the geometrical object w(s).jk"‘f(3).qr is an
invariant for the mapping f. The contravariant symmetric metric tensor g7 is also an
invariant for the mapping f.

If one substitutes Equations (31) and (32) in the expressions (19)—(21), (27)—(30), one
will complete the proof for the next theorem.

g
Theorem 2. The mapping f : GRy — GRy transforms the energy—momentum tensor Tj; to the
g
energy—momentum tensor T;; by the rule

&
Tij = Tij = 2608310 + 205 gy + 8" (s gy, ~ O ) St

The following equalities E1 — E4 are equivalent

g 1
Ey: Ty =Ty, B2t @y i~ @fyial; = 28 (@ syapy — ©s)a0(p) S
Es: @y i = Wiy Bt 8 (€h)apy — Wsagis) =0

g
The pressures p and f‘; obtained with respect to the spaces GRy and GIRy satisfy the equation

g 1, 5 v
P =P = 5(@h) gy~ Ofpanp) - (20" +8F). (33)
In the comoving reference system u' = g, = (5%, the Equation (33) reduces to

8 2 1
p1=p1— g(w?s).ma - W?a).lau) - 53@(“}23).,xﬁ|7 - “’?3).1”“5)'

g
The pressure p is an invariant for the mapping f : GRy — GRy if and only if

0= (@f)aply = “pamip) - (214 ). (34

In the comoving reference system u' = g%, = 5\, the condition (34) reduces to

1
“’?3).11|a - ‘0?3).1»(\1 = _58@

Y _ Y
(©)aply =V (3)ar1p)-
8
The energy densities p and g obtained with respect to the spaces GRy4 and GRy satisfy

the equation
g

0= = (Wl aply — W) app) - (20" =),

In the comoving reference system u' = g%u, = &1, the Equation (33) reduces to

g 14 14
P1=pP1— 2(“’(3).11\a - w(3).1a\1) + g@(wé).aﬁ\’y - “’Z%).aﬂﬁ)'
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8
The energy density p is an invariant for the mapping f : GRy — GRy if and only if

0= (aﬂ

(3)aply wé)mlﬁ) - (2utuf — g%F). (35)

In the comoving reference system u' = g'%u, = &t , the condition (35) reduces to

L

w?s).nm - “’f‘s).mu =58 f

Y
@3)aply — Y

3)M\/3)'
The geometrical object wl(é).].k used in this theorem is given by (23a).

2.3. Contorsion and Spin Tensors

The covariant contorsion tensor of space GRy is
_ 1 i
Kijx = §g*(La.jk —Ljaxt Liaj)-
\ \

The corresponding spin tensor is [34]

. 1 . 4 .
Vv \ Vi

After lowering the index i in (36), we obtain the covariant spin tensor
1 4 1
Oijk = —8°"(8kaLijp + SikLjap — 8jkLrap) = ~Lijk-
K v v Y LY

3. Conclusions

In this paper, we connected different definitions of generalized Riemannian spaces
through their corresponding mapping.

In Section 2.1, we obtained the associated invariants of Thomas and Weyl type for this
mapping. The Purpose 1 of this paper is realized in this section.

In Section 2.2, we analyzed some physical terms and their changes with respect to
transformation from one to another definition of the generalized Riemannian space. We
obtained the necessary and sufficient conditions for these terms to be invariant under
this transformation.
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