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Abstract

We introduce categories M and S internal in the tricategory Bicats of bicategories,
pseudofunctors, pseudonatural transformations and modifications, for matrices and
spans in a 1-strict tricategory V. Their horizontal tricategories are the tricategories
of matrices and spans in V. Both the internal and the enriched constructions are
tricategorifications of the corresponding constructions in 1-categories. Following Fiore
et al. (J Pure Appl Algebra 215(6):1174—-1197, 2011), we introduce monads and their
vertical morphisms in categories internal in tricategories. We prove an equivalent
condition for when the internal categories for matrices M and spans S in a 1-strict
tricategory V are equivalent, and deduce that in that case their corresponding categories
of (strict) monads and vertical monad morphisms are equivalent, too. We prove that the
latter categories are isomorphic to those of categories enriched and discretely internal
in V, respectively. As aby-product of our tricategorical constructions, we recover some
results from Femié (Enrichment and internalization in tricategories, the case of tensor
categories and alternative notion to intercategories. arXiv:2101.01460v2). Truncating
to 1-categories, we recover results from Cottrell et al. (Tbilisi Math J 10(3):239-254,
2017) and Ehresmann and Ehresmann (Cah Topol Géom Differ Catég 19/4:387—443,
1978) on the equivalence of enriched and discretely internal 1-categories.
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1 Introduction

When defining a (small) category, we can equivalently require a set of objects and a
set of arrows, or instead require a set of objects and, for every pair of objects, a set of
arrows between them. The first notion is that of small category which generalizes to
the notion of internal category, and indeed a small category is an internal category in
Set, the category of sets and functions. The second notion resembles that of locally
small category (although in this case even the collection of objects is small) which
generalizes to the notion of enriched category, and indeed a locally small category is
a category enriched in Set (with the Cartesian monoidal structure). Clearly, though,
the two above definitions of a category are equivalent, so it is to be expected that the
notions of internal and enriched categories must be strictly related as well.

As recalled in Sect. 4, for a Cartesian closed category ) with finite limits and
small coproducts, we can construct the bicategory V-Mat of matrices on V and the
bicategory Span (V) of discrete spans in V, i.e., of spans over discrete objects of V,
where an object is discrete if it is a set-indexed coproduct of the terminal object. Then,
there is an adjunction between Span, (V) and V-M at, which becomes a biequivalence
when V is extensive. Observe that internal categories are monads in Span(}), and
internal categories with a discrete object of objects are monads in Spang (V). Moreover,
enriched categories are monads in V-Mat. This fact is hinted at in [6], where it is
observed that the monad morphisms between monads on the bicategories Spang(})
and V-Mat are not, respectively, functors of internal categories in V or functors of
enriched V-categories. The authors observe that for that to be the case, one would
have to use 2-categorical structures. Though they do not pursue this direction, in favor
of a 1-categorical approach.

In [11], it was observed that many distinct mathematical structures can be consid-
ered as monads in appropriate 2-categories, though their morphisms are not monad
morphisms. This was the motivation for the authors to switch to the double category
instead of a 2-category and then to consider the double category of monads in that
double category, rather than the well-known 2-category of monads in a 2-category.
Besides, it is clear that oftentimes in bicategories the existence of certain additional
structures is assumed, but it is only in the corresponding pseudo-double category that
these additional data are indeed contained (think of the bicategory of algebras and
their bimodules). As argued in [7, 16], these additional data should not be neglected,
and it is often more convenient to consider the setting of internal categories.

In view of these ideas, our goal in the present article is twofold. In the first place,
we carry out the construction hinted at in [6] to make a 2-categorical proof of the
characterization of equivalences of bicategories of matrices and spans in a 1-category
V, on the one hand, and of the categories enriched and discretely internal in V), on the
other. We do this in Proposition 4.6 and Corollary 4.8, using constructions of [11].
Namely, in [11, Example 2.1] a pseudo-double category Span(})) of spans in ) was
introduced, whose horizontal bicategory is precisely the bicategory Span(}). Then,
a double category Mnd(ID) of monads in a double category D is introduced in [11,
Definition 2.4], so that when D = Span(})), the vertical 1-cells in Mnd(Span())) are
morphisms of internal categories in V. Inspired by this, we define the pseudo-double
category Span, (V) by modifying accordingly Span(}) and introduce a pseudo-double
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category V-Mat that allows us to extend the biequivalence of bicategories from [6] to
an equivalence of pseudo-double categories. Then, consequently the equivalence of
categories discretely internal and enriched in V is recovered, under the corresponding
conditions.

Our second challenge was to generalize the latter construction to tricategories,
whose 1-cells obey strict associativity and unitality laws. We call such tricategories
[-strict. For a 1-strict tricategory V, we first set up the notions of tricategorical limits,
via the weighted 3-limits, Sect. 3.1. For V having 3-pullbacks, 3-products and 3-
coproducts, we then construct tricategorical analog of the pseudo-double categories
of matrices and spans V-Mat and Span,())) from above. In the terminology of [16],
they are (1 x 2)-categories, respectively M and S. This means that they are internal
(bi)categories in a 1-strict tricategory, in our case the tricategory Bicat3 of bicategories,
pseudofunctors, pseudonatural transformations and modifications. (Internal categories
in 1-strict tricategories were introduced in [10].) The (vertical) bicategory of objects in
both cases is Caty, the 2-category of categories, while the bicategories of morphisms
are suitable ones made for matrices and spans in V. We also construct a lax and a
colax internal functor in Bicats between these two (1 x 2)-categories M and S.

Following the idea of [11], we introduce monads in a tricategory, and then we define
a monad in a (1 x 2)-category V as a monad in the horizontal tricategory H (V) of
V. We deduce, analogously to the classical 1-categorical case, that (strict) monads
in the (1 x 2)-categories of matrices M and spans S are categories enriched and
discretely internal in V, in the sense of [10, Definitions 8.1 and 6.2], respectively. We
then introduce vertical morphisms of monads in V and the corresponding category of
monads Mnd (V). We prove that if (1 x 2)-categories V| and V; are equivalent, then
their respective categories of strict monads Mnd(V{) and Mnd (V) are equivalent,
too (Proposition 8.5). We prove equivalence conditions for the (I x 2)-categories
M and S in the spirit of [6] (Corollary 8.11) and deduce that under those conditions
their categories of monads Mnd(M) and Mnd(S) are equivalent, too (Corollary 8.14).
Consequently, we obtain the equivalence of categories discretely internal and enriched
in V, under those conditions. On the other hand, we also prove a sufficient condition
to have a functor from the category of enriched to that of internal categories in V
(Proposition 8.13). This recovers [10, Proposition 8.4] which here we obtain as a
consequence. Truncating to 1-categories, our results recover those from [6, Section 4]
and [9, Appendix].

We point out that although in our Corollary 8.11 an equivalent condition for the
(1x2)-categories M and Sto be equivalent is stated through a triequivalence trifunctor
1I: VE 5 V/(Del), by the construction of | | and its (co)domain tricategories it
is essentially a two-dimensional functor between sub-bicategories of the bicategories
of morphisms Dj and C| constituting internal categories M and S. Thus, we indeed
relate a tricategory triequivalence with a bicategory biequivalence. In this sense, it is
a proper generalization to a higher dimension of one of the two main results in [6]
(recalled in our Proposition 4.3), by which the bicategories of matrices V-Mat and
discrete spans Spang()) are biequivalent if and only if a one-dimensional functor

Y i) V/(I e 1) is an equivalence. Mind that although we use the same notation,

@ Springer



Journal of Algebraic Combinatorics

our pseudofunctors Int and En act between bicategories D and C; (different than
the bicategories V-Mat and Spang(V)!) as parts of internal functors in Bicats.

The paper is structured as follows. In the second section, we set up conventions
for notations in tricategories. In the third section, we introduce weighted 3-limits and
specialize to 3-pullbacks and 3-(co)products. In Sect. 4, we present the characterization
from [6] of the equivalence of bicategories of spans and matrices in 1-categories in
terms of extensivity, we extend it to their respective double categories, and considering
the double categories of monads in the latter double categories, we deduce that if the
former double categories are equivalent, then so are the latter. In Sects. 5 and 6, we
construct the (1 x 2)-categories M and S of matrices and spans in V, respectively,
and in Sect. 7 we define the (co)lax functors between them, defining pseudofunctors
between their respective bicategories of morphisms D and Cj. In the last section,
we introduce monads in tricategories and the category of monads and vertical monad
morphisms in (1 x 2)-categories. We also give an equivalent condition for M and S
to be equivalent; consequently, their categories of monads Mnd (M) and Mnd(S) and
categories enriched and discretely internal in V are equivalent under those conditions.

2 Preliminaries: notational conventions and computing with 2-cells

We assume that the reader is familiar with the definition of a tricategory. For the
reference, we recommend [13, 14]. By a trifunctor we mean a trihomomorphism from
[13, Section 3]. We also assume that the reader is familiar with internal category
theory. To clarify the terminology, we use equivalently “internal category (in V) and
“category internal in V”” where V is the ambient (weak) n-category, forn = 1,2, 3.
We do the same regarding enrichment. Given an internal category C (in any of the
mentioned dimensions), we use the standard notations of C for the “object of objects”
and C for the “object of morphisms.”

Throughout V will be a [-strict tricategory, meaning that its 1-cells obey strict
associativity and unitality laws, and also 2v-strict, meaning that the associativity and
unitality laws for the vertical composition of 2-cells will hold strictly. Composition
of 1-cells and consequently horizontal composition of 2- and 3-cells we denote by ®,
where y ® x means that first x is applied, then y. For the horizontal composition, we
will also use more intuitive notation: [x|y] = y ® x. Vertical composition of 2- and
3-cells we denote by £, read from top to bottom. Transversal composition of 3-cells
we denote by - and read it from right to left.

We are going to use diagrammatic and formulaic notation. When we write 2-cells
in the form of square diagrams, we will usually read them as in the first diagram below,
but sometimes also as in the right one:

)
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This means that « : pa = a’m and @ : a’'m = pa. Usually, we will suppress the
double arrow labels, and we will write explicitly which order of mapping we mean.

Such written 2-cells can be concatenated both horizontally and vertically. Con-
catenating them horizontally with the two directions of mapping corresponds to the
formulaic notations as follows:

a b a b
Va V4 B®Id, - Idy
ml [o] ll’ lq:Idwa)a ml/, l; lq:m M
a b a by

The two ways of considering 2-cells with respect to the direction of mapping, are
clearly inverse to each other. Nevertheless, since depending on an occasion we will
use both of them, we record these properties. The following simple rule can now easily
be deduced, it will be useful to us in further computations.

Lemma 2.1 Let V be a I-strict tricategory. Given equivalence 2-cells o, o’ with their

a
—_

quasi-inverses a~ Y, (@)~ and consider them as in the diagrams: ™ l @ l P and
_—

/

a
_a ,
m ol p I / / 1ol .
7 and similarly for o' : p'a = a’'m’. Moreover, suppose that we are given

!/

a
2-cells » :m = m' and p : p = p’. Then, to give a 3-cell

1d a_ a_ 1d .
w| B Jn@ ] 2w ]
T 4 o 1
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is equivalent to giving a 3-cell

1d a a 1d

AMm! o1 l / J a! lp 1Y l ‘.
| 0| e 3 ] L)) ] ]
Id a a Id

Yoo

. . [d o] (Ids |p] . . .
In formulas: to give a 3-cell ¥ : = is equivalent to giving a 3-cell

[A1de]  [of|1d]

- [AMIdg] _ [e7'1d]
C[d |~ T [Idg el

When the direction of mapping of 2-cells written in (square) diagrams is fixed,
to shorten notati_on we will also denote horizontal concatenation as in (1) by («|f),
respectively (|8).

3 3-Limits

In this section, we study limits and colimits in 3-categories. In the first subsection, we
develop the notion of weighted 3-limits and apply it to deduce tricategorical pullbacks,
which we will simply call 3-pullbacks. In later subsections, we will introduce 3-
(co)products and deduce their properties that will be crucial for operating throughout
in our proofs.

3.1 Weighted 3-limits and 3-pullbacks

We will need 3-natural transformations among trifunctors; we define them here.

Definition 3.1 For trifunctors F, G: C — D of 3-categories, a 3-natural transforma-
tiono: F = G is given by
e Foreach AinC, a l-cell as: FoA — GoA;

e Foreach f: A — B in C an equivalence 2-cell o s

FoA 25 FoB

aAl /Otj a laB

GoA W GoB

such that

— Foreach A and B inC, the o ¢ are the components of a 2-natural transformation
(equivalence)

aaB: (@a)* o Gap = (ap)xo Fap: C(A, B) > D(FyA, GoB)
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— the assignment f > o is well behaved with respect to identity and compo-
sition.

The above definition implies that, in particular, foreach ¢: f = g: A - B inC
there is an isomorphism 3-cell o

af
ago Fi(f) = Gi(f)oaa
Uy oF @] @ [cwel.,

apo Fi(g) == Gi(g)oaa

such that, for each A, B and f,g: A — B in C, the oy are the components of a
1-natural transformation (isomorphism)

apgi(@p) 0 (Gap)e = (ag)so (Fagp)sg: C(A, B)(f, g) — DUFoA, GoB)(Fi f, G1g)

Moreover, the assignment ¢ > oy is well behaved with respect to identity and
composition.

Let Bicats be the tricategory of (small) bicategories, pseudofunctors, pseudonatural
transformations, and modifications between pseudonatural transformations. Observe
that it is both 1- and 2v-strict.

