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Abstract. It is well known that CH™ has the structure of a solvable
Lie group with left invariant metric of constant holomorphic sectional
curvature. In this paper we give the full classification of all possible left
invariant Riemannian metrics on this Lie group. We prove that each of
those metrics is of constant negative scalar curvature, only one of them
being Einstein (up to isometry and scaling).
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Introduction

Since CH™ is a symmetric space of negative sectional curvature, in light of the
classical results of Heintze [11,12], it can be viewed as a connected solvable
real Lie group with a left invariant metric. This group, denoted by CH",
is the noncompact part of the Iwasawa decomposition SU(1,n) = KAN of
the isometry group of the complex hyperbolic space. The compact part is
isomorphic to U(n), the nilpotent part N is Heisenberg group H?"~! and
the abelian part is one-dimensional. The semidirect product CH™ = AN acts
simply transitively on CH™ giving it a structure of a Lie group with the
left invariant metric inherited from CH™. Now an interesting question arises:
what are all the other possible left invariant Riemannian metrics on this Lie
group?

There are two standard approaches to the classification problem based
on the moduli spaces of the left invariant Riemannian metrics on a given
Lie group. One is to fix Lie algebra commutators, then consider the space of
all possible left invariant metrics and find the simplest representatives under
the action of the automorphism group. This approach we use here to classify
all non-isometric left invariant Riemannian metrics on CH™. Since CH" is
completely solvable and due to Alekseevsky’s results [1,2], isometry classes
of the left invariant metrics are exactly the orbits of the automorphism group
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acting on the space of the left invariant metrics. Slightly different but equiv-
alent approach is to fix an orthonormal (or pseudo-orthonormal) base and
classify all possible Lie brackets up to the action of the automorphism group.
In the space of all bilinear skew-symmetric forms the Jacobi identity defines
the hypersurface of admissible Lie brackets. Once again the isometry classes
constitute the orbits of the automorphism group. Both approaches are used
by Lauret in search for distinguished left invariant metrics (Ricci solitons) on
nilpotent Lie groups [19]. The first method is systematically outlined in [14],
and the second one in [10]. Tamaru et al. called these methods Milnor-type
theorems in reference to the groundwork of Milnor [21] who classified all left
invariant Riemannian metrics on three-dimensional unimodular Lie groups.
Although Milnor’s method relies on the existence of the cross product in di-
mension three, lots of results have been obtained later for Riemannian and
Lorentzian cases in dimensions three and four (see for example [3-7,18,23])
as well as for dimension four with neutral signature [24,25].

The results in an arbitrary dimension are more recent. All the left in-
variant Riemannian and Lorentzian metrics on Heisenberg group have been
classified in [26]. Pseudo-Riemannian metrics of the real hyperbolic space
modelled as a Lie group have been explored both by the variation of Lie
brackets [16] and by the variation of inner products [27]. It has been shown
[17] that the Euclidean space, the real hyperbolic space and H3 x R™ (prod-
uct of three-dimensional Heisenberg group and Euclidean space) are the only
connected and simply-connected Lie groups admitting unique left invariant
Riemannian metric up to scaling and isometry. Lorentzian metrics on Hg xR"™
have been classified in [15].

Algebraic Ricci solitons on nilpotent and solvable Lie groups are in-
troduced by Lauret [19,20]. He proved that a solvable Lie group admits at
most one left invariant Ricci soliton up to isometry and scaling. Since CH™
is completely solvable, one can conclude that the Einstein metric of CH" is
the only Riemannian left invariant Ricci soliton on CH". This is an exam-
ple of codimension one Ricci soliton subgroups of solvable Iwasawa groups,
recently classified in [8]. Algebraic Ricci solitons on Heisenberg group have
been classified in [22].

This paper is organized as follows.

In Sect. 1 we introduce basic notation and define metric Lie groups and
algebras together with isometry classes. We also give a brief review of some
concepts of the symplectic linear algebra.

Theorem 2.1 of Sect. 2, the classification of non-isometric Riemannian
left invariant metrics on CH", is the main result of this paper. We describe the
Lie algebra’s group of automorphisms Aut(ch,,) in Lemma 2.1 and Corollary
2.1. Tt contains the symplectic group Sp(2(n —1),R) that plays an important
role in the proof of the classification theorem by permitting a diagonalization
with symplectic eigenvalues.

In Sect. 3 we investigate geometrical properties of the Lie group CH"
equipped with various left invariant metrics g(p,x,o,3). This provides a
whole class of Riemannian solvmanifolds that could be interesting for further
research. The curvature tensor is given both explicitly and on the exterior
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algebra. None of the metrics is flat but all of them have a constant negative
sectional curvature. We prove there is exactly one Einstein metrics up to
isometry and scaling and see it is the only Ricci soliton left invariant metric
on CH".

1. Preliminaries
The complex hyperbolic space is a non-compact rank-one symmetric space
of negative sectional curvature:

CH" =5U(1,n)/S(U(1) x U(n)).
Therefore, it is a solvmanifold, i.e. it can be represented as a connected solv-
able Lie group with a left invariant metric [11,12]. This group is a semidirect

product of the abelian and the nilpotent part (Heisenberg group) of the Iwa-
sawa decomposition of its isometry group:

CH" =R x H> 1.

