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ABSTRACT

This paper explores the emergence of topological interface states in one-dimensional locally resonant lattices incorporating inerters in both
nearest neighbor (NN) and beyond-nearest neighbor (BNN) coupling. The investigation focuses on the unique wave propagation character-
istics of these lattices, particularly the presence and behavior of interface states. The non-trivial topological behavior due to broken inversion
symmetry within the unit cell of the locally resonant lattice is comprehensively investigated in the presence of inerters in NN and BNN cou-
pling. The emerging interface states in the supercell analysis exhibit specific spatial and frequency localization properties due to inerter-
based BNN interactions. Additionally, the study demonstrates the ability of inerter elements with weak inertance to control the frequency of
interface states while maintaining the fundamental topological properties of the lattice. The identified topological interface states in lattices
with BNN coupling present an opportunity for designing diverse devices, such as waveguides, filters, sensors, and energy harvesting
systems. Overall, this research enhances our comprehension of topological phenomena in inerter-based locally resonant lattices with BNN
interactions and introduces possibilities for creating robust and versatile devices based on topologically protected edge/interface states.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0205248

I. INTRODUCTION
In recent years, the field of topological materials has attracted

significant attention due to its potential for robust and controllable
wave propagation. Topological interface states, in particular, have
emerged as a fascinating phenomenon with promising applications
in waveguiding, sensing, and signal manipulation. In this study, we
investigate the existence and characteristics of topological interface
states in one-dimensional inerter-based locally resonant lattices
with beyond-nearest neighbor (BNN) coupling.

Locally resonant lattices have been extensively studied for
their ability to exhibit interesting band structures and wave propa-
gation properties. The incorporation of inerters, which are passive
mechanical elements with tunable dynamic behavior, adds an addi-
tional control parameter to the lattice system. Beyond-nearest
neighbor coupling, involving interactions between non-adjacent
lattice elements, introduces further complexity and potential for
non-trivial wave dynamics.

Previous studies have explored topological phenomena in
various lattices, including locally resonant and phononic-type peri-
odic mechanical systems. For instance, Zheng et al.1 demonstrated
higher-order topological corner states in a two-dimensional elastic
locally resonant metamaterial in a deep sub-wavelength regime.
Similarly, Zhang et al.2 investigated multimode topological interface
states in a one-dimensional 1D elastic-wave phononic system by
using the impedance matching method. To characterize the topo-
logical properties of one-dimensional periodic structures, one can
utilize topological invariants such as Zak phase and/or winding
number to determine the non-trivial nature of the bandgaps3,4 and
calculate the number of existing edge states.5,6 An important issue
arises in the calculation of the Zak phase and winding number in
multi-band systems.7 Quantized topological invariants, band inver-
sion, and topological phase transition phenomena are often dem-
onstrated on the Su–Schrieffer–Heeger (SSH) chain model8 or
mechanical lattices with unit cells having inversion symmetry and
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centered inversion axis.9 As revealed in Ref. 10, breaking the inver-
sion symmetry for the centered inversion axis through long-range
hooping can yield a non-quantized Zak phase, which also affects
the standard formulas for the calculation of the winding number.
Some researchers suggested modified formulas for the calculation
of the Zak phase to get a quantized topological invariant.11 When
there is a gauge ambiguity in determining the Zak phase, it has
been suggested to decompose it into the intercellular and intracellu-
lar parts, which enables one to directly calculate the number of
edge states by dividing the intercellular part by π.12 This method is
suitable for resolving the mentioned ambiguities in two-band
systems while in multi-band systems numerical, such as Willson
loop,13 or analytical approaches7 can be used to determine the
number of edge states.