Let D =1 — 0 <« 2 be the cospan graph, seen as a tricategory, and J: D 4

1 L Bicats the constantly valued trifunctor on the terminal bicategory. Let K be a
tricategory and F : D — K a diagram on C with image the cospan A l) C £ B.The
bicategory [D, K](Ax, F) is given by:

O-cells 3-natural transformations Ay = F. By definition, that amounts to 1-cells
p1: Ax(1) - Fo(1) and py: Ax(2) — Fp(2),ie, p1: X - Aand pa: X
— B, such that the square

x 2 B
Al le
s

A— C

commutes up to an equivalence 2-cell w: fp; = gp2. (The third component,
po: Ax(0) — Fp(0), is determined up to equivalence by either p; or p; via
composition with f or g, respectively.) To sum up, a 0-cell of [D, K](Ax, F)
is given by a triple

(p1: X —>A,pr2: X = B,w: fp1 — gp2)

l-cells given O-cells (p1, p2, ) and (g1, g2, 0), a 1-cell (p1, p2, @) — (q1,42,0)
is a modification of 3-natural transformations, i.e., 2-cells a1 : p; = ¢ and
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ar: p2 = g2 of K such that there is an invertible 3-cell I'

fpi == gp>

Id/‘®a1u l_‘/ Uldg@)az

fq == gq

2-cells given O-cells (p1, p2, w) and (g1, 2, o), and 1-cells (o1, a2, I'): (p1, p2, ®)
g (qla q2, 0) and (ﬂla ﬂZ’ F/): (pl > P2, C()) - (CI], q2, U)’ a2-cell (C{], a2, F)
— (B1, B2, ) is a perturbation, i.e., 3-cells O1: ] = B and O2: ar = B
in K such that

Idr ®ay r 19}
o Id; ®an
Idldf ®01 Idy,
Ido ldldg ®0,
Idf ®,51 F/ w
o Id; ®62

commutes.

Two 0-cells (p1, p2, w) and (q1, g2, 8) are equivalent if there exist 1-cells

(a1, a2, 1) (p1, p2, @) = (q1, g2, 0) 3
(B1, B2, ): (g1, 92, 0) = (p1, p2, @) 4)

and invertible 2-cells

1d r
©1.02: (Bran. oo, S 2T

=1 5
Q ® (Idf ®a1) (p1,p2,0) ( )
(Idy ®a2) ® 9) ~

Q k) Q : ’ b} = Id 6
(€21, 22) <Ot1,31 a2 F® 1d, @) (41,92.0) (©)

meaning that p; = ¢ in (X, A) and p» = ¢, in (X, B) and the invertible 3-cells
I' and €2 exist.
Every 1-cell h: Y — X induces a pseudofunctor

[D, K)(Ap, F): [D,KI(Ax, F) - [D, KI(Ay, F)

given by precomposition. Likewise, every 2-cell¢: h = k: ¥ — X induces a pseudo-
natural transformation

[D, K1(Ag, F): [D, KI(Ap, F) = [D, KI(Ag, F)
defined by
[D, KI(Ag, F)(py,pr0) = (Idp, ®9¢,1d ), @9, €0,9) (N

[D, K1(Ag, F)(a),a0,T) = (€ay,¢5 €an, ) (8)
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for every O-cell (p1, p2, w), and 1-cell (ay, a2, T): (p1, p2, @) — (g1, 92, 0), and
Idsp, ®¢ = _08ld
w@Idg g, @6

where € is the interchange 3-isomorphism; in particular, €, ¢ :
o; ®1d; Ildp, ®¢
Idg, ®:7J = o; QlIdg *
Finally, every 3-cellI': ¢ = ¢: h = k: Y — X induces a modification

and €y; ¢:

[D, KI(Ar, F): [D,KI(Ag, F) = [D, KI(Ay, F)
defined by
[D, KI(Ar, F)(p1, p2, @) = (Id,, ®T, Idyg,, ®T).

Recall that a biequivalence F: By — B, of bicategories can be characterized as
essentially surjective, fully faithful pseudofunctor (see e.g., [12, Definition 2.4.9]),
meaning:

Essentially surjective surjective on equivalence classes of objects.
Fully faithful for each pair of objects A and B in 31, the component functor

Fya.p: Bi(A, B) > Bay(Fo(A), Fo(B))

is an equivalence of hom-categories, so an essentially surjective, fully faithful
functor itself.

Definition 3.2 Let K and D be tricategories, and J: D — Bicatz and F: D — K be
trifunctors. A J-weighted 3-limit of F is an object L of K equipped with a 3-natural
biequivalence

ex: K(X, L) =[D,Bicatz](J, K(X, F—))

where [D, Bicat3](J, (X, F—)) is the bicategory of 3-natural transformations
between J and (X, F—), modifications between them and their perturbations.

Proposition3.3 Set D = (1 — 0 < 2) and let A &> C & B be the image of

! 1 . .
F in K. Also let J: D — 1 — Bicat3 be the constantly valued trifunctor on the
terminal bicategory. A 3-natural transformation J = K(X, F—) amounts to a 3-
natural transformation Ax = F.

Proof A 3-natural transformation «: J = K(X, F—) is given by a 3-natural family
of pseudofunctors ap: Jo(D) — K(X, Fo(D)), i.e., ap: 1 — K(X, Fy(D)), such
that the naturality squares

1 225 K(X, Fo(D))
ml oy lxecmg
1 2 K(X, Fy(D")
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for f: D — D’ commute up to a 2-natural equivalence « r. That amounts to a family
of 1-cellsap: X — Fo(D) in K and 2-natural equivalence oy : Fi(f)ap = ap,ie.,
a 3-natural transformation Ay = F. O

Since 3-natural transformations J = K(X, F—) are the same as 3-natural trans-
formations Ay = F, then the 3-pullback of g along f is an object A x¢ B of K
equipped with a 3-natural biequivalence of bicategories

ex: K(X,A x¢c B) =[D,K](Ax, F)

(i.e., a 3-natural transformation € whose components €x are biequivalence of bicate-
gories). This means that, in particular, there is a biequivalence

€axcp: K(Axc B,Axc B)=[D,Kl(Aaxcs, F)

making the identity on A X ¢ B correspond to a 3-natural transformation A g« .p = F,
ie., to l-cells p;: A x¢c B — Aand p>: A Xx¢c B — B and to an equivalence 2-cell
w: fp1 = gp2-S0,let€ax.p(IdaxcB) = (p1, p2, ).

For every O-cell X in /C, we know that €y is a biequivalence of bicategories, i.e., by
the characterization of biequivalences, an essentially surjective, fully faithful pseudo-
functor.

Consider a 0-cell X in K and a O-cell

q1: X —>A,q2: X > B,o: fq1 = gq2)

in [D, K](Ax, F). Since €y is essentially surjective, there exists a O-cell u: X —
A x¢c Bin K(X, A x¢ B) such that ex () = (g1, q2, ). By 3-naturality of €x in X,
the naturality square

K(A x¢ B, A x¢ B) 5 [D, KI(Aaxes. F)
/C(u,AxCB)l u lmxia.p
K(X,A x¢ B) —X— [D,K](Ax. F)

commutes up to a 2-natural equivalence €,. Thus,

ex(u) = ex(K(u, A xc B)(Idax¢B))
= ([D, K1(Au, F))(eaxcB(IdaxcB))
= (D, KI(Ay, F))(p1, p2, ®)
= (p1u, pou, o @ 1d,)

and thus (q1,¢q2,0) = (p1u, pou, » ® 1d,), i.e., there exist equivalence 2-cells
Idr ®¢ w®Id,
P d, ®%°

{1: piu = q and &2: pou = g2, and an invertible 3-cell
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Moreover, since €y is fully faithful, for each pair of objects u and v in (X, Ax ¢ B),
the component functor

(€x)uv: K(X, A xc B)(u,v) > [D, KI(Ax, F)(ex(u), €x (v))

is an equivalence of hom-categories, i.e., it is an essentially surjective, fully faithful
functor.
Since (ex)y,v 1s essentially surjective, for each object

Idf ®a; = w®Id,
o ® Id, Id; ®an

(001 pru = piv, : pou = pav, K:

in[D, K1(Ax, F)(ex(u), ex (v)),ie.,[D, KI(Ax, F)((piu, pou, o®1d,), (p1v, pav,
w® Idv)), there exists a O-cell y: u = v in (X, A x¢ B)(u, v) (i.e., a 2-cell in )
such that (ex),.»(y) = (a1, o2, K).

By 2-naturality of €, in u, there is a naturality square

ex o K(u, A xc B) = [D, K1(Ay, F) 0 €axcp
Idey ®lC(y,A><cB)ﬂ = H[D,K](AV,F)®IdeAXCB
ex o K(v, A x¢ B) == [D, KI(Ay, F) 0 €axcB

commuting up to an invertible 3-cell €, in Bicats, i.e., a modification. (Observe that

in the vertices we have composition of pseudofunctors, and in the edges we have
horizontal composition of 2-natural transformations.) Then, the component of ¢, at
Id A is an invertible 2-cell in [D, K](Ax, F),

€u(Idax - B)
ex (K@, A x¢ BYIdaxcp) —— [D, KI(Au, F)(€axcn(daxen))
(dey ®K(y,AxCB>><IdAxCB>l ey (daxcp) == l([DvK](Ay,F)(@IdeAXCB)(IdAxCB)

—
ex(K(, A xc B)Udaxcp)) g [P KI(Av, F)(eaxcs(daxcr))

e(ldaxc
i.e., considering that

(D, K)(Ay, F) @ 1de,, . p)AdaxcB) = [D, KI(Ay, F)(€axcp(IdaxcB))
= [D7 ’C](Aya F)(plﬂ p25 Cl))
= (ldp, ®y,1dp, ®Y €0.y)

Iy ®y w®1d,
0RId, gy, ®

where €, : ; is the interchange 3-isomorphism, and that

(Idey ®K(y, A xc B))(daxcB) = (€x)uw(K(y, A xc B)(IdaxcB)) = (€x)u,v(¥)
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we have an invertible 2-cell

cu(ldaxpn)
ex(u) —— (p1u, pou,  ® 1d,)

=
(€X)u,v(V)J/ ey(IdAxCB) J/(Idm ®V*IdP2 ®V’€w,7/)
=
exW) g (P1v, p2v, @ @ 1dy)

€(daxoB

where the 1-cells €, (Idpx - g) and €,(Ids . p) are equivalences. Thus,

Idfp1 Ry o ®Id,
, a0, K) = = (Id ,1d ,€woy -
(g, a2, K) (GX)u,v(V) ( p1 ®v,1dp, ®y, €u,y »®1d, Idgpz ®)/)

up to equivalence 1-cells €, (Idax ) and €,(Idsx ). That is, there exist invertible
3-cells ©1: Idy, ®y = aj and O 1d),, ®y = ap such that

Idfp, ®y €oy  weld,

o®Id, Idgp, ®y
ldr®0; w®ldy
»®Idy Tdg ®9,
Idr ®a; K w®Id,
w®ld, Idg ®an

commutes.
Since (€x )y, is fully faithful, for each pair of O-cells y, ¥': u = vin K(X, A x¢

B)(u, v) (i.e., 2-cells in K) and 1-cell
(€0ua) F22 (€00 (r)) = ((Udy, 8.1y, &Y. €0y) = 1y, @Y 1dp, 8, €0))

in[D, K1(Ax, F)(ex(u), ex(v)), wherex; : 1d,, ®y = 1d,, ®y andxz: 1d,, @y =
Id,, ®y’ such that

Idf ®(Idy, ®y) Coy w®ld,

o®1d, Id, ®(1d,, ®y)
1df ®X] m w®ldy
»@1dy Idg ®Xx2
ldy ®(Id,; ®y") 0R1d,

»®Id, Id, ®(d,, ®y")

0@y ldg,1dp, .y’

(dy ®1d,)®y" €oy/ o®1d,

w®ld, = W@, 0,8y

commutes, there exists a unique 1-cellx: y = y’'inK(X, Ax¢cB)(u, v) (i.e.,a3-cell
in K) such that ((€x)u,v)y,,7(X) = (X1, X2). We need to compute ((€x)u,v)y,y (0-
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By naturality of €, in y, for any 1-cell X: y = y’ we have that the naturality square

ldey ®K(y,AxcB)) _€y

€y
€y [D*’C](AV’F)@’ldexCB
Idldex ®K(X,AxcB) Ide,,
— T, — M[B,K](AXﬂ@mIdEAXCB
1dey ®K(/ AxCB) M
€y €, [D’K](Ay/’F)@)IdGAxCB

commutes. Computing the component of the square at Id 4. g, and considering that
(€y)1dpx.p aNd (€))1d,,.p are invertible 2-cells and (€4)1d,, .5 and (€x)1d,, .5 A€
equivalence 1-cells, and that

(dig,, ®K(X, A X B)idaeps = €xKX A X Blidgy ) = €x(X)

and

(D, KI(Ax, F) @ Wdia,, . ianees = D5 K1 Ay, F)€axc(daxcr))

= [D7 IC](AXa F)(plﬂ P2» (,())
= (Idw,, ®x. Idig,,, ®x)

we get that ex(x) = (Idldp1 ®X, Idg », ®X)s Up to invertible 2-cells (e, )1q AxeB and
(ey/)ldAch and equivalence 1-cells (eu)ldAch and (ev)ldAch. Thus, x is such that
x1 =1Idu, ®xandxz =Idy,, ®X.

Based on the above discussion, we characterize 3-pullbacks in Definition 3.4.

3.2 3-(co)products

In the characterization of 3-limits through biequivalence of bicategories we will also
use an equivalent reformulation of the condition of essential fullness, in terms of a
pair of pseudofunctors F : By — B, : G and pseudonatural transformations W :
GF = Id and ® : Id = F G which are themselves equivalences. Namely, essential
surjectiveness corresponds to an equivalence 2-cell ®, : p = FG(p) in V for every
O-cell p € By, which is a 1-cell in V, whereas essential fullness corresponds to the
fact that for every 1-cell in BB,, that is a 2-cell 6 : p = p’ in V, there is a family of
invertible 2-cells in B>, that is invertible 3-cells

(% (o}
by — = d

®, ~ FG®) ®

in V, which moreover satisfy a naturality condition.

