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Abstract: In this writing, first, we disclose the first and second category of a I't F-fuzzy proximal
contraction for a mapping O : 4l — 20 which is nonself and also declare a fuzzy g-property to confirm
the existence of the best proximity point for nonself function O. Then, we discover a few results using
the I': F-fuzzy proximal contraction of the first category for a continuous and discontinuous nonself
function O in a non-Archimedean fuzzy metric space. Later, we discuss another result for the I'r F-
fuzzy proximal contraction of the second category as well. In between the fuzzy proximal theorems,
many examples are presented in support of the definitions and theorems proved in this writing.
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1. Introduction

In 1969, Fan [1] established a crisp approximation theorem. Fan [1] asserted: “suppose
that O is a continuous map O : il — X, where X is Hausdorff locally convex topological
vector space and i is a nonempty compact convex subset with a semi-group norm p then
there is a member y € U holding the assertion that p,, (1, Op) = pp(Op, U)”. This theorem
enhanced an approximate answer of the fixed-point equation Ou = u, where the function
O : Y — U has no fixed point, and 4 and U are nonempty sets. The distance p(y, Opu)
should be at least p(y,v) = inf{p(p,v) : p € Yand v € Y}, and the best proximity point
theorem guarantees the existence of a member of ;* such that p(u*, Ou*) = p(4, G); this
member is called the best proximity point for map O.

The crisp set theory was enhanced by the mathematician Zadeh [2] in 1965 in his
seminal paper by introducing a membership function. A membership function is defined
from a nonempty set X to a closed interval [0, 1], which means that a membership value of
any member from the set X belongs to the closed interval [0, 1]; basically, a fuzzy set is a
generalization of a characteristic function.

With the inspiration of this fuzzy theory, Kramosil and Michalak [3] introduced
the notion of a new distance space called fuzzy metric space, and the concept of this
distance space was improved by George and Veeramani [4] by defining a Hausdorff
topology. Further, the fixed point theory associated with the fuzzy concept was first
experimented with by Grabic [5] by demonstrating fuzzy Banach [6] and Edelstein [7]
contraction theorems.

In this work, we are investigating the uniqueness and existence of the best proximity
point in a non-Archimedean fuzzy (distance) metric space, and also extending, generalizing
and fuzzifying the proved results in various distance spaces. We define a few proximal
fuzzy contractions to prove the propositions for a nonself function. Moreover, many
supportive examples are given to present the fruitfulness of the given theorems.
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2. Preliminaries

First, we recollect some elementary concepts to support the main outcome.

Definition 1 ([8]). A continuous triangular norm is a binary operation defined as

® :10,1] x [0,1] — [0,1] (t-norm in short) if ® holds the following assertions:

1. ®is commutative if | ® k = k ® 1 and ® is associative , if | ® (K ® ) = (1 ® k) ® 7y for all
L%, €[0,1];

2. The binary operation ® is continuous;

3. 1®t=tforallite[0,1];

4. 1@k < y®when i < yandx < Jwithi,«,7v,{ € [0,1].

Definition 2 ([4]). The ordered triple is called a fuzzy metric space, if X is a nonempty set, ® is a
continuous t-norm and S is defined as a fuzzy set X x X x (0, +o0) holding the following assertions;
S(u,v,r) >0;

u=vifandonly if S(u,v,r) =1;

S(u,v,r) =S, pr);

S(u,n,r+s)>Suv,r)®S,1n,s);

S(u,v,-) : (0,+00) — (0,1] is continuous.

If we change 4. by

6. S(u,n,max{r,s})>Su,v,r)®S(v,1,s),

forall y,v,n € X ands,r > 0, then the ordered triplet (X,S,®) is called a non-Archimedean
fuzzy metric space. Every non-Archimedean fuzzy metric space is a fuzzy metric space, since
assertion 6 implies assertion 4.

G L=

Definition 3 ([4,8]). Suppose that (X,S,®) is a fuzzy metric space. Then, for every m,n € N
and for all r > 0:

1. Asequence {py} is called convergent to y € X if Llrf S(pn, u,r) — 1.
n (o)
2. {pn} is called a Cauchy sequence if LIT S(pn, nym,r) = 1.
n o)

3. If every Cauchy sequence converges to u € X then the space is called complete.

Recently, Patel and Radenovi¢ [9] introduced a new class of mappings, the I';-family,
and they also gave I't F-fuzzy contractive mappings, which were weaker than the group of
mappings by Huang [10].

Definition 4 ([9]). Let Ar, indicate the group of all continuous map T : (R*)* — R satisfying:
1. Forall t1,ty,t3,ty € RT with max(ty,to, t3,t4) = 1, there exists T € (0,1) such that
FT(tll tZ/ t3/ t4) =T.

Examples:
FT(tl, ty, t3, t4) T+ L- logemax(tl, ty, t3, t4), where £ € RT.
2. FT(tll t2/ t3/ t4 T

) max(tl,tz,tg,t4)'
e-T
3. FT(tll t2/ t3/ t4)

emux(tl,tz,t3,t4) :

Here T € (0,1) and thenT'; € Ar_.
The following lemma is essential to prove our key theorems.