Recent investigations have focused on studying wave propaga-
tion in periodic structures, particularly metamaterials, wherein the
physical responses of the system are shaped not only by nearest-
neighbor interactions but also by long-range hoppings.14 These
non-local effects can introduce roton-like dispersion behavior in
periodic lattices with beyond-nearest neighbor interactions,15–19

introducing the local maximums and minimums in dispersion
curves within the first Brillouin zone. Apart from the roton-like
dispersion, long-range hoppings in one-dimensional topological
insulators can affect both bulk topological invariants and edge-
states due to the existence of hidden symmetries.20 Longer-range
interactions can yield higher winding/chern numbers and the
number of edge states in one-, two- and three-dimensional
systems.21,22 However, another challenge emerges when determin-
ing the winding number in periodic chains with non-local hop-
pings using conventional formulas, i.e., lesser winding numbers,
and therefore the edge states, are predicted than they occur in the
representative super-cell model. Therefore, in Ref. 23, the authors
suggested two ways of calculating the correct number of edge states
in such type of lattices, one based on the peaks (valleys) of the
Berry connection and the other based on the Jackiw–Rebbi zero
modes.

An important issue in the topological mechanical metamateri-
als field is how to tailor or tune their band structure and topologi-
cal properties. There are two main approaches to achieve this, the
active one based on active components such as the piezoceram-
ics24,25 and the passive one based on optimization or tuning of geo-
metrical or material parameters of the system.26,27 Unique wave
propagation and topological properties were obtained in a one-
dimensional phononic-like periodic lattice through a passive
mechanical component named inerter.28 In recent years, mechani-
cal inerter devices29 have been widely exploited by both scientific
and engineering communities.30 In Ref. 31, the model of ideal
mechanical inerter was exploited to tune dispersion characteristics
of non-trivial bandgaps and interface modes without affecting the
topological properties of the locally resonant lattices. However, the
investigation of topological interface states in one-dimensional
inerter-based locally resonant lattices with beyond-nearest neighbor
coupling remains relatively unexplored, presenting an intriguing
research opportunity.

This study aims to uncover the tremendous capabilities of
mechanical inerters in manipulating the band structure and fre-
quencies of interface modes while preserving the main topological

features of the basic lattice configuration. The specific case of a
lattice with inerter elements in third-nearest neighbor (TNN) cou-
pling will be comprehensively investigated as a unique example not
yet explored in the literature. Values of the inertance parameter in
BNN interactions that maintain the original topological properties
of the lattice will be separately explored to reveal the limitations
and control potential of the inerters. As such, the study is struc-
tured as follows: Sec. II presents the basic formulation of the
problem, along with the mathematical model and an illustration of
the one-dimensional lattice with BNN coupling. In Sec. III, we
outline the methodology for investigating the non-trivial topology
of the lattice based on the topological invariant Zak phase and dis-
covering band transitions in related bandgaps. The invariant
winding number is discussed, and the Berry connection difference
is proposed to account for changes in the number of topological
states in the system. Section IV provides the main numerical results
and a parametric study to understand the behavior of the proposed
system, comparing unit cell and super-cell band structures. The
final Sec. V concludes with the main findings and suggests ideas
for future research directions in the field.

II. SYSTEM FORMULATION AND EQUATION OF
MOTION

To begin, we will examine an infinite one-dimensional elastic
chain comprising a unit cell consisting of two outer masses and
corresponding inner sub-masses, which represent the local resonat-
ing units (refer to Fig. 1). All masses are interconnected by springs
and inerter elements, with the addition of third-nearest neighbor
(TNN) interactions. Notably, the chain’s outer masses are con-
nected by springs with alternating stiffness. The motion equations
governing a unit cell in this system can be expressed as follows:

0 ¼ ma€u
p
1a þ k1(u

p
1a � up

2a)þ k2(u
p
1a � up�1

2a )
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p
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1b)þ kc(2u
p
1a � upþ1

2a � up�2
2a )

þ jb(€u
p
1a � €up1b)þ ja(2€u

p
1a � €up�1
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þ jc(2€u
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2a � €up�2
2a ), (1)

0 ¼ ma€u
p
2a þ k2(u

p
2a � up

1a)þ k1(u
p
2a � upþ1

1a )

þ kb(u
p
2a � up

2b)þ kc(2u
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2a � upþ2

1a � up�1
1a )

þ jb(€u
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2a � €up2b)þ ja(2€u

p
2a � €upþ1

1a � €up
1a)

þ jc(2€u
p
2a � €upþ2

1a � €up�1
1a ), (2)

0 ¼ mb€u
p
1b þ kb up1b � up1a

� �þ jb €up1b � €up1a
� �

, (3)