A terminal object in a tricategory V is an object 1 such that for any object X in
V the bicategory V (X, 1) is biequivalent to the terminal bicategory. This means that
there is a particular 1-cell ! : X — 1 such that for every 1-cell f : X — 1 there is an
equivalence 2-cell ¥ :! = f unique up to a unique isomorphism, every 2-endocell
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on ! is isomorphic to identity, and the only 3-endocell on the identity 2-cell on ! is the
identity one.

Inparticular, for aterminal object 1 andany 1-cell f : A — B thereisanequivalence
2-cell:

a—I g
\ / (10)
1

unique up to a unique isomorphism, which we will call terminal 2-cell. Moreover, due
to (9), given any 2-cell « : f = g there is an isomorphism 3-cell K : % = ky. We
call them terminal 3-cells.

Analogous dual properties we have for an initial object O of V, with initial 2- and
3-cells.

We recall here the definition of a 3-pullback from [10].

Definition 3.4 A 3-pullback with respect to a cospan M i> S & N of 1-cells in a
tricategory V is given by: a O-cell P, I-cells py : P - M, p> : P — N and an
equivalence 2-cell w : gp» = fp;1 so that

1. for every O-cell T, 1-cells g : T — M,qy : T — N and equivalence 2-cell
o :8q> = fqithereexista l-cellu : T — P, equivalence 2-cells ¢1 : piu = g
and & : g2 = pou and an invertible 3-cell

Id, ®¢>
Y:ro®ld, =0
Idr ®¢

<
N}

RN

L

£

— B
a P

> < v

C

2. for all 1-cellsu,v : T — P, 2-cellso : pju = p1v,B : pou = prv and an
invertible 3-cell « : Id®§1ﬂ = ﬁi®§“ there are a 2-cell y : u = v and isomorphism

3-cellsI' : Idp, @y = a, 'z : Idp2 ®y = P such that
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(Idg ® Idpz)®}’ €,y w®ld,
wBld, 7 ®1d,,)®y
Qm Id
I T
Idg ®(Idp2 ®}') w®Idu
w®ld, 0, ®0d,, &)
ldldg ® 1d
— 4 ‘mldldf ®r
Id, ®B8 K wQId,
w®Id, Idf RQa

commutes (where €, is the interchange 3-cell).

J

C

o

3. for all 2-cells y,y" : u = v and 3-cells xi: Id,, y = 1d,, ®y’ and
x2: Idp, ®y = Id), ®y’ such that

Idg ®(Idp2 ®y) Coy, w®Id,
w®1d, d; ®1d,, ®Y)

Idg ®x2 1d

1 Idy ®x

Id; ®(d,, ®y") w®ld,
o®1d, [, ®1d,, ®7)
fo Ju

(Idg ®1d,,)®y" oy o®ldy
o®1d, Id; ®1d,)®y’

commutes, there exists a unique 3-cell x: y = y’ such that x; = Idyg, ®x and
x2 = Idu,, ®x.

For convenience, we write out the definition of a tricategorical product from [10]
that we call 3-product for short. It is the dual of Definition 5.3 from loc.cit..

Definition 3.5 A 3-product of O-cells A and B in a tricategory V consists of: a 0-cell
A x Band 1-cells p; : A x B— A, p»: A X B— B, such that

1. for every O-cell T and 1-cells f1 : T — A, fo : T — Btherearea l-cell u : T
— A x B and equivalence 2-cells §; : fi = pju,i =1,2;

2. forall 1-cellsu,v: T — A x B and 2-cells« : pju = pivand B : pou = pav,
there are a 2-cell y : u = v and isomorphism 3-cells I'; : ¢ = Id,, ®y and
I :8=1dy, ®y;
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3. for every two 2-cells y,y’ : u = v and every two 3-cells x; : Id), ®y =
Id), ®y',i = 1,2 there is a unique 3-cell ' : y = y’ such that x; =
Id]dpi RLi=1,2.

Corresponding to (9) and with notations as in items 1) and 2) above, one has that
for all 2-cells (61, 61) : (f1, f2) = (f{, f,) there are invertible 3-cells

RS 01 Y )
f———=— and Q: —=
Idy ®0 ¢ Idy, ®0 &

Qi (an

where ¢/ : f/ = piv,i = 1,2and 0 = G(01,62) where G : V(T ,a) x V(T, B)
— V(T, A x B) is a biequivalence.

Remark 3.6 The 3-limits in the above two definitions are unique up to a /-cell invertible
up to a 2-equivalence. We will call such cells biequivalence 1-cells. The latter means a
1-cell f : L — L' for which there exists a 1-cell g : L’ — L and an equivalence 2-cell
w : gf = idyr. Likewise, in the item 1) of the definitions the 1-cells whose existence
is claimed are unique up to equivalence 2-cells, and the equivalence 2-cells whose
existence is claimed are unique up to isomorphism. In the item 2) of the definitions
the 2-cells ¥ whose existence is claimed are unique up to a unique isomorphism. We
record this in the next corollary.

Corollary 3.7 Let A x B be a 3-product in a tricategory V. Then, in reference to the
items in the above definition, it is:

1. intheitem 1)the I-cell u is unique up to an equivalence 2-cell, and the equivalence
2-cells ¢; are unique up to isomorphism;

2. if a, B as in the item 2) induce 2-cells y,y’ : u = v, then there is a unique
isomorphism 3-cellT : y = y/;

3. given 2-cells y, y' : u = v and invertible 3-cells x; : 1d,, @y = Id),, Qy’,i =
1, 2, then the unique 3-cell T : y = y' from the item 3) is invertible.

An important direct consequence of the definition is:

Lemma 3.8 If the 2-cells @ : pju = piv and B : pou = pov in the part 2) in
Definition 3.5 are equivalence 2-cells, then so is y : u = v. Namely, quasi-inverses
o~V and B~V induce a quasi-inverse y .

Analogous results to the above two hold also for 3-pullbacks. In view of these
results, for any quasi-inverse of an equivalence 2-cell ¢ obtained in the context of
these 3-limits we will write simply ¢ ~!, throughout, without any further reference to
a choice in the respective isomorphism class.

3.3 Inducing 3-products on higher cells
In this subsection, we will induce 1-cells (2-cells) x x y for given 1-cells (2-cells)

x and y. Also, given certain 3-cells P, o and Pg g/, where Py o can be thought of
as specific (transversal) prism whose bases is a 2-cell « (vertically in the back) and
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the opposite face is a 2-cell o’ (vertically in the front) and analogously for Pg g/, we
will induce a 3-cell Pyy g o/xp - In order not to make this lengthy paper even longer,
we will skip the proofs in this subsection and will present only the results that we
obtained.

Lemma 3.9 Let V be a I-strict tricategory. Given two 3-products M x N and P x Q
of O-cells in 'V, one has:

a) given objects T, S and 1-cellsq1 : T —-M,qy: T —-Nands; : S —>P,s: S
— Q, then there are I-cellst : T —M x N ands : S — P x Q and equivalence
2-cells &1 : q1 = pi1t, & 1 qo = pat and 0 @ 51 = p’ls, 0 : 50 = pés as in the
picture below;

b) given I-cellsg : M — P andh : N — Q, then there is a 1-cell that we will denote
by g x h acting between 3-products M x N — P x Q and there are equivalence
2-cells wy : gp1 = pi(g x h) and wy : hpy = ph(g x h) as in the picture below;

¢) additionally to the data from a) and b), given I-cell f : T — S and 2-cells
o:gqr = s1fand B : hqy = sy f, then thereis a 2-cell y : (g x h)t = sf and
invertible 3-cells

Id, ®¢; Id;, ®22
Mo ®1d = ¢ . o;eld = P
o1 PSS —, @2 P S ———

Idpi y 01 ®Idf Idp/z QY 92®Idf

d) if @ and B in c) are equivalence 2-cells, then so is y.

T
gll‘l q2
M P1 M x N D2
i)
S
o fm
Pl

P+l px Q—»Q

Convention. The 3-cells I'j and I'; we will call informally and for short prisms P;
from¢itoB;,i =1,2.

Remark 3.10 Since in the item c) the 1-cells f, g, 4 in our drawing go transversally
from back to front, we considered 2-cells « and $ in the mapping order we did (from
qi t0 6;,i =1, 2, so to say), though this way we get:

_f _f
q1 l/@ ln and @lLSz
g h
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However, since we usually consider 2-cells written in squares in the direction /, we
make the following remark. If one considers the 2-cells «, § in ¢) in the reversed order,
namely: o : s1f = gq1 and B : 5o f = hqo, whereas ¢;, 6; and w;, i = 1, 2 maintain
the same order, then one gets a 2-cell y accordingly, namely y : sf = (g x h)t.

Remark 3.11 In all the three parts of Definition 3.5 the existence of the announced
cells is subject to the existence of previously mentioned cells that determine them.
Thus, given a 2-cell y as in Lemma 3.9 c) it is understood that y comes together with
some 2-cells o and B that determine it.

We will next construct a prism with basis a 2-cell y as in the part c) of Lemma 3.9
whose opposite face is an analogous 2-cell 3/, out of prisms with bases o and 8.

Proposition 3.12 Let V be a I-strict tricategory. Let y : (g x h)t = sf be as in
Lemma 3.9 c¢) with its assigned 2-cells ¢;, 0;, w;,i = 1,2, o and B, and consider
another y' : (g’ x W)t = sf’ induced by o’ : g'qy = s1f and B’ : Wqy = s f'
with | : g’ p1 = pi(g’ x h') and &y : h'py = p)(g' x h') and the same 2-cells
i 0i,i = 1,2. Suppose there are 2-cells & : f = f',A:g=g,p:h = h'and
3-cells

Id _ q1 q Id _
f’l ﬂ @‘ﬂg 3 f’l g‘ﬂ ‘ﬂg
Id st S1 Id
and
Id q2 q2 Id _
f’l ‘ﬂ /lh 2 f’l {l L//lh
Id 52 52 d
Then, there is a unique 3-cell
d A
f’l /ﬂ /lgxh N f/l/x{/llgxh
Id s s Id

e . ddlvl _ [drr x p]
T B [y'I1d]

As a consequence, we may formulate:

. Moreover, if Py, Pg are invertible, then so is T'.

Corollary 3.13 Given I-cells u,v : T — A x B and 2-cells « : pju = piv and
B : pou = pov, which induce a 2-cell y : u = v, and similarly assume that

/

o py' = pivand B 2 pou' = pvinduce y' i u = v, foru', v T
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— A x B. Suppose there are 2-cells & : u = u' and ¢ : v = V' and 3-cells
_ . _a [Elldy 1 B s|wl,,2
Pa:gna,1= & adPg g, =

I: % > % If Py, PB are invertible, so is T.

. Then, there is a unique 3-cell

Let us formulate the dualization of Proposition 3.12, whereas « and g are considered
in the reversed order, as indicated in Remark 3.10, and in the setting of a 3-coproduct
;s A; for aset I (instead of a 3-coproduct A LI B). One has:

Proposition 3.14 Let V be a I-strict tricategory. Let o; : ty 8 = fsa,, fori € 1,
induce y : t(Ujcrgi) = fs in the diagram below:

/
l

tA/

and similarly let o] : ty g = f'sa;,i € 1, induce y' : t(L;e18)) = f's. Suppose
moreover that there are 2-cells & : f = f' and o; : g; = g and 3-cells

7
SA,l ; p, Idl ‘ﬂld
. = .,
7 8 &
Id Id SA,l o JIA;
I I

LI; g; ;g
V4
sl lt - =l LI, 0; l=
=
f v ;g
Id{ Jld s Jt
f f

If Py, i € I are invertible, then so is T.
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Observe here that g, 4 on the one hand and A, p on the other, from Proposition 3.12,
pass to g;, respectively o;. Consequently, A x p passes to Ll;o;.
The dual of Corollary 3.13 is:

Corollary 3.15 Given I-cells u,v : U;A; — T and 2-cells «; : ut; = vi; for every
i € I, which induce a 2-cell y : u = v, and similarly assume that otlf Ty =V

induce y' - u' = v/, foru’,v' : 1; A; —T. Suppose there are 2-cells & : u = u’ and

Id, . . .
v = v’ and 3-cells Py, : [Id IC] = —5 Ll ,1 € I, then there is a unique 3-cell

r: y 3 7. If Py, 1 € I are znvertlble S0 is F

We now induce a 3-product 2-cell, i.e., a 2-cell o x B obtained as a 3-product of
two 2-cells «, 8.

Corollary 3.16 (Corollary of Lemma 3.9) Let V be a I-strict tricategory. Given four
3-products M x N,M’ x N', P x Q and P’ x Q' of O-cells and 2-cells:

M—4—p N—b

| @ |ron) [ s

M — P be»g

there is a 2-cell

MxNXL2pyo

mxnl lpxq

"% N ! 7 P x 0
and two isomorphism 3-cells, which are the evident transversal prisms from back to

front in the diagram:

q2 N

<7M><N4>

le’l n

P,/pZ N’
b
PXQ4>Q

/qu a' x b Ql b

XQ"Q/

If @ and B are equivalence 2-cells, then so is o X B.

Remgrk3.17 If the 2-cells ¢ and B were in the reversed order, that is o : sym =
pa, B : b'n = gb, most importantly, if one considers the same squares as for & and 8
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above but directed in the opposite direction, whereas ¢;, 6;, ; and a)l’., i = 1, 2remain
the same, then one gets a 2-cell @ x f and 3-cells

Id), ®@ x B) o) ' ®1dyx, Id), ®@x B) o) ' ®@1dyxg
-1 —T = =2 T —1
Coxg: ¢ ® Ida>l<b = 100 . Cag: & ® Idalxb = ldy 80,
1d,, @w; @ ® 1d,, 1d, ®w, B ®1d,

Remark 3.18 By our remarks on uniqueness, observe that the 1-cell g x # in Lemma 3.9
is unique up to an equivalence 2-cell, and that the equivalence 2-cells w;, w; from there
and o x B from Corollary 3.16 are unique up to isomorphism.

We finally construct a 3-cell with an associated prism with basis « x § out of two
given 3-cells with associated prisms of basis « and f.