Lemma 1 ([10]). Suppose that {u, } is a sequence in a fuzzy metric space (X, S, ®) such that for
everyn € N,

lim S(pn, pys1,7) >0,
r—0+

and for any r > 0,
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im S(pn, pns1,7) = 1.

n——+o00

If {un} is not a Cauchy sequence in X, then there exists € € (0,1), ro > 0 and two
subsequences of non-negative integers {ny}, {my}, ny > my > k where k € N, such that

{S(ﬂmk/ }lnk/ 1’0)}, {S(ﬂmk/ Vnk+1/ 7’0)}/ {S(ﬂmkflr #nk, rO)}r
{S (-1, Mg +1,70) 3 AS (Hmg 1 B +1,70)

tendto1l — e as k — +o0.

3. Main Results

Consider two nonempty subsets i and 2 of a fuzzy metric space (X, S, ®). We use
the following notations:

Uo(r) = {nesd:S(v,r)=8,9,r) forsomev € Y, r > 0},
Vo(r) = {veV:Suv,r)=S8U T, r) forsomeyu € i, r >0}
where
S0, r) = sup{S(u,v,r):uci, vePYr>0}

We recall that p € ilis a best proximity point of the map O : 4 — U if S(u, Op,r) =
S(4,95, r). We may observe a best proximity point turn to a fixed point if & = .

Definition 5 ([11]). Suppose a pair of nonempty subsets (U,0) of a non-Archimedean fuzzy
metric space X with Uy (r) # ¢. Then, the pair (U, 0) possesses the fuzzy p-property if

S(p1,v1,1) =S, T, 1)

implies S(uy, o, ,r) = S(vy, v, 7).
S(,”Z/VZ/T)—S(ﬂ,m,r)}lmples (11, 4o, ,1) (v1,10,7)

where 1, up € Ly (r) and vy, vy € V(7).
The pair (4, 4) has the fuzzy p-property.

Definition 6 ([12]). A set Ll is said to be approximately compact with respect to U if every
sequence {j,} of U satisfying the assertion S(v, pn,v) — S(v, 4, 1) for some v € U has a
convergent subsequence.

Every set is approximately compact with respect to itself. Now, we define I't F-fuzzy
proximal contractions of different categories.

Definition 7 (I'; F-fuzzy proximal contraction of the first category). A mapping O : 4 — U is
said to be a I'+ F-fuzzy proximal contraction of the first category if
S(p1,0vy,r) =S(U, 9, 1)
S(pa, Ovy,r) = S(U, Y, 1) p implies T'+(S(p1,v2, 1), S(p2,v1,1), S(p1,v1,1), )
S(p1,p2,1),S(vy,v2,7) >0
S(p2,v2,1)) - F(S(p, 2 7)) = F(S(vi,v2,1))

forall py, po,v1,vp €U, IT'r € Ar and F € Ag.
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Definition 8 (I'; F-fuzzy proximal contraction of the second category). Amapping O : {4 — U is
said to be a I'v F-fuzzy proximal contraction of the second category if

Sy, Ovy,r) =S4, 5, 1)
S(pz, Ovy,r) = S(4, 0, r) » implies T+ (S(Ouy, Ovy, ), S(Opa, Ovy, 1),

S(p1, pa, 1), S(v1,v2,7) >0
S(Ouy, Ovy,1),S(Opp, Ovy, 1)) - F(S(Op1, Ouy,r)) > F(S(Ovq, Ovy, 1))

@

forall yy, o, v1,v2 € U, IT'r € Ar_and F € Ag.
Next we need to define the fuzzy g-property.

Definition 9. Let po € U be any arbitrary point. Then, the mapping O : {0 — U has a fuzzy
g-property if for a sequence { i, } defined as

S(.Z’lﬂ+1/ Oﬂnr T) = S(ﬂ, 7, 1’),

there exist two subsequences {1, (y) tnen and {ig(n) tnen of {pn} such that

lim S(Vp(n)'ﬂq(n)'r> =1

n—+o0o

where p(n) > q(n) > n, n € N. Then,
S(Vp(n)r Vp(n)fllr) =SWU,Q,r) and S(,uq(n)r Vq(n)fllr) =S(U,T,7).

Theorem 1. Suppose that two nonempty closed subsets 3\ and U of a complete non-Archimedean
fuzzy metric space (X, S, ®) with Uo(r) # ¢ and O : U — U satisfy the assertions:

1. Ois continuous I'r F-proximal contraction of the first category;
2. O(t(r)) € Vo(r);
3. The pair (U,0) has a fuzzy p-property;
4. The mapping O has a fuzzy q-property.
Then there exists a unique u* € $ such that S(u*, Ou*,r) = S(Y4,5, 7).