0 ¼ mb€u
p
2b þ kb up2b � up2a

� �þ jb €up2b � €up2a
� �

, (4)

where u ja and u jb for j ¼ 1, 2 denotes displacements of outer and
inner masses, k1, k2 are stiffness of springs connecting outer
masses along with inerter element of inertance ja, kb and jb are
stiffness and inertance parameters, respectively, of the locally reso-
nant sub-units and kc and jc are stiffness and inertance parameters
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representing the TNN interactions. Further, we assume the plane
wave solution for the equations of the representative unit cell along
with the Floquet–Bloch periodic boundary conditions

u p ¼ U(κ) ei(pκd�ωt), (5)

where u p ¼ [up
1a, u

p
1b, u

p
2a, u

p
2b] is the vector of displacements of pth

unit cell, ω is the frequency, κ is the wavenumber, d is the lattice
constant, and U(κ) is the vector of complex wave amplitudes.
Substituting this assumed solution into the corresponding equa-
tions for the unit cell yields the following eigenvalue problem:

K p(κ)� ω2M p(κ)
� �

U(κ) ¼ 0, (6)

where K p(κ) and M p(κ) are the corresponding stiffness and mass
matrices of the representative unit cell of the periodic 1D chain-like
lattice system with TNN couplings. Note that, unlike the classical
mass-spring chains, the lattice with inerter elements with both NN
and BNN couplings possesses out-of-diagonal elements in the mass
matrix, which should be considered when obtaining the dispersion
relations and topological invariants.31 In the following analysis, we
will assume the lattice constant as d ¼ 1 and solve the above eigen-
value problem to evaluate the dispersion and topological properties
of the corresponding lattice system.

III. METHODOLOGY

Solving the above eigenvalue problem equation (6) gives the band
structure in terms of the wavenumber for the periodic locally resonant
unit cell system having four bands. However, to determine the topolog-
ical features of eigenvectors associated with these bands, one can utilize
the topological invariant Zak phase as a special case of the Berry phase
suitable for one-dimensional lattices, that for the mth band is given as

θZak(m) ¼ i
ðπ
�π

UH
m(κ) � @κUm(κ)

� �
dκ, (7)

where UH
m(κ) is the Hermitian of the eigenvector Um(κ). The individ-

ual components of eigenvectors Um are given as U (α)
m with

α ¼ 1, 2, 3, 4. In the case of the larger unit cells, with multiple degrees
of freedom (more than two), it is more convenient to use the numeri-
cal formula for the Zak phase,3 where a certain number of discretiza-
tion steps N is used, which is given as

θZak(m) ¼ �Im
XN�1

s¼�N

ln UH
m

s
N
π

� �
� Um

sþ 1
N

π

� 	
 �
: (8)

Quantized Zak phase can take the values of 0 or π, which is
also connected to the topological invariant winding number w ¼
θZak(m)=π(mod 2) that will take corresponding values of 0 or w ¼ 1,

FIG. 1. Illustration of a locally resonant one-dimensional lattice with inerters and TNN couplings (a) representative unit cell; (b) lattice super-cell model with the interface.
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respectively. Additionally, by employing the approach from Ref. 6, the
winding number can be visualized through the variation of complex
eigenvector components as a function of the wavenumber. This visuali-
zation yields three-dimensional plots and rotation of eigenvector com-
ponents around the center of the complex plane. The first step in this
methodology is normalizing eigenvectors to obtain one or more pure
real components while the remainder are complex. In simple,
two-band systems, this yields one real and one complex component of
the eigenvector. A single rotation of the complex component line
about the center of the complex plane corresponds to the winding
number difference of one. When there are multiple complex compo-
nents in the normalized eigenvector, the surface connecting these com-
ponents should also rotate to yield quantized winding number values.
In our case, we utilized this procedure to obtain the first two compo-
nents of eigenvectors as real and the remaining two as complex, which
can be further visualized as described above. Moreover, the winding
number often corresponds to the number of edge/interface states,

giving us precious information about the topological properties of the
system. However, when there are BNN interactions, this methodology
for counting the number of edge/interface modes in the system breaks
down, and other approaches should be used. In Ref. 23, the authors
used two approaches, one based on Jackiw–Rebbi (JR) indices associ-
ated with JR zero modes, and the second based on the Berry connec-
tion curve used to calculate the number of peaks and valleys associated
with the number of edge states in the finite lattice. Here, we will
employ the conventional numerical formula to calculate the Zak phase
of each isolated band to determine the non-trivial nature of certain
bandgaps based on the following sign formula:

sign[ζ (n)] ¼ (� 1)n(� 1)lexp i
Xn
m¼1

θZak(m)