Proposition 3.19 Given two 2-cells @ x B and @ x B/ with notations as in Corol-
lary 3.16, but with the orientation as in Remark 3.17. Suppose that further 2-cells
Mmm=m A:n=n,p:p=p.,0m:q= q aregiven and two 3-cells

a Id Id a
Py
| | 2L ] |
a’ Id Id a’
and
b Id Id b
Py
02 = |l B l/
LE @ ¢ 3 o 5 |
b Id Id 14

Then, there is a unique 3-cell

axb Id Id axb
— r p—
mxnl @ x B Plszlp/xq/ = man )\IX)LZ{ a/Xls/lp/xq/
7 7 7 7
a xb Id Id axb

Corollary 3.20 Given equivalence 2-cells a, B, o', B’ and 3-cells

_d ., a i —a , _d
| BT e &
T d T a1
and
_1d b 3 b . _d
| el & o e
R Ty T 1
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with 2-cells 7;, p;, i = 1,2 as in Proposition 3.19. Then, there is a unique 3-cell

Id axb axb Id
l"/
moon [Tl | ) [ pxa = mon| [ 7Y ol |
Id a xb a xb Id
e T (Id |a x B] Udaxs lp1 X 2]
’ (A1 x Aol Idgrxpr] o/ x B'|1d]

3.4 On 3-pullbacks on higher cells

Analogously to Lemma 3.9, for 3-pullbacks we have:

Lemma3.21 Let V be a I-strict tricategory. Given two 3-pullbacks M xs N and
P xs Q of cospans M 2SE NandP Ls L Q in V, respectively, together with
equivalence 2-cells £ : p1t = q1,82 : q2 = pat and 0y : s = p’ls, =" p’zs,
as in the diagram below, and corresponding bijective 3-cells

1d, ®% 1d, ®6
T w®ld =20 and Tr: o QIdy = 0.
Id,, @& Id, ®6,

Then, one has

a) given I-cells g : M — P and h : N — Q and equivalence 2-cells ¢1 : m = pg
and ¢» : qh = n, then there exist a 1-cell g xsh : M xs N — P x5 O,
equivalence 2-cells wy : gp1 = py(g xsh) and ws : hps = p)(g xs h), and an
invertible 3-cell

©m® Idp2 qu Rwr
DI w = w/®IngSh;
g1 ®1d, Id, Qo; '

B) additionally to the data from a), given 1-cell f : T — R, 2-cellsa : gq1 = s1f
and B : hqy = s»f, and a 3-cell

a1 v ®1Idg,
Ko: ¢1 ®ldg, = 1d;®8 ,
Id, ®a oy ®1d,,

then there is a 2-cell y : (g xXs h)t = sf and invertible 3-cells

Id, ®¢1 o Id; ®%
o ®ldi 2 ———  and BL: 02®1d, =

I 2 B
Vo 6 ®1d e

held,

=
@
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C) if o and B in b) are equivalence 2-cells, then so is y.

4 The double categories of matrices and spans in a 1-category

In this section, we review the notion of extensivity used in [6] to characterize biequiv-
alence of bicategories of spans and matrices in a 1-category V, and we show this
characterization. In the last two subsections, we then complete the characterization
of equivalence of the discretely internal and enriched categories using 2-categorical
tools, that was announced in [6], but was not carried out this way, as the authors chose
to do the proof using 1-categories.

4.1 Review of extensivity

Let V be a category, I a set, and (X;);e; an I-indexed family of objects of V. If V
admits all /-indexed coproducts, there is a functor

e (V/X1) 2 V(Ui X)) (12)

mapping a family (f; : A; = Xi)ier to Uiy fi : Ujes Ai = Ui X;.
Following [3, Chap 2, 6.3] and [5, 4.1], the definition below is introduced in [6,
Definition 2.1].

Definition 4.1 A category Vis extensive if ) admits all small coproducts and, for each
small family (X;);e of objects of V, the functor in (12) is an equivalence of categories.

The right adjoint of LI, if it exists, has ith component al.* V/(Uier Xi) = V/ X
mapping f : A — ;e X; to o/ (f) : 0(A) — X; defined by the pullback

0 (A) —— A

o (f)

f

X Uies Xi
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in V. Then, the adjunction has the form

Al
s (V/X) L V/(U;er X;)

(Gi diel

For a set I and an object X of V, let I e X denote the /-fold copower of X by 1.
If V has a terminal object 1, setting X; = 1 for all i € I in (12), and observing that
V/1 = V!, one obtains the functor

Vi Loviaen (13)
which is an adjunction
L
Yl I V/(Iel)
(i%)ier
(14)

ifforalli € I the category V admits all pullbacks along the coprojectionsi : 1 — e 1,
due to [6, Proposition 2.2]. One sufficient condition for V' to be extensive is:

Proposition 4.2 ([6, Proposition 2.5], [4, Proposition 4.1]) Let V be a category with
small coproducts and a terminal object. If for every small set 1, the functor (13) is an
equivalence, then V is extensive.

4.2 The bicategories of matrices and spans

In [2] the bicategory V-Mat of V-matrices was introduced, and in [1] the bicategory
Span(V) of spans over V. Itis immediate to see that monads in the former bicategory are
V-categories (categories enriched over V), while the monads in the latter are categories
internal in V. As amatter of fact, in [1, Section 5.4.3] categories internal in )V are defined
this way. For the purposes of examining the relation between enriched and internal
categories in V, the bicategory of spans over Vis modified in [6, Section 3.2] so that the
0-cells are small sets, rather than objects of V. This version of the bicategory is denoted
by Spang(V), here “d” stands for discrete, as monads in Spang (V) are those internal
categories whose object of objects is discrete. To shorten, these internal categories we
will call throughout discretely internal categories, and spans in Spang (V) we will call
discrete spans. For the biequivalence of the mentioned two bicategories the authors
have proved the following.
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Proposition 4.3 ([6, Proposition 3.2 and Theorem 3.3]) Let V be a Cartesian closed
category with finite limits and small coproducts. The following are equivalent:

1. for every set I the adjunction (14) is an adjoint equivalence;

2. Vis extensive;

3. the oplax functor Int : V-Mat — Spang (V) is a biequivalence;
4. the lax functor En : Spang(V) —V-Mat is a biequivalence.

The functors I'nt and En are obtained from the adjunction (14) by substituting the
set I from the latter by the set I x J. Namely, O-cells for both bicategories are sets
I, J... and the hom-categories of the bicategories V-Mat and Span, (V) are given by
V-Mat(I,J) = V' (1-cells are matrices of dimension |/| x |J| whose entries are
objects of V), and 2-cells are families of morphisms in V between the corresponding
objects in the matrices) and SpangV)(I, J) = V/((Ie1) x (Je1)) = V/((I x J)el)
(1-cells are spans of objects in ) of the form: / ¢ 1 «— V — J e 1, and 2-cells
are morphisms in V between such objects V making two evident triangle diagrams
between two spans commute), respectively. The above isomorphism of slice categories
is assured by Cartesian closedness of V.

Concretely, we describe here the actions of Int and En on 1-cells, their actions
on 2-cells can then be deduced easily, and they both are identities on O-cells. Int
maps a matrix (M (i; j))ies,jes to the span I @ 1 <— L;es jeyM(i, j) —> J o 1.
Here the arrows to / e 1 and J e 1 are induced by the following composite with the
domain M (i, j) for fixed i € I, j € J: the unique morphism to 1 followed by the

coprojections to / e 1 and J e 1, respectively. En maps a span [ e 1 Ly Jel
to the matrix En(V) whose (i, j)-th component is given by the pullback

En(V)(i, j) ———— 1

ti’j l l (;s 7)
(v, vy)

V——->{Uel)x(Jol)

15)

foreach i € I, j € J, where i and j denote the i-th and j-th coprojections, respec-
tively.

Although monads in V-Mat and Spang()) are V-categories and discretely inter-
nal categories in V), respectively, the morphisms of monads in these bicategories are
not morphisms in V- Cat, the category of V-categories, and Caty()), the category of
discretely internal categories in V. Hence, as the authors comment, one cannot use
the biequivalence of bicategories V-Mat and Spang (V) to conclude the equivalence
of categories V- Cat and Caty()). They prove the latter equivalence in another way
avoiding two-dimensional category theory, although they comment that one could pro-
ceed by using “additional two-dimensional structure, such as that of a pseudo-double
category.” For the purpose of our work, we will use the pseudo-double categories of
V-matrices and “discrete spans in V.
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4.3 The double categories of matrices and spans

In [11, Example 2.1] the authors introduced a pseudo-double category Span(}) of
spans in V whose horizontal bicategory is precisely the bicategory Span (V). In [11,
Definition 2.4] a pseudo-double category Mnd(ID) of monads in a pseudo-double cate-
gory D is introduced, so that when D = Span()), the vertical 1-cells in Mnd(Span()))
are morphisms of internal categories in V (see [11, Example 2.6]). This inspires us
to define the pseudo-double category Span, (V) by modifying accordingly Span()),
and to introduce a pseudo-double category V-Mat so to extend the biequivalence of
bicategories from Proposition 4.3 to an equivalence of pseudo-double categories.

We define a pseudo-double category Span, (V) as follows. Its 0-cells are small sets,

forsets I, J lh-cells I — J are spans /el DLy BN Jel,while 1v-cells I — J are

set maps between I and J. Forspans /e LA JelandKel <b—1 B & Lel,
andmapsu : I — K and v : J — L, 2-cells are given by the diagrams

Tel<—2l A% ;41
uol{ lf {vol
by by

Kel~—B

Lel (16)

A pseudo-double category V-Mat we define as follows. Its O-cells are small sets,
for sets I, J lh-cells I — J are matrices of dimension || x |J| whose entries are
objects of V, 1v-cells I — K are maps of sets, and for matrices (M (i, j))ies,jes and
(N(k,D)kek 1er and 1v-cellsu : I — K and v : J — L, 2-cells are given by the
families f of morphisms in ) determined so that the following diagram commutes:

Uies, jes M, j) TelxJel
f uel xvel

Ukek,teLN(k,]) ——K o1 x Lo 1.
(17)

(The horizontal arrows above are induced by the terminal morphism followed by the
map to the product induced by the two corresponding coprojections.) This means that
f is given by a family of morphisms

fij i MG, j) = N@u@), v(j))
in Vforeveryi eI, j e J.

Remark 4.4 By the product property, the 2-cells (16) can equivalently be described by
commutative squares (18). On the other hand, when Vis a Cartesian closed category, the
functors X x —and — x X for X € V are left adjoint functors. As such they preserve
colimits, implying that there is a natural isomorphism ¢; ;: (I ¢ 1) x (J e 1) =
(I x J)e1in V. Then, this implies that the squares (18) can equivalently be described
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by commutative squares (19).

At g (e

uel xvel

d
gL sty (Lo (18)

A—% ~ (IxJ)el

f{ {(uxv)ol
b

B

(K xL)el. (19)

Remark 4.5 Adding natural isomorphism ¢; ; from the above remark to the square
(17) yields that the 2-cells of V-Mat can equivalently be described as the squares:

Uier,jes M@, j)

f { l (uxv)el

Ukex teL N (k, 1)

(IxJ)el

(KxL)el

(20)

In this case the horizontal arrows are induced by the unique morphism to 1 followed
by the corresponding coprojections.

In the pseudo-double categories Span,())) and V-Mat 0- and 1h-cells are the same
as 0- and 1-cells in the bicategories Spang (V) and V-Mat, respectively, and 1v-cells
in both pseudo-double categories are the same. It is immediate to see that the lax
functor En is compatible with 2-cells (a morphism between pullbacks En(A)(i, j) to
En(B)(k,1) exists for (k,1) = (u(i), v(j)) precisely because (16) commutes). In the
Iv-direction En is a strict functor; thus, we get a lax double functor En : Span,(})
— V-Mat.

Conversely, starting from a 2-cell (17), it clearly induces a 2-cell of the form (16).
Hence, we have that if the oplax functor Int : V-Mat — Span,()) is a biequivalence,
then the oplax double functor Int : V-Mat — Span,()) is a double equivalence.
The converse is also true (by restriction to identity 1v-cells), so we have: Int is a
biequivalence if and only if Int is a double equivalence. A similar statement holds for
En and En. In view of Proposition 4.3 we have:

Proposition 4.6 Let V be a Cartesian closed category with finite limits and small
coproducts. The following are equivalent:

1. for every set I the adjunction (14) is an adjoint equivalence;

2. Vis extensive;

3. the oplax double functor Int : V-Mat — Span, (V) is a double equivalence;
4. the lax double functor En : Span, (V) — V-Mat is a double equivalence.
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4.4 Monads in the double categories of matrices and spans

Our pseudo-double category Span, (V) is a pseudo-double subcategory of Span())
(our 1h-cells are specific 1h-cells of the latter), and we have that the vertical 1-cells in
Mnd(Span,())) are morphisms of discretely internal categories in V' (see the beginning
of Sect. 4.3). As for our pseudo-double category V-Mat, we find the following. A
monad is given by a matrix M = (M(i, j));, jer (1-endocell over the O-cell /) and
2-cells which are given by families of morphisms Mle  UjerM(j, k) x M@, j)
— M(i, k) and niA”Ik : 1 — M(i, k), for every i, k € I, both given by a commutative
diagram (17) where the maps u and v are identities on I, satisfying associativity and
unity laws. (Here I is the unit matrix, where 1 is the terminal object and 0 the initial
object in V.) Thus, a monad in V-Mat is precisely a monad in the bicategory V-Mat.
Given another monad (N = (N(k, D))kexk.jer, #V, n"), a Iv-cell in Mnd(V-Mat)
between M and N is given by a set map w : I — I and a commutative square (17) in
which u and v are equal to w (this square comes down to a morphism f; ; : M (i, j)
— N(w (i), w(j)) in Vfor every i, j € I) and which satisfy:

ik
WjerM(j. k) x MG, j) -

Wjer fik X fij J N Jik

HjerN(w(j), w(k)) x N(w(@), @(j)) ik, N(w(@i), w(k))

M, k)

and f; j o T),M] = an i Thus, vertical 1-cells in V-Mat clearly correspond to enriched
functors in V.