Proof. Take ug € Ly(r). Since Oy € O(Ly(r)) C Yp(r), there exists 1 € Lho(r) such
that S(u1, Opg,r) = S(4,Q, r). Moreover, since Ou; € O(LUy(r)) € Vy(r), there exists
o € Ho(r) such that S(pp, Ouy,r) = S(YU, Y, r). Inductively, we can find a sequence {1, }
in 8y (r) such that
S(pni1, Opn,v) = S, G, r) foralln € N. ©)]
By assertion 3 and (3), we get
S(pn, pns1,1) = S(Opy—1, Opy,r) foralln € N. 4)
Now we prove that {1, } is convergent in £ly(r). If there exists ny € N such that
S(O,ul’lg—ll O;’lno/r) - 1/
by (4), we obtain S(png, iny+1,7) = 1 implies piny = piyy41. Therefore,
Oping = Oppy11 implies S(Opny, Oppny41,7) = 1 (5)

from (4) and (5),
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S(.uno-i-Zr Vn0+1/r) = S(OV"0+1I O.unorr) = limplies Hng+2 = Hno+1- (6)
Therefore yiy, = pin, for all n > ng and {u, } is convergent in Lly(r). In addition,

S(:u”of O‘uﬂof 1’) = S(,”ng-H/ O,uno; 7’) = S(u, 3, 1’).

This means that i, is a best proximity point of a map O, that is, the conclusion is
immediate. Due to that, consider S(pn, Opy11,7) # 1 forall n € N. By assumption 1, O is
a I't F-fuzzy proximal contraction of the first category,

Lo (S(un, pns ), S (M1 n—1,7), S (s ns1,1), S (Mnt1, Pn, 7)) -
F(S(pn pins1,7)) = F(S(pn-1, pin, 7))

Since max(S(#n—1, n, ), S (fn, hn+1,7), S (Hn—1, #n, 7), S (n, n,v)) = 1, by defini-
tion of a ['t-function, there exists T € (0,1) such that

To(S(pn ), S, thns1, 1), S (Mn—1, nt1,7), S (Hn—1, fn, 1)) = T.

Therefore
T F(S(pn ns1,7)) = F(S(pn-1,pin,1))-
This implies that
F(S(pn, pni1,7)) > T F(S(pn, pins1,7)) = F(S(pn—1, pin, 7))- @)

Since mapping F is strictly nondecreasing

S(,un/ Un+1, 7’) > S(,unflf yn,r). ®)

Hence {S(pn, pnt1,7)} (r > 0) is strictly nondecreasing, bounded from the above
sequence, so {S(un, pn+1,1)} (r > 0) is convergent. Otherwise, there exists a(r) € [0,1]

such that
nl_ig\oo S(pn, pngr,v) = a(r) )
forany r > 0and n € N.
S(pn, pns1,1) <a(r), (10)
and by (9) and (10),
lim F(S (s 1)) = Flalr) ~0) )

We must show that a(r) = 1. Assume a(r) < 1 for any > 0 and by letting limit n
tend to +o0 in (7) and using (11),

F(a(r)—0) > 7t-F(a(r) —0) > F(a(r)—0)
is a contradiction. Therefore,

Jm S Gy g, 7) = 1. (12)

Next we must show that {y, } is a Cauchy sequence. Suppose {j, } is not a Cauchy

sequence, by Lemma 1, there exists € € (0,1) and two subsequences {j, } and {i,, } of
{#n} such that

Lim S(pm,, pn,, 7) =1—€. (13)

k—+o0
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Again by using the fuzzy g-property,

S (pmys Obmy—1, r) =S, 5, r)

implies that
S(ﬂnkfouunk—lfr) = S(Ll,m,r)} P

FT(S(mG’ ]/lnk_l,?'),S(‘link, ymk_l,r),S(ymk, ‘umk—llr)/S(Vﬂk/ ,unk—ll 7)) :
F(S(Hmes tingr 7)) 2 ]:(S(mGflf Vnkflrr))

Letting k tends to +oco and using (12),

FT (kEToo S(,umk/ l’lnkfl/ 1"), kEToo S(l"nk/ }’lmkflr T’), 1/ 1) . (14)
kl_i)ffwf(s(ﬂmkrﬂnk/”)) 2 kETw]:(S(mGrVnkr”))-
Since max(kgrfooS(ymk,ynk_l,r),kETooS(ynk,ymk_l,r),1,1) = 1, there exists T €
(0,1) such that
rT(kEToo S(mG/ ]’lnkflr 7’), kl—l)r-‘,liloo S(Vnk/ ]’lmkfll 7’), 1/ 1) =T
Using (13) and (14) implies
F(1l—-e)—-0)>71-F(1—€)—0)>F((1—€)—0).

This is a contradiction. Thus, the sequence {}:, } is a Cauchy sequence in Y. Since the
space (X, S, ®) is complete, given il is a closed subset of X, there exists y* € 4l such that
lim p, = p*.

n——+oo

Since O is continuous, Oy, — Op* and the continuity of S implies S(yy41, Opin, r) —
S(p*, Ou*,r). From (3),
S(u*, Ou*,r) = S, B, 7).