" #
, (9)

by taking that the first band is m ¼ 1, while the first gap n ¼ 1 is the

FIG. 2. Band structure diagrams of the inerter-based locally resonant lattice unit cell with TNN coupling through different stiffness springs and inerters. The left side
panels in each subfigure show the case when the stiffness band inversion parameter γ ¼ 0 (k1 ¼ k2) while the right side panels represent the equal band structures in
two configurations γ ¼ +0:5 (k1 _ k2). Zak phase of each isolated band is utilized to determine the sign ζ (n) of the bandgaps and characterize the non-trivial topology
of the first and second gap (highlighted in green) and trivial nature of the second gap (highlighted in gray). Red dashed lines show the influence of inerters on band
frequencies.
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one above the first band. By using Eq. (9), one can obtain the corre-
sponding signs of gaps in two lattice configurations and identify non-
trivial gaps through opposite signs. However, this information can tell
us only about whether the existing edge/interface states will be topo-
logically protected (non-trivial) but does not carry information
about their number. For this purpose, similar to Ref. 23, we can cal-
culate the number of TPIS as a topological invariant difference
ΔB(κ) ¼ B1(κ)� B2(κ) in the range κ ¼ 0� 2π, where B1 and B2

refers to the cases k1 . k2 and k1 , k2, respectively. Here, Berry con-
nection is represented by the integrand of Eq. (7) which can be also
obtained numerically similar to Eq. (8). The number of protected states
will be confirmed through the super-cell band structure analysis.

IV. RESULTS AND DISCUSSION

This section shows the most important results regarding the
band structure, topological, and localization properties of the lattice
with the third-nearest neighbor interactions, based on the explora-
tion of a simple unit cell and a super-cell model. This will reveal
the main wave propagation behavior of such types of periodic

systems and enlighten the potential of inerter elements to manipu-
late lattice features such as interface mode frequency. The following
values of parameters are used in simulations if not given otherwise
in figures: stiffnesses k1 ¼ k(γ þ 1) and k2 ¼ k(γ � 1) with the
mean stiffness k ¼ 10 000 (N/m) and stiffness parameter γ ¼ 0:5,
stiffness of the local resonator kb ¼ k=2, stiffness of the ground
spring kg ¼ k=10 and values of outer ma ¼ 1 (kg) and inner
mb ¼ ma=3 masses. The values of inerter parameters, with the
same unit of (kg), are given in figures. Note that all the obtained
frequencies are normalized with the frequency of the local reso-
nator given as Ωb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
kb=mb

p
.

A. Band structure and topological properties

Let us study the band structure and topological invariants of
the unit cell by using Eqs. (1)–(9) that generates dispersion curves
and corresponding topological invariant Zak phase for each of the
four bands. Figure 2 shows the band structure for different stiffness
kc of springs in the TNN coupling with and without inerters.
Moreover, the signs of bandgaps, calculated based on the Zak

FIG. 3. Band structure and eigenmode diagrams of a supercell with 40 unit cells on each side of the interface (overall 324 masses) without and with low stiffness TNN
spring and weak inerter interactions. The case of γ ¼ 0:5 (k1 . k2) is adopted in two different configurations: (a) kc ¼ 0 and without inerters; (b) kc ¼ 0 with inerters
ja,b,c ¼ 0:02; (c) kc ¼ 1=10k with inerters ja,b,c ¼ 0:02; and (d) kc ¼ 1=3k with inerters ja,b,c ¼ 0:02. To distinguish the edge and bulk modes, six chosen frequencies are
highlighted in different colors in band structure diagrams (left panels) and corresponding mode shape diagrams (right panels).
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phase of each isolated band below that gap according to Eq. (9), are
determined in two different unit cell configurations k1 . k2 and
k1 , k2. One can observe a strong influence of the stiffness of
TNN coupling springs on dispersion curves. Figure 2(a) shows the
case of the strongest TNN coupling when k1 ¼ k2 (left panel) and
k1 + k2 (right panel). The case of equal springs in NN interactions
shows two Dirac points, with a single gap (highlighted in gray
color) between the second and third bands. The case of different
NN coupling springs leads to the emergence of band-folding
induced bandgaps, which yields the same band structure but differ-
ent topological properties of isolated bands in two configurations