It is immediately seen that a biequivalence of two 2-categories induces a biequiva-
lence of the 2-categories of their monads. Passing from a strict to a weak context (from
2-categories to pseudo-double categories), one needs to be more careful with the tech-
nical details in the proof, but the analogous result is directly proved. Observe that the
Definition 2.4 in [11] of the double category Mnd(ID) of monads in a double category
D is such that if D is a pseudo-double category, then Mnd (D) is a pseudo-double
category, too.

Proposition 4.7 [fpseudo-double categories D and E are double equivalent, then their
pseudo-double categories of monads Mnd (D) and Mnd(IE) are also double equivalent.

Proof The proofis straightforward, we only type the diagrams for the relevant structure
2-cells.

Fx) LB, poxy EP) oy F(X)—=+ F(x)

= 5 cy,
F(X) —=» F(X) FPP) FOX)—=» F(X)  FX) —=> Fo0OT09) pixy =+ p(x)
={ JF(u) F(u)J l= ={ F(u)l Flrr) <u>{ WJ=
F(X) —=» F(X) F(P) FX) —=> F(X)  F(X)—=> F(xX) 2P, pixy =+ F(x)
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F(H) F(Q)

F(X) F(Y) F(Y)
= Fp.p =
F(X) —» F(X) F(QH) F(Y) —/—— F(Y) Foo 8 pix)
= F(id) Flid) = Fw Fw
F(X) — F(X) F(HP) F(Y) —— F() F(X)F—(PZF(X)
= Fp.p =
Foo 8L gy £H) gy

From the above said, we obtain

Corollary 4.8 In the conditions of Proposition 4.6 the categories V- Cat of V-enriched
categories and Caty (V) of discretely internal categories in V are equivalent.

5 (1 x 2)-category of spans in a tricategory

The term (1 x 2)-category is due to [16] (see the top of page 2). It is a 1-category
internal to a tricategory.

In this section, we define a structure that would be a tricategorical version of the
pseudo-double category Span, (V) from Sect. 4.3 for a category V. We will build a
category internal in a certain 1-strict tricategory 7', which to shorten we will call a
(1 x 2)-category S. Then, we will also have the horizontal tricategory H(S). We will
do this gradually, by introducing first two bicategories Cq (the bicategory of objects)
and C; (the bicategory of morphisms). Thus, the O-cells of the tricategory T will
be bicategories, then 1-cells will be some kind of two-dimensional functors between
them, and we have that T is 1-strict. The precise notion of a category internal in a
1-strict tricategory was introduced in [10]. We remark that a category internal in a
Gray category was introduced in [8].

5.1 Bicategories Cpand C; in S

Assume that V is a 1-strict tricategory with a terminal object 1, small 3-coproducts and
3-pullbacks. Let Cyp = Cat; be the 2-category of small categories. Before we define
C1 we observe the following.

In Remark 4.4, we saw that morphisms between spans in a 1-category V could
be described in two equivalent ways. Already turning to dimension 2 (if V were a
2-category) requires the involvement of two 2-cells, in the case of (16), respectively,
of one 2-cell, in the case of the squares (18) and (19). These two approaches yield two
ways of defining 1-cells in the bicategory of spans in V. However, the former is more
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suitable for defining their composition. At the end of the subsection we will show that
the two ways of defining these 1-cells are equivalent.

Let C and D be small categories (0-cells in Cp). The O-cells of C; are spans in V,
given by l-cellsCel «— A —> De lin V. Here, C := O|C denotes the set of
objects of C and C e 1 the C-fold copower of 1.

Given two spans Ce 1 Sl NN Deland el Pl B N He1 and two functors
F:C—E&and G : D — H (1-cells in Cp) a 1-cell in C; is given by a 1-cell f : A
— B and two equivalence 2-cells o : (F e 1)a; = b1 fand B : (G e 1)ay — by f in
V:

ai a

Cel A Del
Fel [@] fl Gel 1)
Selotr g b Hel.

Given another such 1-cell in C; with the same 0-cells:

Coel«—___ 4 % ,Dpgi
F.1l g 6] Gel
Col—lt g2 4qy

and natural transformations A : F = F' : C - €and p : G = G' : D — H (2-cells
in Cyp), a 2-cell in Cy between them is given by a 2-cell £ : f = g and two 3-cells

5. @ [Idg, |2 1] e [1dg, |p @ 1]
[E[1dy, ] y " [€[1dy,] 5

(22)

in V, which are to be considered in the transversal direction, perpendicular to the
parallel planes of the 1-cells («, f, 8) and (8, g, ). The 2-cells in C| we think as
transversal prisms whose bases are 1-cells in Cj.

Composition of 1-cells in C1, which contains the horizontal composition of 2-cells
in H(S), the underlying horizontal tricategory of S, is defined by the 3-pullback. Given
1-cells («, f, B) and (y, g, &) as below:

gNé‘ (23)
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Taking for o in Definition 3.4 the composite equivalence 2-cell on the right below,
there are: a 1-cell i, equivalence 2-cells ¢1, {2 and an isomorphism 3-cell X in V:

A xpey A A Xpe1 A’

2 e e
et

fl 9] s 512]
1 ol
\./K ® e

A
/

\23.7\@

For the desired 1-cell A xpe; A' — B X341 B’ in V we take this &, and for the

desired pair of equivalence 2-cells (&', 8’) in V we set the horizontal juxtapositions:

o' = («a|¢)) and B’ = (£]8) of 2-cells in V. Properly speaking, o’ = [[illl Idlbolt]] and

g = [s“zlI b2

Smce the composmon of spans of the underlying 1-category of V (and consequently
of 1-cells in H(S)) is not strictly associative, the same holds for the 2-cells of H(S)
and 1-cells of Cy. This is why Cj is a bicategory, and not a 2-category.

Vertical composition of horizontal 2-cells in S (and 2-cells in H(S))—as in (21)

and below it—is given in the obvious way: ( allg(:ﬁ;']l] ef, [/S[II(IS%.]J ). It is not strictly

where p1, ps are the projections of the 3-pullback A xpe; A’

associative: interchange law of V must be used, as well as the following isomorphisms
between 2-cells in V: Idygy = [Idy | Idy] and the one for the associativity of the
horizontal composition in V. These isomorphisms can be expressed in terms of 3-
cells in H(S).

The interchange law in C is expressed in terms of 3-cells of V and it holds strictly,
as one hoped.

The vertical composition of 2-cells in C; (and of 3-cells in H(S) and horizontal
3-cells in S) is given by obvious vertical juxtaposition of prisms. In the case of their
horizontal composition we proceed as follows. Suppose we are given two composable
horizontal 1-cells in S as in (23) (horizontally composable 2-cells in H(S)) and another
such a pair with the same 1-cells in V, so that only the vertically denoted 1-cells and
2-cellsin V are different: F'e1, 0/, f/, B/, G'e1,y’, g’, §', H e 1. Suppose that we are
given two horizontally composable 2-cells in Cy, each of which we present by a pair of
prisms. Concretely, for simplicity reasons, the pair of 3-cells as in (22) we will identify
with prisms which we will write in the present case as: A:a = o/, B: 8= B/, :
y =y and A :§ = §. Wethink A, B, T" and A as transversal prisms going from the
base squares a, B, v, 8 in the back toward the base squares a’, 8’, y’, &', in the front.
On the vertically transversal planes of these four prisms are the following 2-cellsin V:
rel:Fel= Flel,é: f= f,p:Gel = G'el, & :g= g, p : Hel = H'el,
with the obvious meanings.

We know that the horizontal composition of the bases (back) 2-cells («, f, 8) and
(v, g, 98) is given by ((«|&1), h, (£2|8)) and we have the isomorphism 3-cell X (as we
explained below (23)). Analogously, at the front we have ((«'[¢]), #’, (£5]8")) and we

@ Springer



Journal of Algebraic Combinatorics

have an analogous isomorphism 3-cell &':

A X Del A A XDel A’
D » \Q
AE/ Jh/\ezA/ A/ Al
’ / /
f/l B XHel B/ g ; fNA f/ /
IS 8
P D1
¢ B B G el B
ﬂ.l‘/fl Hei 1
Observe the following (transversal) composition of 3-cells:
A xpe A’ A xpe A’

Col / \AA/;] Q-ILAE/ /\QA’Lé»Jol
Foll @ fl EBXH]B.{ lH.l(Idag\IdS) F.ll @ lf\az‘ f}/gl @ {Hcl
§-1<‘—BA/‘”Z“"Z M %ot éolLB j.l LN

B B—=5e Gel ~B—~Re
Xﬂ-l‘/(l Nﬂ.f/b‘
Id,
U (Al |A)
(BIT)
A xpe A’ A xpe A’
Col<7A l \L)‘Z ﬁ,yu _ Col f/ \QZ‘A/LZ”
l l B><H /,

il (1dy 57]1dy)
) g H'el (S5 Fre
1

S.l<73 b

D
N ‘/KB%&.I NJG"I B, Bt
1 1

Hel

/l

Here, X/ denotes the inverse of ¥’. Compose the domain and codomain 2-cells
above vertically with (Idy, 1| Idb/z) from below, where ¢ is a quasi-inverse of ¢,
and compose the above composition 3-cell with the according 3-cell induced by the
identity on ¢. From the result one obtains the wanted 3-cell ((«|¢1), ki, (£2]8)) =
(@1g)). ', (5318')).

The transversal composition of 3-cells (Z, &, ) and (X', &/, Q') in H(S) (as in
(22)) is given by the transversal composition of the 3-cell components and the vertical
composition of the 2-cells: £

This finishes the construction of O-cells Co and Cy of T, the first step to define a
(1 x 2)-category S of spans in V. We finish this subsection with the promised result.

Proposition 5.1 Provided the existence of 3-products, a 1-cell (21) in the bicategory
C1 of spans in V can equivalently be described by an equivalence 2-cell y in 'V :

_lana) |

CelxDel
fl lF.lXGoI
b0 el el
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[Id |y]

A 2-cell (22) in Cy can equivalently be described by a 3-cell ' : ————
[511d b))

[Id(g,a0) 12 @1 x p 1]
[y'I1d]

Proof This is Lemma 3.9 ¢) and d). The converse holds by Remark 3.11. The claim
for 2-cells in C; follows analogously by Proposition 3.12. O

5.2 Thel-cellsu,s,t,cinT

For the sake of saving space, we just state that ¢ : C1 x¢, C1 — Cy and u : Cp
— C are pseudofunctors and the source and target are strict 2-functors. On O-cells
¢ : C1 x¢,C1 — Cyis given by the 3-pullback and on 1- and 2-cells we defined it in the
previous section. The pseudofunctor u : Cy — C; we define using initial object and
cells (see Sect. 3.2). We leave the construction of pseudonatural transformations a*, [*
and r* and modifications 7w *, u*, A*, p* and €* from [10, Definition 6.2] to the reader.
Accordingly, we take for T, the tricategory from the beginning of the section, to be
the tricategory Bicat3 of bicategories, pseudofunctors, pseudonatural transformations
and modification. For a recent reference on the construction of Bicats [15]. Mind that

Bicats is a 1-strict tricategory weaker than a Gray category.

6 (1 x 2)-category of matrices in a tricategory

In this section, we are going to construct another category internal in the tricategory
T = Bicatz, which is a tricategorification of the pseudo-double category V-Mat of
matrices from Sect. 4.3. We will denote this (1 x 2)-category by M.

Suppose that V is a 1-strict tricategory with a terminal object 1, 3-products and
small 3-coproducts. Let Dy = Cat, be the 2-category of small categories, as in the
case of spans in V. Before defining the bicategory D, we first set up some notational
conventions.

For a small category C and A € C, 1-cells 1 A C o 1 will stand for coprojections.
Given two small categories C and D, we will write for short CxD:=CelxDel.
A 1-cell to the 3- product C x D induced by coprojections o4 and op with B € D

we will denote by 1 —> C x D. Accordingly, for small categories C, D, £, 'H and
functors F : C - Eand G : D — H we will denote F x G := Fe 1 x G e 1, and
A X p:=Ael x pel fornatural transformations A and p.

6.1 Defining the bicategory D,

We now define the bicategory D of matrices in V as follows.

Given small categories C and D, amatrixin V isa 1-cell I gqc¢c M (A, B) L CxDin
BeD
V, where the domain 0-cell we think as a matrix of objects M (A, B) in V indexed by
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the objects of the categories C and D. The 1-cell m is the unique 1-cell to the terminal

AB) =5 — .
object followed by 1 (—>> C x D. Matrices in V are O-cells of D;.
Given two matrices LI yc¢c M(A, B) 2> C x D and L e N(A', B) LEXH,
BeD B'eH
for small categories C, D, &, H, and given two functors F : C - Eand G : D - H
(1-cells in Dg) a morphism of matrices and a 1-cell of D is a square:

LHaecM(A, B) 5T
Beeﬁ CxD

Jf {fxﬁ
]_IArEgN(A/,B/) = =
Ben ExH

which consists of a family of pairs of equivalence 2-cells in V:

M 4B o5 AP D
VA,B — F.G 24
fA,BJ B {F (A", B') XA B FxC (24)
N gy B gy
ExH
where x i’g is induced, according to Lemma 3.9 d), by equivalence 2-cells
1—%4 . Cel 1—C%8 . Del
F G 25
o Fel s\ %8|G el (23)
ol Hel,

indexed by pairs (A, B) € C x D, whenever there exist isomorphisms F(A) = A’ and
G(B) = B'. (These isomorphisms condition also the existence of the 1-cells f4 p.) In
the case that F and G are identities we consider A = A’, B = B’. The 1-cells [A, B]

AB) 5 =
are the unique morphism to 1 followed by 1 <—>> CxD.