Thus u* is a best proximity point of O.
Suppose that pi*, v* €  such that yu* # v*, thatis, S(u*,v*,r) # 1 and
Su*,0u*,r) =SW*, 0v',r) = S(U,B,r).
Then by the p-property of the pair (4, 7), we write S(u*,v*,r) = S(Ou*, Ov¥,r).
To(S@ut,ve,r), SWoutr), S, ptyr), SW,ve ) - F(S(ph,v7, 1) = F(S(u',v",r))

implies that F(S(u*,v*,r)) > ©- F(S(u*,v*,r)) > F(S(u*, v*,r)) is a contradiction.
Hence, the best proximity point is unique for the map ©. O

Example 1. Let X = R? and define the usual metric

p(c,d) = p((11,12), (51,22)) = Iy — Cal + [p2 — 2o forall (y1,72),(21,02) € R

Define a membership function

r

SN = e

where ¢c,d € X and r > 0. Clearly, (X, S, ®) is a complete non-Archimedean fuzzy metric space
where ® is a product t-norm.
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Let st = {(p,—2) : py € R} and B = {(v,2) : v € RT}. Here, we have 4 = $ly(r) and
U = Vy(r). Let O : h — U be defined by

o= (H -

O(u,—2) = (2,2) forall (u, —2) € 4l.

Consider c1 = (p1,—2),¢2 = (p2, —2) and dy = (2u1, —2),dr = (2uz, —2).
Now

S(c1,0dy,r) = S((n1,-2),02m,-2),7)
= S((‘Ml,—Z),(]«ll,Z),r)

7
= i S5, )

S(c3,0dy,v) = S((n2,-2),02uz,-2),7)
((}12, _2)/ (VZ/ 2)/ 1’)

= S
r

= 7 S8, 3, 7)

implies
S(cy,cp,7) = 8(0dy, Ody, 7).
Hence (4, Q) holds fuzzy p-property.
Consider

1
Cn = (2”’ —2),n € Nsuch that

S(cyi1,0cy,r) = S

Then there exist two subsequences ¢,y = c3x = (ﬁ, —2) and ¢,y = Cok = (2%, —2) of
{cn} where 3k > 2k > k such that

ngrfm8<cp(")'cq(n)'r) = kgrfms(csk/czklr)
. 1 1
= i S( (e 2) (2 2)7)
r

=1

lim 1 1
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Now

S(ear, O(cs-1),1) = 5(<23k,—2>,

kgrfoo L _Lliy|—2-2
r+|23k 23k|+| |

;
= 7 S(4,5,r).

Similarly,

1 1 r
S(CZk/O(CZkfl)/r) S((zzkl _2)10(22](_1/ —2>,7"> = 7’+4 = S(u/m/r)‘

Hence O satisfies the q-property, O is continuous and O(Yyg) C Vy. Define a strictly
nondecreasing function F(s) =

— for any s € (0,1) such that F € Ay and suppose
T¢(lh,1p,13,14) = T where T € (0,1) such that T+ € Ar,.

Consider c1 = (p1,—2),¢2 = (p2, —2) and dy = (2u1, —2),dr = (2uz, —2),

T'I(S(CLCZIT)) = T'I(S((Vllfz)/(ﬂbfz)rr))

= T']__<T)
r+ g1 — p2l

r

_ r+ [ — pal
1
T+ |p1 — w2l
r
— T ——
11— p2l
1 r 1
> —.—— —wherete|-,1
T2 |- 2!
o r
241 — 2p2|
.
B T+ |21 — 2u|
- r

1 -
T+ |2p1 — 2|

.
B f<r+|2u1—2uz|>
= F(S((2p1,—2), 2p2, —2),1)) = F(S(dy,da,1)).

Thus O is a proximal T+ F-fuzzy contraction of the first category. Thus, assumed assertions of
Theorem 1 hold. Hence O has a unique best proximity point (0, —2).

Now we insert the next theorem by avoiding the continuity of the O nonself function .

Theorem 2. Suppose that two nonempty closed subsets U and 0 of a complete non-Archimedean
fuzzy metric space (X, S, ®) with y(r) # ¢ and O : U — U satisfy the assertions:

1. O(Uy(r)) C Vo(r) and (L, D) holds the fuzzy p-property;

2. Oisa Tt F- fuzzy proximal contraction of the first category and F is continuous;

3. The mapping O has a fuzzy g-property.
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4. For any sequence {v,} in Vy(r) and p € W satisfying S(u, vy, v) — S(YU, B, ) as n tends
to +oo, then y € Ly(r).
Then there exists a unique p* € L such that S(u*, Ou*,r) = S(U,Q,r) forall r > 0.

Proof. The construction of the sequence {y,} is similar to that in Theorem 1. Then, we
must show that {1, } is a Cauchy sequence, whose proof is also similar to that of Theorem
1. The completeness property of (X, S, ®) and U being a closed subset of X ensure {p, }
converges to u* € i,

Lim S(pu,p*,r) =1

n—+oo

Moreover,

S(4,3,7) S(nt1, Opn, 1)

(
(Bns1, 1", 1) ® S(U, O, 1)
(
(

%)

st 15, 1) @ S(H, Opin, )
,ul’l—l-ll , T ) ®S(,u*/ Vn—i-l/") ®S(Vn+1/ Oi’ln/ 7'),

(A\VARAVARLY,
& O

implies
S(M,EU,V) S(]/ln+1/ ]/l*,f’) @S(“ll*,Oﬂn,r)
S(Hnir, 1, 1) @ S(W', 1, 1) @ S(U, T, 7).