i.e., θZak(m) ¼ 0 for all bands when k1 , k2 and θZak(m) ¼ π for k1 . k2
for all bands. This gives different signs of gaps in the first and third
gaps (highlighted in purple color) indicating their non-trivial
nature, while the second gap is trivial due to the same signs. It
should be emphasized that the non-trivial gaps are very narrow in
the strong stiffness TNN coupling. A decrease of the TNN interac-
tion stiffness kc leads to the widening of non-trivial gaps, which are
the largest for the lowest BNN coupling stiffness [Fig. 2(d)]. The
effect of introduced inerter devices used in both NN and BNN cou-
plings is reflected in decreased frequencies of dispersion branches,
especially in the higher frequency bands. However, no changes

FIG. 4. Band structure and eigenmode diagrams of a supercell with 40 unit cells on each side of the interface (overall 324 masses) with high stiffness TNN spring and
weak inerter interactions. The case of γ ¼ 0:5 (k1 . k2) is adopted in two different configurations: (a) kc ¼ k and ja,b,c ¼ 0; and (b) kc ¼ k and ja,b,c ¼ 0:02. To distin-
guish the edge and bulk modes, six chosen frequencies are highlighted in different colors in band structure diagrams (left panels) and corresponding mode shape dia-
grams (right panels). The middle panels show the magnified frequency range of the first bandgap with residing three interface modes.
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occur in the topological properties of the system (e.g., see Ref. 31)
and all the bands have the same topological invariants when weak
NN and TNN inerters are used.

B. Spatial and frequency localization

Figure 3 is the parametric study showing the influence of non-
local spring and inerter coupling on the band structure and mode
shapes of a supercell system with 324 masses (including local reso-
nator masses), which demonstrates the existence of interface states
and enables us to count their overall number. It can be noticed that
excellent matching of the bulk bands with the dispersion branches
(full red lines) was obtained from the corresponding simple unit
cell model. Figure 3(a) refers to the configuration without TNN
coupling kc ¼ 0 and inerter elements in the system. One can
observe two interface modes in the band diagram, one in each of
the two non-trivial gaps (gaps highlighted in green color), whose
mode shapes, given in panels on the right-hand side, demonstrate
the spatial localization of those modes at the interface. These mode
shapes (blue and black lines) can be considered symmetric, where
the interface mass is at rest while the neighboring masses have
equal amplitudes but opposite phases. The mode shapes from the
bulk frequencies display the typical features of the conducting
modes while a single interface mode (colored in green) from the
trivial bandgap is also localized but displays anti-symmetric proper-
ties, i.e., interface and neighboring masses are displaced from the
equilibrium point. Similar mode shapes occur in the configuration
with considered inerter elements both in the NN and TNN cou-
pling when ja ¼ jb ¼ jc ¼ 0:02 given in Fig. 3(b). Note that in all
observed super-cell configurations, we adopted the NN coupling
stiffness parameter to be γ ¼ 0:5 (i.e., k1 . k2), resulting in stron-
ger stiffness of interface springs and leading to the symmetric
mode shapes mentioned earlier, with constant frequency for
varying positive values of γ (e.g., see Ref. 31). Conversely, taking
negative γ, related to k1 , k2, will yield weaker stiffness of interface