—1 —
If Xi B ‘07 is an equivalence 2-cell corresponding to F~! x G, then for quasi-

inverses of X,f’g one has: (X ) 1~ [Xf, B,G [1dz, 5]

Finally, given another morphlsm of matrices among the same matrices:

UecM(A, B)

ac CxD
- /
|7 7w
U yeg N(A', B)) o=
Ben ExH

and natural transformations A : F = F' : C > €fandp : G = G : D > H
(2-cells in Dy), a 2-cell in D between v and v’ is given by a 2-cell £ : f = f’ and a
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transversal prism whose bases are vertical squares of the two 1-cells, where this prism
consists of a family of prisms, i.e., 3-cells in V:

) VA, B [dia, 51 1% x P]
" [£4, 81 1d1ar ] Vi B

XA,B (26)

for every (A, B) € C x D. Vertical composition of 2-cells in D; is clear: it is induced
by vertical concatenation of the corresponding 2-cells v4 5.

6.2 Composition of 1-cells in D;

The composition of matrices in V is analogous to that of matrices in a 1-category,
namely in the bicategory V-Mat from Sect. 4.2. Given matrices (M (A, B)) aec

BeD

and (N(B, C))pep their composition is given by the matrix ( Ligep M (A, B) x
CeJ

N (B, C)) Aec and the corresponding 1-cell to C x J. This defines the composition of

CeJ
lh-cells in the (1 x 2)-category M of matrices. We now define the composition of
1-cells in the bicategory Dj.
Given 1-cells v and v/ with their respective families of 2-cells, we consider the
following diagrams:

M(A, B) Jel
) [4] (c]
M, B e 5 Py .o BC 5 7 P2 g
fap || VAB FxG FQIJ gB,C{ B.C axﬁlHOI
M'(A’, B") 14, B] ExH p/l Eel N/'(B’, C") LB, '] Hx IC P/z Kel
=, N/
=| [ - = 6| -
M'(A’, B) Kel

where the 2-cells wi, wy are the ones from Lemma 3.9 b) and [A] = oa!. From
Lemma 3.9 a), we have an equivalence 2-cell 6] : 04 = p1oa, 3, then let 51 =
[1d, |61]. Similarly, we define 5{, 65, 9} To simplify the notations, let us denote the
above composite equivalence 2-cells by: Up ¢ : (F @ 1)[A] = [A']fa,p and ‘71/4,3 :
(H e 1)[C] = [C'lgB.c- They induce an equivalence 2-cell D4 p x ﬁ};’c in the middle
of the diagram:
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1
! (A, C)
\
[A] x [C]

M(A, B) x N(B, C) Cx

Ql

fa.B X gB,c A XV ¢ FxH 27

-~

&l

M'(A", B") x N'(B", C") (A % [C] Ex

\%

It is easily seen how the 2-cells y and y’ are induced.
We next observe the following diagram:

! (A, C)
B [A, C] = =
M(A, B) x N(B, C) UgepM (A, B) x N(B, C) CxJ
{fA,B X gB.C hA,Cl F x ﬁ{
10 A ’ 1R/ ’ lB/ 1( Al ’ 1( R/ / [A/,C/] = =
M'(A', B') x N'(B',C') ““—~ UpcyM'(A', B') x N'(B, C’) Ex K

\/
! 1 (A", C)

Taking into account every B for which there exist the 1-cells fa p and gp.c, the
composite 1-cells B (fa,B x gp,c) ontheleftinduce a 1-cell 44, ¢ and an equivalence
2-cell ¢ B. We set for the total 2-cell (F x H)(A, C)! = (A, C)!(fa.p X gB.c) to be
the above composite equivalence 2-cell (27). We now apply the dual of Lemma 3.9 d)
by making the following dual correspondence:

(28)

pzl—)LB/,p/zl—>LB,foXﬁ,thl—)hA,c,
s (A, O, (A, C)),

s [A,ClLt— [A,C],

wy > {B, o= 93/,92 — 08

B — 2-cell (27).

Then, there exists an equivalence 2-cell (FxH)[A, C] = [A’, Ch A,c corresponding
to the right rectangular in the diagram above (the dual of y from Lemma 3.9). We
take this 2-cell for the desired equivalence 2-cell v4 ¢ as in (24) for the composition
of matrices (M(A, B)) Aec and (N(B, C))BEQ-

BeD CeJ
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To get an equivalence 2-cell x fg from (24) is easy: it is induced by the given
equivalence 2-cells x f and xé’ .

6.3 Composition of 2-cells in D;
Let two 2-cells in D

1 Ty 2 AXTD
v 1d A X v Id A X
1 A.B [Idga,B) [A X p] and E%,c : B.C [Idja,B) |2 x p]

iR ; ;
AP (€ 1dar ) Vg (61 1drar, 5] Vi e

be given. Recall how the 2-cell V4 5 in V above (27) is induced by v4 p. Let
us denote the 2-cells induced analogously by vl" B vg’ B> "129,0 vg,c as follows:

f)}‘)B, \7;‘1’3, f’z%,c’ f’g,c’ respectively. Consider the prism P%B with basis 17}“3 (and
analogously the prism Pﬁ§ . with basis T)%, ¢) obtained by concatenation of the fol-
lowing prisms: 2/14,3’ C}pr from Corollary 3.16, identity 3-cells on 6; and é{
Analogously, the prism PG% . is obtained by concatenation of the prisms 2%,0 C%X G
identity 3-cells on 6, and éé. Seeing Pf’lx p and Pﬁé s P! and P? in Corollary 3.20,
we obtain a unique 3-cell

~1 ~2 - —
, o dfvy g x Vg ol (Id(a, Bx(B.c] 1A X O]

"€ x &'|1dpar, Bryxpr.c] [04 p X 5 l1d]

This is a prism with basis GA’ B X ﬁ%,c, as in the middle of (27). Concatenate to it the
identity 3-cells on y and y’ from (27) and consider the obtained prism P;,sq; as the
prism whose basis is the total 2-cell in (28). This is total 2-cell we treat as the 2-cell
«; in Proposition 3.14 (in the reversed direction) and it induces the equivalence 2-cell
y 1 (F x H)[A, C] = [A’, C']ha.c, which is taken for vs c. Observe that the 1-cell
ha,c can be written as Lgep fa B x gp,c- This 2-cell y = v, ¢ corresponds to “y
with reversed order” in Proposition 3.14. The prism Py, corresponds to the 3-cell
Py, in there (in the corresponding mapping direction), and we finally obtain a unique
3-cell I' with basis y, thatis, a 3-cell I' : v c = V;x,C' This I' is the horizontal

composition 2-cell of the 2-cells E/k g and E% ¢ in Dy.

7 Relating matrices and spans in a tricategory

In this section, we are going to construct functors between the (1 x 2)-categories
of matrices M and spans S in a 1-strict tricategory V with a terminal object, small
3-coproducts, 3-products and 3-pullbacks. Such a functor is internal in Bicats, so for
that purpose we will define pseudofunctors between the bicategories C of spans from
Sect. 5 and D of matrices from Sect. 6, and additionally check their compatibility with
the (horizontal) composition on the 3-pullback. Recall that Co = Dy is the 2-category
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of small categories. We will obtain a lax internal functor S — M and a colax internal
functor M — S. For completeness and the sake of the next section, we introduce two
formal definitions.

7.1 Internal and enriched functors in 1-strict tricategories

In this subsection, we only give the two definitions. Referring to the notion and notation
from [10, Definition 6.2], we introduce:

Definition 7.1 Let C, D be categories internal in a 1-strict tricategory V. We say that
F : C — Dis a (pseudo-/lax/colax) functor internal in V if it consists of:

1. pseudofunctors Fy : Co — Dgand F| : C; — Dy suchthatsoF| = Fpos, toF| =
Fyot,
2. pseudonatural transformations

Fu(f,8) : Fi1(g) xp, F1(f) = Fi1(g X¢, f) and F,(A) : upya) = Fi1(ua)

in the lax functor case (Fx (f, g) : F1(g X¢c, f) = F1(g) xp, F1(f) and F,(A) :
Fi(ua) = upy(a) in the colax functor case, and for a pseudofunctor require
F.(f, g) and F,(A) to be equivalence 2-cells) for objects A € Cp and lh-cells
f. g € C1, whose components are globular equivalences, and

3. modifications Q,*, 2y, ,#:

(Fi(R) x F1(8)) x Fy(T) "800 Tk (R (Fy(8) x Fy(T)) 2L 7y (R)x Fi(Sx T)

—

FI(Rx S)x FI(T) ——— s F(Rx S)x T) — SRS o £ (Rx (Sx T))

Idpy () X Fu xIdF, ()

F(R) x F(u) F(R)F F(u) x F(R)

Q Q
FXH - ‘ - HFX

F(r* F(*

which satisfy the two diagrammatic equations (A1) and (A2) in the “Appendix.”
Referring to the notion and notation from [10, Definition 8.1] we introduce:

Definition 7.2 Let 7, 7 be categories enriched in a 1-strict tricategory V. We say that
F : T— T is a functor enriched in V if it consists of:

1. an assignment Fy : O|7— O|7,;
2. al-cell F; : 7(A, B) > T(F(A), F(B))in V forall A, B € O|T,
3. equivalence 2-cells F, : Fi o= o' - (F; x Fi)and Fy, : F1 - I = I;(A), and
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4. bijective 3-cells Q,+, Q2+, Q,+:

at
Fi(—o(—o0-)) =0 Fi((—o—)o0—)
FCLH = Q”i = HFCR

Fi(=) o (Fi(=) 0 Fi(=)) == (F(=) o F(=)) 0 F(-)

where FL and FX are the obvious 2-cells induced by F, and Id x F¢, and by F,
and F, x Id, respectively,

Fi(h)
Fi(Ig o —) =——=5 Fi(-)
Fe(1d) Qi 't
u/ /FIBo’Id , l}l
(F1-1p) o' Fi(=) == Ipp) o Fi(—)

F T
Fi(—oly) = Fy(-)

Fo(1d) Qi 't
/U' /Ido’FlA U/r/ /
Fi(=) o' (Fi - 1p) == Fi(=) o' I,

which satisfy axioms analogous to those from the “Appendix” (substitute the
horizontal composition on pullbacks, there denoted by x for short, with o, the
pseudonatural transformations Fyx and F, by the 2-cells FC_l and F; ! respec-

tively, and the modifications 24+, €+, €2, by 3-cells 1, €+, £2,.+, respectively.
7.2 From spans to matrices

We start by defining a pseudo functor En : C; — D;. It mapsaspanCe 1 L RE
D e 1 to the matrix En(R) whose (A, B)-component is given by the 3-pullback

En(R)(A, B) ! 1

R
KRy Wy p (A, B)

R oty x (Do)

foreach A €C, B € D.
(29)
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We next compose the above equivalence 2-cell with the equivalence 2-cells inducing
morphisms into 3-products (so far they are well known and we do not label them) and
set for the composite equivalence 2-cells a)§ and a)gz

En(R)(A,B) ————

|
- 1
mJ J
( o8

k= R Celyx (Do) ok = R oty x (Do)

1 2
r rn

En(R)(A,B) — 1+

Ry
E
-—
g
=X
©
=
=
—

Lemma 7.3 Given a morphism of spans (21) (we write R and S instead of A and B
there), together with the above equivalence 2-cells wfy g and wf‘, g it induces equiva-

lence 2-cells y j , Xg as in (25), which in turn induce an equivalence 2-cell Xi’g as
in (24).

Proof Consider the composite equivalence 2-cell

R
L
En(R)(A, B) —2E. g ! % . ¢

Lo T
|

and similarly ap (changing to op, a)g and rp). By the 3-coproduct property there are
equivalence 2-ells y4 : 04! = r1 and yp : op! = r». Then, set

= A

"

and similarly for Xg. Finally apply Lemma 3.9 d) to get an equivalence 2-cell x i’BG .
O
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Given a 1-cell (21) in C;. To define its image by En we consider the following

cube:
En(R)(A, B)
(30)

En(f)(A, B)

En(S)(A', B')

The 1-cell En(f)(A, B) and the left 2-cell are to be defined. The top and bottom are the
equivalence 2-cells (29), the right 2-cell is the equivalence 2-cell from Lemma 7.3, the
back is a terminal (equivalence) 2-cell, and the front one is the equivalence 2-cell from
Proposition 5.1, let us denote it by y /. By the 3-pullback property of En(S)(A’, B')
the composite equivalence 2-cell

! (A", B')
-1
- |- _
' (A, B) FxG
R
- ==
R 1, 12) FxG
_ {z _
(R f (s1, 82)

induces a 1-cell En(f)(A, B) : En(R)(A, B) — En(S)(A, B), an equivalence 2-
cell ¢/ : ftﬁﬂB = li, g En(f)(A, B), the left face of the cube, and a bijective 3-cell

il 1d (4’ 5] [1d; [x ;]
A~ S 7 .
Y [Idgnp lo A gl = [a)ﬁf 5| 1d%, 1. Then, we set for the equivalence 2-cell (24)
[¢711d(s,.2) [dx [y/]

determining a 1-cell in D; the concatenation of the four faces of the cube:

[w§ B| IdeE]
VB = @y’ . 31)
[IdEncf)a.B) I(wf\/,B/)*]]

(We recall that by (¢f|y/) we mean the horizontal concatenation of 2-cells, simpli-
fying the writing of the horizontal composition of 2-cells.) Thus, En(«|f|8) is the
family of these v4 p and Xf,’g from Lemma 7.3, for (A, B) € C x D.