AVARAY,

Letting 7 tend to +-oo,

SU,Y,r) >1® lm S(u*,Ouyr) > 1@ 1@ S(Y,V,r)

n— 00

implies
lim S(u*,Opn,r) =S, L, 1), (15)

n—+oo

and using 4, u* € Yy(r). Since O(Uy(r)) C Yy(r), there exist 1 € LUy(r) such that
S(n, Ou*,r) = S(4, G, r). Combining (15) with (3),

S, Op*,r) =SB, | .
implies
S(pns1, Opn,r) = S(84,0,7)

Lo (S, pn, 1), St 1", ), S, 1", 7), S(pns pinsr, 1)) - F(S(, g1, 7))
> F(S(u pn, 1))

Letting n — +oo,

lim [T (S, pn, 1), S(nsr, 15, 7), SO1, 1", 7), S(fns ping1, 7)) -

n—+00
F(SQ pnir, 1)) 2 Hm F(SH, pn, 7))

implies
Le( Uim S, pn,7),1, Um S(y,p%r),1) - lim F(S(1, psa,7))

n—-+oo
= lim F (S pn,1))-
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Since max( lim S(1,un,r),1, lim S(y,u*,r),1) = 1, thereexists T € (0,1) such that
n—r=4-00 k—+o0
Te( lim SQp,pn,7), 1, Him S, p%1),1) =1
implies

- lim F(S(y, pns1,1)) > lim F(S(u*, pin, 1))

n—r—+o00 n——+oo

im F(S(y, pns1,7)) > 1 m F(S(, pps1,7)) > Um F(S(p*, pn,1)).

n——+oo n—r+o0 n—r+o00

Since F is continuous,

lim S, pusr,r) 2 Hm S(p" pn,r) =1

n——+4o00

implies
lim S(n, ppgr,7) =1,

n—-+oo

but the limit of the sequence is unique, so we conclude that 7 = u*, thatis, S(u, Ou*,r) =
S(n,0u*,r) = S(,B, ). The best proximity point of O is unique similarly to the proof of
the uniqueness part of Theorem 1. O

Example 2. Let X = R x R. A membership function S : X x X x (0,400) — (0,1] is a complete
non-Archimedean fuzzy metric space with a product t-norm defined by

ro\Pled)
S(c,d,r) = ( )

r+1

forall c,d € X and r > 0 where p is a standard metric. Define the two sets

U= {(oi) ‘n EN}U{(0,0)} and U = {(12) n eN}U{(w)},

so that p(U, V) = 1and S(Y, T, r) =

are L and 0 are closed in X.

d 1 forall ¥ > 0. We can see that both nonempty subsets

Let us define O : 44 — U by

2 i 1
O(ar, 1) { (1, n> if (a1, a2) = (0, Z) foralln € N, 16)
(1,0), if (ay,a2) = (0,0).

Clearly, Uy (r) = U, Vo(r) =B, OUo(r)) C Vo (r) and the hypotheses of Theorem 2 hold.
)s

Let F(s) = loge(s) where s € (0,1) such that F € Ay and consider T'(ty, tp, t3,t4) = T where
T € (0,1) such that T+ € Ar,.

Consider S(u, Ov,r) = S(, U, r) for some u,v € 4. Then,

(1, 0) = (((o,o),(o,o)), ((oi) <031)) ‘e N).
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We investigate the following cases:

1D If (u, 1) = (<0,2>, (0,11)) and (up,vy) = (<0,§1>, (0,;)) foralln,m € N.

We have
2 2
T-F(S(up,up,r)) = T-]-"(S((O,n>,(0,m),r))
|2-2|
r n m
B T']:<(r+1> )
2_;‘
_ 'ZO r n m
T ge(r—i—l)

o n o m 3e r4+1

> |- — 'logg(t—:1> where T € [1/2,1)

_\
N
N—
=
—
=
<
Q
iy
N—
—
—
o
o
SN—
—
()
(@)
SN—
S—
)
S
QU
—
=
g
5]
N
N—
7N
N
—
L
SRS
~~
/‘\
E\H
~~_
~~_
2
=
2,
3
m
=z

T - F(S(u,v,r) = T-]-"(S(0,0), O,i),r)>

I
,_]
Ik
S
oqQ
x
/\’-‘

V4
/—\
v+

s

here T € [1/2,1)

=(( (i)))

- Ul/ 02,1 )

(3)  If (u1,v1) = ((0,0),(0,0)) and (up,v2) = ((0,0), (0,0)), the fuzzy proximal contraction
condition holds.
The property symmetry of membership function S covers all the possible cases, so we leave the
details of these parts. Now, we conclude that the hypotheses of Theorem 2 are satisfied, and
there exist a* = (0,0) € Y such that S(a*, Oa*,r) = S(U,5,r) forall v > 0.
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Theorem 3. Consider two nonempty closed subsets L and 0 of a complete non-Archimedean fuzzy
metric space (X, S, ®) with Uy (r) # ¢. Assume that L is approximately compact with respect to U
and O : U — U satisfies the following assertions:

1. O(Uy(r)) € Vo(r)and (L, 0) satisfies the fuzzy p-property;
2. Oisa continuous I't F - fuzzy proximal contraction of the second category;
3. O has a fuzzy g-property.