springs, resulting in anti-symmetric lattice mode shapes whose fre-
quency varies for different negative values of γ. The physics behind
the formation of these symmetric and anti-symmetric mode shapes
was explained in Ref. 32 for simple phononic lattices. However, the
analysis of this phenomenon becomes more complex for lattices
with multiple interface modes within a single gap and will be
omitted in this work. Further, under the influence of inertance, one
can observe a significant shifting of both bulk band and interface
mode frequencies to lower values of frequencies can be observed
while maintaining the same number of interface states. This dem-
onstrates the potential of mechanical inerters to control the band
structure properties of lattices and especially the interface states.
The effect of stiffness of TNN spring kc is investigated in Figs. 3(c),
3(d) and 4. Low values of kc ¼ 1=10k demonstrated a weak influ-
ence on both band structure and mode shapes compared to the
configuration without them, i.e., the overall number of interface
modes and their mode shapes remain the same. Further increase of
kc ¼ 1=3k leads to significant changes in band frequencies and mode
shapes. Moreover, two new interface modes within the non-trivial
gaps emerged from the bulk, whose mode shapes (see red and
magenta mode shapes) are localized around the interface in the form
of anti-symmetric modes while the standard simple unit cell model
yields the winding number difference w ¼ 1. The other two interface
modes inside the non-trivial gaps remain in a similar symmetric
mode shape form. Finally, Fig. 4 shows the effect of strong stiffness
TNN coupling kc ¼ k with the main consequence of an increased
number of interface modes. Three interfaces exist in each of the two
non-trivial bandgaps whose localization is demonstrated through
eigenmode analysis. All three modes display different shapes in the
form of symmetric or anti-symmetric modes. However, due to nonlo-
cal interactions, the zone of localization is widened, thus, significantly
affecting the topological properties of the lattice which will be the
subject of investigation in the following subsection.

Figure 5 shows the effect of increased inertance in inerter-
based TNN interactions on the super-cell band structure and mode

FIG. 5. Band structure and eigenmode diagrams of a supercell with 40 unit cells on each side of the interface (overall 324 masses) without TNN springs and with strong
TNN inerter-based interactions. The case of γ ¼ 0:5 (k1 . k2) is adopted in two different configurations: (a) kc ¼ ja,b ¼ 0 and jc ¼ 0:3; and (b) kc ¼ ja,b ¼ 0 and
jc ¼ 0:6. To distinguish the edge and bulk modes six chosen frequencies are highlighted in different colors in band structure diagrams (left panels) and corresponding
mode shape diagrams (right panels). The middle panel in sub-figure (b) shows the magnified frequency range of the third bandgap with residing three interface modes
having mode shapes with weak localization properties.
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shapes. The results clearly show that higher values of inertance,
along with the lack of TNN spings and NN inerters
kc ¼ ja ¼ jb ¼ 0, can affect the topology of the higher frequency
bandgap by significantly reducing its width while leading to the
emergence of three interface modes. In the configuration with jc ¼ 0:3
the influence of TNN inerter is visible but the number of interface
states remains the same as in the configuration without it. On the
other side, the stronger inertance jc ¼ 0:6 leads to almost overlap-
ping of the bulk modes narrowing the bandgap in between, which
have three interface modes residing inside it. Their localization
properties are demonstrated through eigenmode analysis that
reveals that the first bandgap interface mode is still localized in the
form of symmetric mode. However, the narrow bandgap interface
modes barely exist, and their localization is highly affected showing

significant disturbances far from the interface. These results bring
us to the conclusion that one needs to be careful with the choice of
inerter parameters in TNN coupling since it leads to the partial
delocalization of the interface modes.