For the image of 2-cells in Dj, we proceed as follows. Given a 2-cell (22) in
C1. Observe that for the domain and codomain 1-cells in the corresponding cubes
(30) three faces remain the same (@’s and «) and the resting three faces differ. Let

@ Springer



Journal of Algebraic Combinatorics

[} 511dz, 5] [0} 5l1dp o]
VAR = @ lyh) and v, , = (¢81y®) denote
[dEn(f)(a.8) (@5 )~ "] (dEn()(a.8) |(@3 )]

the images of the 1-cells (| f|8) and (y|g|d) by En.
The 3-cells ¥ and 2 from (22) induce, on the one hand, 3-cells (prisms) over x ¥ 1

and x§ 5 in Lemma 7.3 and then by Proposition 5.1 a prism between X B G and Xf ; Gl,

and on the other hand, a 3-cell (prism) between y/ and y#¢ also by Proposition 5.1.
Taking identity 3-cell over w® and concatenating the obtained prisms, we obtain a
3-cell kg as in Lemma 3.21, and thus also a 2-cell y : En(f)(A, B) = En(g)(A, B)
and a prism with basis ¢/ and opposite face ¢, so that all the 1-cells joining their
corresponding vertexes are identities, with « = Id; and 8 = [Id,r |§]. Next, apart
from the prism over y 7, between the resting 2-cells comprising V4, g and v%. p take
identity 3-cells and their corresponding prisms. Then, for the obvious concatenation
of these prisms we set to be the image by En of the 2-cell (22).

For the sake of saving space, we skip the proof of compatibility of En with
the composition of 1- and 2-cells. We only record that we constructed a 1-cell

w: UpepEn(R)(A, B) x En(S)(B, C) — En(R xpe1 S)(A, C) forspans Ce 1 I

J; JREN DelandDel SALENY QN £ o 1, proving the laxity of an internal functor S
- M.

7.3 From matrices to spans

We define here the pseudofunctor /nt : D; — Cj. Given a matrix (M (A, B)) acc in
BeD

V (with the corresponding 1-cell to C x D), the pseudofunctor In¢ maps it into the

span C e 1 Vil HaecM(A, B) LY D e 1. The 1-cells my, my are induced by the
BeD
following 1-cells on M (A, B), for fixed A € C, B € D: the unique morphism to 1

followed by the coprojections to C e 1 and D e 1, respectively.

Given a 1-cell in Dy, with a family of 2-cells v4 p as in the most left rectangular
diagram below, we are going to define a 1-cell LI f4 g and 2-cells « and § as on the
right in:

Uacc M(A, B)
BeD
™M mi
/\,BA \ Cel i L aec M(A, B) _ma Del
I L Y Q- BeD
fA,BJ -UAB JF J FOIJ @ JHfA,B JGO]
v gy AL ey gl Eol m Uyee N B) 12y o

\ - / oo N

4 E‘gN(A B’)
B'eH

(32)
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The 2-cells w1, glM and §1N are from (the dual of) Lemma 3.9. Observe now the next
diagram, where the upper 2-cell is the composite 2-cell from the left diagram above:

M
M(A,B) 'AB Uacc M(A,B) m cCel Fel cg1

BeD
_ ‘ left composite 2-cell from above l =
N
fa.B N(A'. B Lar B ]_[A/eg N(A B)_ ni |
B'eH
= J {A B - { =
M
‘A.B Uaec M(A,B) Ufas 1 e N(A',B)_ni |
BeD B'eH

and ;XIB is a quasi-inverse of a 2-cell ¢4, g, which together with a 1-cell Ll f4 g, is
induced by the 1-cell /%Y ABY fa,p and the 3-coproduct property. Since this new compos-
ite 2-cell is an equ1valence 2-cell, by the dual of Lemma 3.8 we obtain an equivalence
2-cell &, as desired. Doing the same as above, but projecting to the second coordinate,
one obtains a desired equivalence 2-cell S.

Let a 2-cell in Dy be given, which in turn is given by a family of 3-cells (prisms)

VA,B [Ida, 51 [A % D]
[a.5!1d[ar, 1] Vi B

XAB:

asin (26). Let o, B and «’, B’ be the 2-cells from the image by Int of the 1-cells given
by va,p and v;" - Tespectively. Denote the total 2-cell in the left-hand side of (32) by g
and the analogous opposite 2-cell related to v;" 5 by o). Concatenate the equivalence 2-
cell ;;13 (the one defining LI f4_p) to g, and analogously (;A’B)—l to a6. Observe that
EaB: faB = fA,B induces an equivalence 2-cell 14 g : LI f4 B = I_If/;’B and that
tap [Ea,511d y]
(1d,»/ [U€x 5] @)
the dual of Corollary 3.16. In Corollary 3.15 set for £ to be AR Idp, : Fm = f/ml
and for ¢ in there to be Id,, ® (&4, g) : n1(LUfa,B) = nl(LIf/’LB). Apart from the
3-cell P, we also have all the prisms whose bases are the constituting 2-cells in o
and whose opposite faces make ;. Now by Corollary 3.15 there is a unique 3-cell

[1dy, % B (d, [p]
o [Ex 51, ] o

—Dboth come from

moreover there is an invertible 3-cell P; :

I Similarly one obtains a unique 3-cell

o
MEa 10,1 =~

@ Springer



Journal of Algebraic Combinatorics

7.4 Compatibility of Int with 0-cells

Before checking the compatibility of /nt with the composition of 1- and 2-cells, that
we will not type here for the sake of saving space, one first needs to prove that there is
al-cellv: Uaee(Upep M(A, B) x N(B,C)) — (U ae¢c M(A, B)) xpai (Upep
ce& BeD cet
N(B, C)) in V. We show this as we will use it in the last section. This also leads to a
colax internal functor M — S.
To construct v, we need to find an equivalence 2-cell

o inigNn = maqu (33)

(the total 2-cell in (34)), then apart from v we will get also equivalence 2-cells A and p

Id,, ®p
as in (34) and an invertible 3-cell ¥ : w ® Id, = o. In the diagram we set for short
1d,,, @A
(UM) x5 (IN) = (L acc M(A, B)) xpa1 (Ugep N(B, C)):
BeD Cceg

Wace(Upep M(A, B) x N(B, C))

ce&
\ N
Lgep N(B, C)

(UM) x5 (UN) 2o HBD (34)

qm
P1 ny

HaccM(A, B) Del.
BeD ma -

We first explain how to get gy and gy . In the next diagram the 1-cell Lgl p1 induces
a l-cell hys and an equivalence 2-cell g‘lM . In turn, L% hy similarly induces g and
§2M . Let us denote the composite equivalence 2-cell ({1M |§2M ) by ¢4,,. Analogous 1-
cell gy and equivalence 2-cell £, are obtained similarly, by projecting to the second
coordinate on the most left.

M(A. B) x N(B.C) —+ LizepM(A, B) x N(B, C)4C> Uéeé( Ugep M(A, B) x N(B, 0))
€

M
lpl g hMl QMl
WV Vi
M(A, B) ‘B UgepM(A, B) ‘A U sec M(A, B).
- BeD

We set for short f = LAML%/Ipl, g = Lgtgpz and « = (*C(B, then so far we have

equivalence 2-cells ¢,,, and ¢, in the diagram:
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Uaec( Upep M(A, B) x N(B 0))

ceg
\ ] 0
Upep N(B, C)

M(A B) x N(B, C)" Ces 35)
n
HaecM(A, B) Del
BeD my -

and we define a 2-cell n1 g = my f to be the following composite equivalence 2-cell:

M(A, B) x N(B, C) 22 N(B, 0)—C"B. b, ”ng’ N(B.C) M, pgy
_ {: o -

P2 ! OB
] X )

! oB
_ pe {: _

Pl M(A, B) ! oB
_ :J _

pi G e M(A.B) _ma
BeD

where ¢,, and ¢, are the obvious equivalence 2-cells. Now we set the composite
equivalence 2-cell n1gy = maqpy in (35) to be the desired 2-cell o in (33). Finally,
by the 3-pullback property of ( LIAec M(A, B)) Xpai (LIBep N(B,C)), we get a

1-cell v and equivalence 2-cells A and p in (34) and an 1somorphlsm 3-cell 2, as
announced.

8 Equivalence of matrices and spans in a tricategory

In this final section, we examine equivalence conditions for the (1 x 2)-categories
of matrices M and spans S in a 1-strict tricategory V to be equivalent, and also for
the 1-categories of discretely internal and enriched categories in V to be equivalent.
Inspired by the ideas that we exposed in Sect. 4 we start by introducing monads in
(1 x 2)-categories and then summarize our findings in the tricategorical setting.
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8.1 Monads in (1 x 2)-categories

In this subsection, we are going to introduce monads and vertical monad morphisms
in a (1 x 2)-category V. In the analogy with the definition of a monad in a double
category [11, Definition 2.4], we introduce:

Definition 8.1 A monadina (1 x 2)-category V is a monad in the horizontal tricategory
H(V) of V (see Definition 8.2).

Whereas:

Definition 8.2 A monad in a tricategory V is given by a 1-endocell T : A — A with
two2-cells u : TT = T and n : Id4 = T and 3-cells « : MT% = @,A :
MT% = Idr, p: Idr% = Id7 which satisfy the usual five axioms that expressed
in terms of equations of the transversal compositions of 3-cells have the form:

a®Id Id Id®a Id inter 1Id

Id o Id o Id o

Id @A Id_ P
d o I
Id . 1d A
— -inter - — = —
o 1d
Id . p®Id Id
— -inter = - —
0 Id o
— -inter = —.
A

We are interested in monads in the (1 x 2)-categories of matrices M and spans S
in a 1-strict tricategory V. Being monads in their respective horizontal tricategories
H(M) and H(S), observe that their 3-cells «, A, p for associativity and unitality are
given through both 2-cells and 3-cells in V. We explain now how the five axioms for
a, A, p come down to 3-cells analogous to those in [10, Definition 6.2, 4)]. We will
restrict to a particular kind of monads. Namely, we consider those monads in H(S)
whose 2-cells u are given by two identity 2-cells and identity vertical 1-cells (i.e.,
identity functors), see (21). We will refer to such monads strict monads. Let a strict

monad be given by a cospan C «<— T —> Candal-cellc : T x¢T — T in V
determining the 2-cell i for the monad. Then, we have sc = sp; and t¢c = tpy (we
restrict to strict monads precisely in order to have the latter identities hold strictly,
for the purpose of Proposition 8.3). The associativity 3-cell « is then given by (a pair
of prisms determined by) a 2-cell a* : c¢(Idr x¢c) = c(c x¢ Idr) and a pair of

1d(sp;)py =setexid
3-cells of the form % = Idw,, ), —scaa <o) and an analogous one for 7.

To study the first of the five axioms above, observe that each of the 3-cells that are
being composed in the equation comes down to the horizontal composition of a* and
the relating identity 2-cells (® becomes x ¢ and ¢ becomes horizontal composition of
2-cells in V'), while the transversal composition of those 3-cells comes down to the
vertical composition of the obtained 2-cells. Thus, the first of the five axioms means
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that two pairs of 3-cells (prisms) (P, P*) and (P, PF) are equal so that PA = PF
yields that two 3-cells of the form 2, : Id; A = Id and Qp : Id; ® P = Id are
equal, where

Idc ®(IdidT XQa*) a* ®Id1xgl xce
A= a* @Idixeexel and P = Id. ®Nat
Idc ®(a* xXc IdidT) a*Q® Idcxgl xcl

This implies that the 2-cells Id; ® A and Id; @ P are equal, yielding a bijective 3-cell

*: A = P. (Proposition 5.1 gives a hint that it is sufficient to consider the equality
of components related to s.) The similar reasoning is applied to the other four axioms,
and one finds that they induce bijective 3-cells u*, 1*, p*, ¢*, respectively, which
satisfy the axioms from [10, Definition 6.2, 4)].

We do the same for matrices in V: we consider strict monads in matrices in V and
come to analogous conclusions. A strict monad in H(M) is a monad in H(M) for
which F and G are identities and for every A, B € Citis va g = Idyq,,, ®«, 5 and
Xj,’g are identities, see (24).

Analogously to the well-known fact that monads in the bicategories of matrices and
spans in a 1-category C which has pullbacks, products and coproducts are categories
enriched, respectively internal, in C, we have:

Proposition 8.3 A strict monad in S, the (1 x 2)-category of spans in a 1-strict tricat-
egory V, is a category discretely internal in 'V in the sense of [10, Definition 6.2].

A strict monad in M, the (1 x 2)-category of matrices in a I-strict tricategory V,
is a category enriched in 'V in the sense of [10, Definition 8.1].

Discretely internal here means that the object of objects is a 3-coproduct of copies
of the terminal object.

Rather than defining a (1 x 2)-category of monads in a (1 x 2)-category V, in analogy
to the double category of monads in a double category from [11], for simplicity reasons
we restrict ourselves to defining only the vertical morphisms of monads in V.

Definition 8.4 A vertical morphism between monads 7 : A — Aand L : A’ — A
in a (1 x 2)-category V is a horizontal 2-cell § as below together with 3-cells:

<

%
I

3

*
=
o & =

o |
- T

L
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and

satisfying the following axioms which we express in terms of equations of the transver-
sal compositions of 3-cells:

d e lddem ) 1Id e 'm*QIde 1d «

o 1d m* Id m* 1d
d &'Ideine A Id

T 1d T 1d mo!
Id e7'¢*®Id)E  »p Id

T 1d T

Here, & stands for the interchange 3-cell, and [, r are left and right unity constraints
for the horizontal composition of 2-cells in V.

We denote the category of monads and their vertical morphismsina (1 x 2)-category
V, with the vertical composition of horizontal 2-cells in V (that is, of vertical monad
morphisms §), by Mnd (V).

Analogously to Proposition 4.7, the following is straightforward to prove:

Proposition 8.5 For two equivalent (1 x 2)-categories V| and V», their respective
categories of monads Mnd(V1) and Mnd(V,) are equivalent.

8.2 Equivalence of (1 x 2)-categories of matrices and spans and of discretely
internal and enriched categories in a tricategory

In analogy to bicategorical biequivalence functors, a trifunctor is a triequivalence if and
only if it is pseudo by nature (i.e., it is compatible with the composition of 1-cells up
to an equivalence 2-cell), it is essentially surjective on the class of objects and its every
component bicategorical functor is an equivalence pseudofunctor (a biequivalence).