Then there exists a unique p* € Ll such that S(u*, Ou*,r) = S(U,G, r). Moreover, for any
fixed element pg € Ly(r), the sequence {1, } defined by

8(.”71—0—1/ Oﬂn, 7’) = S(ﬂ, Y, 1’),

converges to the best proximity point u. Further, if u* is another best proximity point of O, then

Ou = Ou*.
Proof. Similar to Theorem 1, we formulate a sequence {y, } in ly(r) such that
S(pnt1, Opn, 1) = S(8, G, 1) (17)
for all positive integers n. From the fuzzy p-property of the pair of maps 4 and I,
S(pn, pns1,7) = S(Opy—1, Opp,r) forall n € N.
If for some ng, S(piny, Png+1,7) = 1, then
S(Ouny—1,Oping, v) = 1 implies Opyy—1 = Oy, implies S(pny, Oppng, 7) = S(U, 0, 71),

thus the inclusion is immediate. Therefore, consider for any n in N, S(Opy, Opy1,1) > 0.
By 2, the mapping O is a I't - fuzzy proximal contraction of the second category,

I'+(S(Oun, Opin, 1), S(Opps1, Opy—1,1),S(Opn, Opiy—1,7), S(Otyi1, Opin, 1)) -
f(S(OVWOVn-H/r)) > F(S(Oﬂn—lr O,”n/r))

implies
F(S(Otn, Opint1,7)) > T+ F(S(Opin, Opiny1,7)) 2 F(S(Opt1, Oppn, 7). (18)
Since F is strictly nondecreasing,

S(Oﬂn/ Otps1,1) > S(Opy—1, Opin, 7).

Thus the sequence {S (O, Opyi1,1)}, (r > 0) is strictly nondecreasing and bounded
from above, so the sequence {S(Ouy, Ouyy1,1)} (r > 0) is convergent. In other words,
there exists a(r) € [0,1] such that

nLiTooS(OP‘n/ O.unJrlf 7’) = 61(1’), (19)
forr >0and n € N.
S(Opn, Opiyy1,7) < a(r), (20)

by (19) and (20), for any r > 0, we have

lim F(S(Owuu, Oppia,v)) = F(a(r) —0). (21)

n—-+o00
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Next we must show that a(r) = 1. Assume a(r) < 1 for any r > 0 and take the limit as
n tends to 400 in (18) and by (21), we obtain

F(a(r)—0) > 1-F(a(r) —0) > F(a(r) —0),
a contradiction. Therefore,

Jim  S(Opn, Oppyr, 1) = 1. (22)

Further we must prove that {Op, } is a Cauchy sequence. Suppose {Op, } is not a
Cauchy sequence. By Lemma 1, there exists € € (0,1), r > 0 and subsequences { Oy, }
and {Opy, } such that

HETWS(Oymk, Oy, 1) =1—e€. (23)

By using the fuzzy g-property,

S(mGr O]imk—lﬂ’) = S(u/ %I 1’) . .
implies
S(Vnk/ Opny—1, r)=38(4,B,r)

FT(S(O.umk/ Oy”lk—lf r)rS(OP‘nkl O,umk—l/ 7’), S(Oﬂmkr O]/lmk—ll r)r
S(Opn, Opy—1,71)) - F(S(Opimy, Opiny, 7)) = F(S(Opiy—1, Oty —1,7)).

Letting k tend to 400, using (23) and with the definition of the I'; function,
F((1-€)—0) > 7-F((1-e€) - 0)) > F((1—¢€) - 0)),

a contradiction. Thus, {Op,} is a Cauchy sequence in U. Since the space (X, S, ®) is
complete, and % is a closed subset of X, there exists v € U such that 1_1>I£l Oun =v.
n <)

Furthermore,

S(v, 84, 7)

AVANLY,

AV

» v

g

S

=

g
\/3/\/
® ® ®
“» % O
&

&

>

and taking the limit as n — 4-o0,

lim S(v, Opp,r) = S, U, 7).

n——+00

Since i is approximately compact with respect to 20, there exists a subsequence {5, }
of {yn} converging to element u in $l. Thus,

S(u,v,1r) = nliTwS(ynk,Oynk,l,r) =S(v,4,7).
Hence it implies u € $y(r), since klim pn, = u. Since O is continuous and {Op, } is
—r400
convergent to v,

lim Ouy,, = Ou = 0.

k—+c0
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Hence
S(u,Ou,r) = 1_1)111 S(pin, Opny, 1) = S(U, 0, 7).
n [ee]

Let u* be another best proximity point of the mapping O such that S(u*, Ou*,r) =
S(4,9,r). Since O is a I't F-fuzzy proximal contraction of the second category,

S(u*, Ou*,r)=8S,3,v)| . .
implies that
S(u, Ou,r) = S(U,7,7)
I(S(Ou*,Ou,r),S(Ou, Ou*,r),S(Ou*,Ou*,r),S(Ou, Ou,r)) -
F(S(Ou*,0u,r)) > F(S(Ou*,Ou,r)),

by the definition of a I';-function,
T F(S(Ou*,Ou,r)) > F(S(Ou*,Ou,r)).
Moreover,
F(S(Ou*,0u,r)) >t-F(S(Ou*,0u,r)) > F(S(Ou*,Tu,r))
implies that
S(Ou*, Ou,r) > S(Ou*,Ou,r),

which is a contradiction, that is, # and y* must be identical. Thus, O has a unique best
proximity point. [J

Our other result is for a nonself generalized I'c F-fuzzy proximal contraction of the
first category and second category.