C. Berry connection and winding number

In the preceding analysis, we demonstrated the non-trivial
topology of certain bandgaps in the system and explored the exis-
tence of interface modes within those gaps through the band analy-
sis of the super-cell. We have shown that the topological invariant
Zak phase can be utilized in determining the sign of the gap i.e.,
the band transition between two lattices with alternating stiffness,
which will tell us whether the corresponding gap is non-trivial or
the trivial one but cannot give us information of the number of
interface states. The winding number is another topological invari-
ant that can be used in evaluating the topological properties of the
lattice along with determining the number of interface/edge states.
Such gauge-dependent invariant is also related to the Zak phase
and measures the rotation of eigenvectors around the center of the
complex plain. In Ref. 23 the authors have shown that an alterna-
tive formula for the winding number of the SSH chain with BNN
interaction yields the same values of this invariant that is equal to
the winding number difference of one, which on the other side fails
to predict the correct number of interface states. For this purpose,
the correct number of states was predicted by calculating the
number of peaks and valleys on the Berry connection curve or
through the Jackiw–Rebbi zero modes. Another important issue is
the calculation of winding numbers and non-trivial topology in
multiband systems, where each dispersion band can exhibit a
unique value of the winding number. In Ref. 6 it was proposed to
introduce a unique winding number for each of the gaps we want
to evaluate, which is obtained by summing the winding numbers of
all bands below that gap. It was discovered that the emergence of
edge modes is related to odd values of this unique number. In this
work, the winding number calculation can be done based on the
Zak phase which then predicts the same winding number w ¼ 1
for all of the bands of locally resonant lattice without and with
weak TNN couplings (kc ¼ 1=10k). However, stronger spring TNN
coupling (kc ¼ 1=3k and kc ¼ k) results in a higher number of
interface modes while the winding number is the same. Therefore,
to follow these changes solely based on the simple unit cell band
structure and since the number of topologically protected states
depends on the topological invariant difference due to differences
in gauges,23 we suggest plotting the difference of a Berry connec-
tion curve in two configurations when γ ¼ +0:5.

Figure 6 shows five distinct Berry connection difference
curves, each referring to different stiffness of TNN springs in the
case with and without TNN inerter-based interactions. Note that in
this figure only ΔB(κ) for the first band is given since the results
for the other three bands are similar in shape. Obtained curves
ΔB(κ), without and with weak stiffness TNN coupling yield a
single peak that corresponds to the winding number w ¼ 1.
However, higher values of stiffness of TNN springs lead to the
emergence of two peaks and one valley, which corresponds to
higher values of interface states that cannot be predicted by the
conventional winding number methodology. The major transition

FIG. 6. The difference in Berry connection curves ΔB(κ) of two unit-cell config-
urations γ ¼ +0:5 given for κ ¼ 0� 2π (a) without inerters; and (b) with
weak inerter-based NN and TNN interactions. Curves in each panel refer to dif-
ferent stiffnesses of TNN spring kc showing peaks and valleys of the first band.
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point between single and multiple peaks and valleys is related to
the BNN stiffness kc ¼ 1=3k, which is in line with the results
achieved in a two-band system referring to the simple SSH chain
presented in Ref. 23. Despite this unique number of peaks and
valleys in each band can give us information about certain changes
in the lattice, and it also matches the number of interface states in
non-trivial gaps, no generic rule can be defined in a multi-band
system to calculate the number of TPIS.

The previous analysis is especially interesting in the following
case where only a strong TNN inerter-based coupling is presented
(see Fig. 7), where ΔB(κ) along with the visualization of complex
eigenvector components is given for all four bands. The obtained
results demonstrate a significant influence of TNN inerters on the
topological properties of higher frequency bands. More precisely, a
difference in Berry connection curves becomes obvious for the last
two bands (bands III and IV), where the higher values of inertance
lead to the emergence of two valley-like peaks, thus indicating
changes in the gauge. As given in Ref. 23, the positive signs of local
peaks in ΔB(κ) diagrams correspond to higher winding numbers
which again match with the number of TPIS from the super-cell
analysis. Opposite to this, when there is a flip of peaks and valleys,
the winding number prediction fails to match the number of TPIS
and the winding number difference of one occurs. A similar situa-
tion is happening in our case, where the winding number difference
of one occurs in all four bands, as visualized from the complex
components of the eigenvectors (the panels in the second row of
Fig. 7) when jc ¼ 0:6, also corresponding to the case with two
valleys and one peak in the third and fourth modes. Note that even
though both the third and fourth components of the eigenvectors

are complex, for the sake of clarity only the third one is plotted
since the other one behaves in the same way and the surface
between these two component lines also encloses the complex
origin indicating the winding number w ¼ 1. It should also be
emphasized that the winding number w ¼ 1 is related to the first
and second bands in the configuration k1 . k2, and to the third
and fourth bands in the case of k1 , k2, and vice versa for w ¼ 0,
as can be seen from the second-row panels of Fig. 7. These changes
are also confirmed in the supercell band structure analysis and the
corresponding mode shapes, where three interface-like modes
emerged within the third narrow frequency bandgap.