By their construction, the internal categories M and S are equivalent in any of the
two following cases:

o the bicategories C; and D from Sects. 5 and 6 are biequivalent;
e the horizontal tricategories H (M) and H(S) are triequivalent.

For the second case we may consider the trifunctor Z : H(M) — H(S) which is
identity on O-cells and on hom-bicategories for fixed 0-cells, which are small categories
C and D, consider the clear restriction Intcp : V-Mat(C, D) — Span,(V)(C, D) of
the pseudofunctor Int : D; — Cj to the hom-bicategories of H(M) and H(S),
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i.e., the obvious sub-bicategories V-Mat(C, D) of D; and Span,(V)(C, D) of C;. By
the above observation 7 is a triequivalence if and only if for all small categories D
the 1-cell v in (34) is a biequivalence 1-cell in V and the pseudofunctors Infc p are
biequivalences for all small categories C and D.

We next study when v is a biequivalence 1-cell. Let us consider the following sub-
tricategories of H (M) and H(S). First consider the sub-tricategory of H (M) in which
at all cell levels matrices indexed over pairs of small categories (C, D) are replaced
by matrices indexed over pairs (x, D), that is, lists indexed over small categories D.
Correspondingly, all higher cells on pairs (C, D) are replaced by identity higher cells
over categories D. Next, take a sub-tricategory of the latter sub-tricategory, where we
fix a single O-cell D. We denote this tricategory by V2. Importantly, observe that its
only hom-bicategory is the sub-bicategory V-Mat(x, D) of Dj.

Fully analogously to VD let v /(D e 1) be the sub-tricategory of H(S) with a fixed
0-cell D and whose only hom-bicategory is the sub-bicategory Span, (V) (x, D) of C;.

Let us now consider the trifunctor

H: V25 v/Del) (36)
that is identity on the unique O-cell D and on hom-bicategories set
Up p = Int.p: V-Mat(x, D) — Span, (V) (x, D),

the restriction of the pseudofunctor Int : D; — Cj.

Remark 8.6 Saying that the trifunctor | [ : VL — V/(De1) has a property P for every
small category D is the same as saying that the trifunctor [ [ : VEX2 — vV /((CxD)e1)
has it for all small categories C and D (replace D by C x D in one direction, and C by
the trivial category *, in the other).

If V is 3-Cartesian closed the trifunctors X x —, — x X preserve 3-coproducts,
for any object X of V. Then, there is a natural biequivalence 1-cell¢p : Ce 1 x De 1
— (C x D) e 1 in V with (naturality) equivalence 2-cells @ below for all functors
F,G:

CelxDel ¢ (CxD)el

FelxGel (FxG)el

/

EolxHel L L (ExH) ol

In this case by Proposition 5.1, we obtain that there is a biequivalence of bicategories
Span, (V)(C, D) =~ Span,;(V)(x, C x D), being the latter the hom-bicategory of the
(sub-)tricategory V /((C x D) e 1) (concatenate the above equivalence 2-cells @ to the
2-cell y in Proposition 5.1). On the other hand, it is clear that V-Mat(x, C x D) =~
V-Mat(C, D). Then, we may observe that the trifunctor [ | : vexD Ly /((CxD)el)
on hom-bicategories is given indeed by Int| cxp = Ini¢p.

Due to the remark, we may state:
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Proposition 8.7 If V is 3-Cartesian closed the trifunctor || : Ve 5V/Del)isa
triequivalence for all D if and only if it is “pseudo” and the pseudofunctors Intcp
are biequivalences of bicategories for all small categories C and D.

The following result is a tricategorification of [6, Proposition 3.1].

Proposition 8.8 Let V be 3-Cartesian closed and assume that for every small category
D, the trifunctor ] ] : VR 5V /(D e 1) preserves binary 3-products. Then, the 1-cell
v in (34) is a biequivalence in 'V (and consequently, the trifunctor T : H(M) —H(S)
is “pseudo”).

Proof Binary 3-productsin V2 are given pointwise, while binary 3-productsin V /(De
1) are given by 3-pullback. By the Cartesian closedness of V the 3-product trifunctors
X x—and — x X commute with 3-coproducts. Thus, the 3-coproduct Ll g ¢¢ (M(A, B)x
ceg
N(B, C)) can be seen as a 3-product ( Hpaec M(A, B)) X ( Lceg N(B, C)), ie., a
3-pullback over 1. When the trifunctor Ll gep acts on it, by assumption it sands it to a
3-product, whichin V /(De 1) is a 3-pullback over D. This means that the outer arrows
in (34) denote a 3-pullback, while obviously the inner square diagram in there denotes
a 3-pullback for the same cospan in V. Since 3-limits are unique up to biequivalence
1-cells (recall Remark 3.6), the comparison 1-cell v is a biequivalence in V, making
7 into a pseudo trifunctor. O

For the converse, we may assume less:

Proposition 8.9 Let V be 3-Cartesian closed and assume that for every small cate-
gory D the I-cell v : UpepM(*, B) x N(B, ) — ( Hpep M (%, B)) X Del ( Hpep
N(B, *)) (a special case of (34)) is a biequivalence in V (and consequently, the tri-
functor || : VB =V /(Del) is “pseudo”). Then, the trifunctor || : VE —V /(De1)
preserves binary 3-products.

Proof The proof is fully analogous to the direct direction of [6, Proposition 3.1]. O
Corollary 8.10 In a 3-Cartesian closed 1-strict tricategory V with terminal object,
3-(co)products and 3-pullbacks, the following are equivalent:

1. the trifunctor | ] : VB 5V /(Del)is “pseudo”;
2. the trifunctor T : H(M) —H(S) is “pseudo”;
3. the trifunctor || : vl V /(D e 1) preserves binary 3-products.

As a by-product of the above corollary, one obtains that the 1-cell

v: Uyec(Upep M(A, B) x N(B, C)) — (U ae¢c M(A, B)) xpei (Upgep N(B, C))
Cce€ BeD Cceg

from (34) is a biequivalence for all C, D, £ if and only if so is its special case 1-cell
v: UgepM(x, B) x N(B, %) — (Upgep M(x, B)) xpai (Lpep N(B, %)) for every
D.

From all the above said, we obtain:
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Corollary 8.11 In a 3-Cartesian closed 1-strict tricategory V with terminal object,
3-(co)products and 3-pullbacks, the following are equivalent:

1. the trifunctor | | : VR 5V /(D e ) is a triequivalence for all D;

2. the trifunctor T : H(M) —H(S) is a triequivalence;

3. the colax internal functor M — S (constructed in Sects. 7.3 and 7.4) is an equiv-
alence of (1 x 2)-categories.

Remark 8.12 Analogously to Z : H(M) — H(S), we may consider the trifunctor
E : H(S) — H(M) which is identity on 0-cells and on hom-bicategories the clear
restriction Encp : Span,(V)(C, D) — V-Mat(C, D) of the pseudofunctor En : Ci
— Dj. By analogy to [6, Proposition 2.2] one has that the trifunctors Z : H(M)
— H(S) and £ : H(S) — H(M) are 3-adjoint. Then, the following two equivalent
statements can be added as two additional equivalent conditions in the above corollary:
& H(S) — H(M) is a triequivalence if and only if the lax internal functor S — M
(constructed in Sect.7.2) is an equivalence of (1 x 2)-categories.

In any of the equivalent conditions of the above corollary, by Proposition 8.5 the
categories of monads of M and S are equivalent. As a matter of fact, analogously
as lax functors of monoidal categories preserve monoids, any lax trifunctor preserves
monads in tricategories. Hence, £ preserves monads, and 7 does so if it is “pseudo”
(for example in the conditions of Proposition 8.8). Consequently, in exactly the same
conditions the internal functors M — S and S — M preserve monads. It is easily
and directly proved that £ and Z (the latter being “pseudo”) preserve strict monads.
Thus, we have:

Proposition 8.13 Under conditions of Proposition 8.8, the trifunctor I preserves strict
monads, i.e., due to Proposition 8.3 it maps categories enriched in V into categories
discretely internal in V.

Moreover, let us restrict to strict vertical morphisms of monads in S—those for
which the equivalence 2-cells & and g in (21) are identities, and to strict vertical
morphisms of monads in M—those for which v4 p = Idjg,, . ®« faB and XX,YBG are
identities for all A, B € C in (24). Then, it is not difficult to see that strict vertical
morphisms of monads in S yield internal functors in V and strict vertical morphisms
of monads in M yield enriched functors in V, recall Sect. 7.1.

Now by Proposition 8.3 and the latter, we finally obtain:

Corollary 8.14 Let V be 3-Cartesian closed with terminal object, 3-(co)products and
3-pullbacks and assume that for every small category D, the trifunctor [] : vl
—V /(D e 1) is a triequivalence. Then, the subcategories of strict monads and strict
vertical morphisms of monads Mndg (M) and Mnd(S) of Mnd(M) and Mnd(S),
respectively, are equivalent. Equivalently, the categories of discretely internal and
enriched categories in 'V are equivalent.

We finish the paper with a comparison of our results with those from [10, Section §].
We assume Cartesian closedness in Proposition 8.8 in order to have that the trifunctors
X x — and — x X commute with 3-coproducts, which is the second preservation
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assumption in [ 10, Proposition 8.4]. That the trifunctor | | : V2 — V /(De1) preserves
binary 3-products can be restated so that the 3-coproduct functor maps binary 3-
products, which are special kind of 3-pullbacks, into 3-pullbacks in V. Thus requiring
that the 3-coproduct functor preserves 3-pullbacks, which is the first preservation
assumption in [10, Proposition 8.4], is a little bit stronger than the latter. The result of
[10, Proposition 8.4] concerns an enriched category 7in V and n-ary 3-products of
its endo-hom O-cells in V, so that for n = 2 it claims the existence of biequivalence
1-cells

Ugeopr((UacopI(A, B)) x (UceoprI(B, C)))
— (Ua,Be0p7I(A, B)) X Upeoprip) Up,cecor?(B, C)).
Thus, it is a special case of our Proposition 8.8. Finally, under the above assumptions in
[10, Proposition 8.5] it is proved that an enriched category in V is an internal category
in V, which is our Proposition 8.13. It is clear that our present constructions give a

much broader picture than the approach that we employed in [10, Section 8], for which
we followed [9].
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Appendix: Axioms for 3-cells of an internal functor

In these diagrams, the symbol x will stand for short for the pullback — x¢, —

I PRSI
F(R)x (F(S)x F(Tx U)) Jorawp R FR)x F(Sx (Tx U)) 22— F(Rx (Sx (Tx U)))
Iy
1dpryx(1dp)xFIY) 1dpR)xF (@ 7 ) nat. Fldgxer§ 1)
% I RA(SXTXU
] U FE
(F(RYX F(8))x (F(T)x F(U)) 2E2LL P (RY s (F(8) % (F(T)x F(U 1apax@3™  F(R)X F(Sx T)x U) =—— F(Rx ((Sx T)x U))
#
Tdr N‘XQFVSAF(T) FU) ldrwvxri><7 v

ST I
F(R)x ((I'(S)x Fayx FOST LRy s (F(Sx T)x F(U))

\ PR
Ry, L) "’nmrm FaF0) nat. i s nu\ Fla sur.0)

Il
(F(R)x (me F(T))x F( CHR)x F(Sx T))x F(U) af-s<10
= il

. RoSAT,
. ris).Fayddrw) L T
Y

g g x(F3 Txld g
U =="

((F(R)x F(S))x F(T))x F(U) QS Tadpw, F(RX(SxT))x F(U) =——== F(Rx (SxT))xU)

FRXSxDT

RS Fleg s, rXdFw)
(FESd ) MUdrw)

(F(RxS)x F(T))x F(U) === F(RxS$)xT)x F(U)

S,

@ Springer



Journal of Algebraic Combinatorics

N v e Ty <(ld sy <P ) X X . ldp <Py Y el
F(R)x (F(S)x (F(T)x F(U))) F(R)x (F(S)x F(TxU)) === F(R)x F(Sx (T xU))
1
@ s F U nat. iR, F($, X0
— ¥
(F(R)x F(8))x (F(T)x F(U)) (FR)X F($)x (F(T)x (U S22 bRy x F($))x F(T'x U) 9f5750  phssa<on
nat. l
FRSAdp ey nat. = FRSGTV FESAr g,
I v
F(Rx $)x (F(T)x F(U)) —2252 s F(Rx §)x F(Tx U) F(Rx (Sx (Tx U)))
1l =

= U RS FO.FU) RS Flegs,rxv) Fdgxa 7 y)
¥ =
nat. F(Rx $)x (T'x U)) F(Rx((SxT)x U))
AR $),F(T).F W) . F@ges.r.v) F(IT) F@h surv)
I
((F(R)x F($)x F(T)x F(U) F((Rx ) T)x U) 5= F(RX (SXT))x V)
R.s. TGV
(FE gy Mdp ) N ' )
(F(Rx 8)x F(T)x F(U) === F((Rx 8)x T)x F(U) === F(Rx (Sx T))x F(U)
FRSTdp g Flag s 9dFw)
(A2)
(d gy ¥ Fu) xId (g
(F(R) x F(u) x F(S) &="="FIR) x F(S)
Fyx ><Id1.~(g)ﬂ Q,x xId p(s)
/F(V*)dens Fy
F(qu)xF(S):gF(R)XF(S) F(R x S)
nat.
Fy /F(r*xldg)§p( N Fdg xI*)
/ LR
F((R xu)xJS) F(Rx (uxJS))
Fla®)
F(R) x F(S)

(Mg ry X Fa) x1dp(s) Tdp(ry X (Fu x1dp(s)

nat.
(F(R) x F(u)) x F(8) “2LOLS popy s (Fuy x FSY LN vy o F(s)
ﬂ [l =
= Fyx xIdp(s) Idp(s) x Fx Idpry x 2%
y ==
F(R x u) x F(S) Qs F(R) % F(u x §) sz F(R) X F(5)

|
Fxﬂ Fyx nat. Fx
{

F((RXM)XS)?F(RX(MXS))WF(RXS)
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