Theorem 4. Suppose that two nonempty closed subsets Ll and U of a complete non-Archimedean
fuzzy metric space (X, S, ®) with Uo(r) # ¢ and O : U — U satisfy the assertions:

L O(th(r)) € Wo(r);

2. (U,9Q) satisfies fuzzy p-property;

3. OisaTItF-fuzzy proximal contraction of the first and second category both;

4. O has a fuzzy g-property.

Then there exists a unique element y € L such that S(u, Op,r) = S(U, 0, r). Moreover, for
any fixed element pg € Ly(r), a sequence {p, } defined by

S(pnt1,Opn,r) = S, T, 1)

converges to the best proximity point y. Further, if u* is another best proximity point of O then
Ou = Op*.

Proof. Similar to Theorem 1, formulate a sequence {y, } in {y(r) such that
S(pns1,Opn,r) = S, 3, 1)

for all non-negative integer n with O(Uy(r)) C Yo(r). As in Theorem 1, we may show that
the sequence {1, } is a Cauchy sequence. Thus, the sequence converges to any element y in
4. As in Theorem 2, the sequence {Op, } can be shown to be a Cauchy sequence and to
converge to some element v in 2. Thus,

S(yu,v,r) = nl_iﬂloos(y”“’()#”’ r) =SB, r). (24)
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Thus p becomes an element of y(). Since O(LUy(t)) C Vy(t),
S(t,Op,r) =S(U,T,r) (25)
for some element t1 in 4. By (24) and (25),

S(Vn+1r t1, 1’) = S(O,un/ OV/ 1’).

If for some ng, S(t1, piug+1,7) = 1, consequently S(Opy,, Op,r) = 1 implies Oy, =
Ou, hence S(, 0, 1) = S(u, Op,r). Thus, the inclusion is immediate. Therefore, let, for
any n > 0, S(t1, 4y41,7) # 1. Since O is a 't F-fuzzy proximal contraction of the first
category,

S(tllo% 1") = S(L{/m T') . .
implies that
S(pns1, Opn,r) = S(U, U, 1)

(St pn, 1), S(Hng1, o 1), St 1, 7), S (s ping1, 7)) - F(S(t, g1, 7))
> F(S(p, pins7)),

implies
F(S(t pnrr,1)) 2 T F(S(b pnsr, 1) 2 F(S(p pin,1))-

Letting n tend to +o0, we have S(t1,1,7) = 1, which implies that ¢ and t; must be
identical. It follows that

S(pu, Op,r) = 8(t1,0ty, 1) = S(8,9, 7).
Moreover, the uniqueness part will be similar to the steps followed for Theorem 1. O

Example 3. Let X = R2. Define a fuzzy set as follows:

r

S(C,d,r) - W’

where ¢,d € X and r > 0, where p is a usual metric and (X, S, ®) is a complete non-Archimedean
fuzzy metric with a product t-norm.

Let st = {(w,0) : w > 0} and ¥ = {(g,2) : g > 0}. Here, = Uy and ¥ = V. Assume
O:U—DYis

O(w,0) = (&2) for all (w,0) € 4,

Consider .
Uy = (n,0>n € N such that

1 1
8(un+1, Oun,r) = S((M,O),O<n,0>,r>
1 1
( +1’0)’(n+1’2)’r>
r

= 12 S(4,3,r).

n
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There exist two subsequences uy, = (%,0) and Uy, = (%,0) of {uy} where 3k > 2k > k

such that
lim S(up, ttm,r) = lim S 1 lOr
koo L RITIRITS T e w0\ 0)
T
= Iim ——=1.
k%+wr+\%—i|
Now
S(uzr, O(uzr_1),r) = S l0 OLOr
3ks 3k—1)s - 3kl 7 3k7 1/ 7
1 1
= s((59) (%2) )
= lim !
k—>+oor—|—|3l—k—31—k\+|0—2|
r
= r+2—8(il,2],r).
Similarly

S(ugk, O(ugk—1),1) = S((zlk,O),O(Zkl_l,O>,r>—S(Ll,%,r).

Hence O satisfies the g-property. Now, for each ¢,d > 0,

|0c—0d| = |O(w;,0) — O(w,0)]
. w1 wa
o |1+w1 1—|—w2|
w1, — Wy

a0+ o)
|wy — wa| + 10— 0|
= [(w1,0) — (w2, 0)]

= |c—d|

Hence W is approximately compact with regards to 0, (4, V) satisfies the p-property, O is
continuous and O(hy) C V. Define a function F(s) = is forany s € (0,1) such that
F € Apand Tr(t, ty, t3,ts) = T where T € (0,1) such that T+ € Ar,.