The preceding theoretical analysis demonstrated the remark-
able control potential of ideal inerter devices in manipulating band
structure and topological properties of lattices with NN and BNN
interactions. Though the achieved results are promising from the
viewpoint of introduced novel passive components to control wave
propagation in periodic systems, it is an open question what values
of inertance parameter can be realistically achieved in mechanical
inerters having in mind its significant influence. Some designs of
mechanical inerters were suggested in Ref. 31 but this subject is still
open for further research both experimentally and theoretically.

V. CONCLUSION

This theoretical study delves into the fascinating realm of
topological interface states emerging within the one-dimensional
inerter-based locally resonant lattices featuring beyond-nearest
neighbor coupling. By introducing third-nearest neighbor interac-
tions, the lattice system unveils nontrivial topological behavior,

FIG. 7. The difference in Berry connection curves, ΔB(κ) (first-row panels), and the variation of the corresponding complex eigenvector component (second-row panels)
as a function of the wavenumber κ for all four bands in two unit-cell configurations, k1 + k2, is presented for the case when kc ¼ ja ¼ jb ¼ 0. The Berry connection
curves in each panel from the first row refer to different inerter-based TNN interactions, jc , showing peaks and valleys. The top view (hiding the third momentum space
dimension) of the rotation of eigenvectors of the corresponding bands around the center of the complex plane can be observed for k1 . k2 (blue lines in the lower
panels), referring to the winding number of w ¼ 1, while the case without rotation, k1 , k2 (red lines in the lower panels), corresponds to w ¼ 0. Note that only a single
of two complex eigenvector components is plotted, as they behave in the same way for the observed lattice configurations.
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giving rise to robust and protected interface states within the lattice
bandgap. These states exhibit distinctive spatial and frequency
localization properties, presenting compelling opportunities for effi-
cient signal manipulation and control. The observed topological
phase transitions, as a consequence of broken inversion symmetry
that lifts the degeneracy and opens non-trivial bandgaps, further
amplify the lattice system’s versatility. The presence of inerters in
the third-nearest neighbor interactions significantly impacts both
the band structure and the topological properties of the lattice.
Consequently, incorporating inerters in the locally resonant lattices
with beyond-nearest neighbor coupling bears substantial implica-
tions for advanced device and system design. These findings lay a
robust foundation for the development of topological waveguides,
filters, and sensors with heightened robustness and performance.
Key novelties of this paper include:

† Incorporation of Third-Nearest Neighbor Interactions: This study
uniquely explores the impact of third-nearest neighbor interac-
tions in inerter-based locally resonant lattices, revealing the
maintained non-trivial topological behavior for weak inertance
values.

† The emergence of Robust Interface States: The research identifies
and characterizes topologically protected interface states within
the lattice bandgap, showcasing their unique spatial and fre-
quency localization properties.

† Versatility through Inerter-based Design: The incorporation of
inerters enhances the lattice system’s versatility, allowing for the
significant manipulation of topological properties not only
through variations of stiffness and mass properties but also the
inertance in both nearest-neighbor and beyond-nearest neighbor
interactions.

† Significant Influence on Band Structure and Topological
Properties: The unique band structure of the locally resonant
lattice, presence of topological interface states and phase transi-
tions induced by the broken inversion symmetry through alter-
nating stiffness of springs in the nearest-neighbor coupling can
be controlled through inerter devices, which significantly influ-
ences both the frequencies of the band structure and the topo-
logical interface states.

† Implications for Advanced Device Design: The incorporation of
inerters in locally resonant lattices with beyond-nearest neighbor
coupling holds promise for the design and implementation of
passive or semi-passive control in advanced devices, such as
topological waveguides, filters, and sensors.

Future works originating from this paper could include the
practical development of novel devices for control and manipula-
tion of propagating waves within the lattice system, exploration of
higher-dimensional lattices and longer nonlocal hoppings, and
alternative damping schemes to expand the range of topological
effects and their applications. This research deepens our under-
standing of topological phenomena in complex lattice structures
and paves the way for future studies and innovations in the realm
of topological metamaterials.
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