. w w
Consider u; = (w1,0), uy = (wy,0) and x; = (%,0),3@ - (72’0)

F(S(Ouy, Ouy, 1)) = 1-F(S(O(wq,0),O(w,.0),7))

— w2

-l () )

- ( = )
r+|1+w1_1+w2

w1 wy

f
w2
_ T ( : + | 1+w1 1+'£U2

r + | 1+'£l11 l+w2

| 1+w1 1+wz
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Let us choose T € [%M 1)

(14wq) (14wy)”

o 12+ w)(2+w) r
T 20+ w) (I tw) [ - 5
w1 w2 |1+w] 1+wy
r
= W Wy
24wy 2+wy
r

w2

w1
| 2 — —Z |
1+ 1+

r
w1 /2  wp/2
o r+ |1+w1/2 1+wz/2|
= . -
- 101/2 w2/2

T+ T2 ~ Tragr2

,
= 7 +| w1 /2 wp/2 |
' T2 ~ Trw, /2

_ wy/2 wy/2
- oo (s((Fe?) () 7))

F(S(O(w1/2,0),0(w2/2,0),1)) = F(S(Ox1, Oxy,7))

Hence O is a proximal I+ F-fuzzy contraction of the second category. Thus, all the assertions
of Theorem 3 hold. Hence, O has a unique best proximity point (0,0).

Now, we can procure a few corollaries.

Corollary 1. Suppose that two nonempty closed subsets Ll and 0 of a complete non-Archimedean
fuzzy metric space (X,S,®) with Uy(r) # ¢, OUo(r)) C Vo(r) and O : U — U satisfy
the assertions:

I:(S(u, O, r),S(v,0v,r),S(u,Ov,r),S(v,Ou,r)) - F(S(Ou, Ov,r)) > F(S(p,v,1)),

where F € Ax, T'v € Ar, and (U,0) has the fuzzy p-property. Then, there exists a unique
w* € Usuch that S(u*, Ou*,r) = S(U, T, 7).

Corollary 2. Let 3 and 0 be nonempty closed subsets of a complete non-Archimedean fuzzy metric
space (X, S, ®) such that $ly(r) is nonempty. Let O : sl — 0 be a fuzzy F- contraction for a
nonself mapping such that O (y(r)) C Vo(r). Assume that the pair (4, 0) has the p-property.
Then, there exists a unique u* € $ such that S(u*, Op*,r) = S(L, T, r).

Example 4. Suppose X = Rt x RT and

such that By (r) = V.

—p(cd)

Consider a fuzzy set S : X? x (0,+00) — [0,1] defined by S(c,d,r) = e~ for all
c,d € X and r > 0, where p is the usual metric such that (X, S, ®) is a complete non-Archimedean
fuzzy metric space with a product t-norm.
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Let O : 4 — U be defined as O(0,x) = (1, g) for all (0,x) € YU such that O(y(r)) C

V().
Consider u; = <0,1>, X1 = (0,1> and uy = <0,1>, Xy = <0,1>, where
21 11 2ny 1y
ny,ny € N,
S(uy, Oxy,r) = S OL (90i r
l/ 1/ - ,21’11 7 /n1 7
1 1
= 5((025) (v )7)
- owﬁﬁl)
— e r
= 71 =S,
Similarly

implies that

1 1
S(uy,uz,r) = S((0, E)r (0, Tm)’r)

L_L|

— 2 2

— e nq b
r

= S(0x1,0xy,71).

Thus the p-property S(uq, up,v) = S(Ox1, Oxy, ) holds.

Consider T'+(l1,1p,13,14) = T where T € (0,1) such that T'v € Ar_, and define a strictly
increasing function such that F(s) = loge(s) where 0 < s < 1. Now, we have to satisfy the
'+ F- fuzzy proximal contraction condition.

1 1
T F(S(up,up,r)) = T~]~"<S<<O,2nl>,(0,2nz>,r)>
71|L,L|
— T‘F<€ r12nq 2n2)

_l‘L_L”

= F(S(0,5), 0 )r)) = F(SG,30,1),

Hence O is a proximal I+ F-fuzzy contraction. Thus, all the assertions of Corollary 1 hold.
Hence, O has a unique best proximity point (0,0).
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4. Conclusions

The major contribution of this paper was to discuss the I't F-proximal contraction
for the nonself map in fuzzy distance spaces. A few proximity theorems were proved
for different proximal contraction in the fuzzy setting. In between the theorems, some
sample examples were given to highlight the validity of the established results. As future
work, we will consider and prove the unique best proximity point in various distance
spaces with applications. The terms used here, such as £ly(r) and Dy (r), depended on
the real parameters r, and a proximal contraction with some hypothesis could guarantee
the existence of a unique best proximity point. Readers can investigate this hypothesis to
obtain new fuzzy proximal theorems. Readers can extend these results in terms of cyclic
proximal contractions in the fuzzy setting with applications, refer [13-24].
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