The Lie algebra ch,, of the Lie group CH" is a semidirect product of the
abelian and the Heisenberg algebra

ch, =R x h2n71~

It is spanned by vectors X, Y1,..., Y1, 21, ..., Zn_1, W with nonzero com-
mutators:

1 1

i,7€{l,...,n—1}. (1)
This algebra is 3-step solvable. The first derived algebra is Heisenberg ho, 1
and the second is the one-dimensional algebra spanned by the vector W.
Using the identification C* = R?™:

(Zl,...,Zn) = (xla"'axnvyla"'ayn)7 Zk :$k+iyk}7 ke {1,...77?,}7

the multiplication by 4 on C" induces the standard complex structure on R?"

given by
0 I

where I, is the n x n identity matrix.
The standard symplectic form in vector space R?" is

w(u,v) = vl J, u,veR™.
The w-preserving group of all linear transformations of R?" is the symplectic
group
Sp(2n,R) = {F € Glo,(R) | w(Fu, Fv) =w(u,v)}
={F|FTJ,F=J,}.
It is related to the unitary group
U(n)={U € GL(n,C) |UU* =1,}
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by
U(n) = Sp(2n,R) N.SO(2n).

The following statements of symplectic geometry will be used for the
classification of metrics on the Lie group CH". For a more detailed review on
the topic see [9] and [28].

Theorem 1.1. (Williamson diagonal form) Let S be a positive-definite sym-
metric real 2n X 2n matrix.

(i) There exists M € Sp(2n,R) such that

g

D:MTSM:<O 2), o = diag(oy,...,0n).

(ii) The sequence o1,. .., 0, does not depend, up to a reordering of its terms,
on the choice of M diagonalizing S.

With the ordering convention oy > g9 > --- > 0, > 0, the decreasing
sequence (o1, ..., 0y,) is called the symplectic spectrum of S and is denoted by
Spec(S). The elements of Spec(S) are the symplectic eigenvalues. The diago-
nal matrix D with the ordering convention above is called Williamson diag-
onal form of the symmetric matrix S. The elements of symplectic spectrum
are symplectic eigenvalues of S. The multiplicity of the symplectic eigenvalue
o; is the number of times it is repeated in o.

Proposition 1.1. [9] Symplectic spectrum is a symplectic invariant:
Spec(MTSM) = Spec(S), for every M € Sp(2n,R).

Proposition 1.2. [9] Assume that M and M’ are two elements of Sp(2n,R)
such that

S=M"DM =MTDM,

where D is the Williamson diagonal form of symmetric matriz S. Then

MM'=' € U(n).

Corollary 1.1. If M € Sp(2n,R) preserves D, that is MT DM = D, then
M e U(n).

The following results od Alekseevsky enable us to classify all non-
isometric Riemannian metrics on the completely solvable Lie group CH".

Definition 1.1. Two metric Lie algebras (i.e. Lie algebras equipped with inner
products) are

(a) isometric if there exists a homomorphism of vector spaces that preserves
curvature tensor and its covariant derivatives.

(b) isomorphic if they are isometric and the isometry preserves Lie algebra
commutators (i.e. they are isomorphic as Lie algebras as well).

The relation between the isometry of metric Lie algebras and the isom-
etry of corresponding metric Lie groups (Lie group with the left invariant
metric) is given by:
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Lemma 1.1. [2] Two metric Lie algebras are isometric if and only if the
corresponding Riemannian spaces are isometric.

Since ch,, is completely solvable, it is possible to classify all non-isometric
inner products thanks to the following lemma:

Lemma 1.2. [1,2] Isometric completely solvable metric Lie algebras are iso-
morphic.

2. Classification of Left Invariant Riemannian Metrics on CH"

Every inner product on a Lie algebra uniquely determines a left invariant
metric on a Lie group by left translations. Therefore, the problem of classifi-
cation of all non-isometric left invariant Riemannian metrics on the Lie group
CH" is equivalent to the classification of all non-isometric positive definite
inner products on the Lie algebra ch,,.

In a fixed basis with commutators (1), inner products are represented by
the symmetric positive definite matrices S. A set of orbits of an automorphism
group acting of the space of inner products is called moduli space of left
invariant metrics (see [14]). Every orbit is in one-to-one correspondence with
an equivalence class of the action S ~ FTSF, F € Aut(ch,,). Since ch,, is
completely solvable, Lemmas 1.1 and 1.2 ensure that isometry classes are
precisely the orbits of the automorphism group. Thus the classification of
non-isometric metrics is equivalent to finding the simplest representatives of
these orbits.

Lemma 2.1. The automorphism group of the Lie algebra ch,, is

1 0 0
Aut(ch,) = { w M 0| |MecGL2(n—-1),R), MTJ, M
T
a v A
1
=M1, v eR*™ D g XeR, AN#£0, u= Q/\MJnlv}. (2)

Proof. Fix a basis (X,Y1,...,Yn_1,Z1,...,Zn—1, W) with commutators of
the form (1). Every automorphism F' € Aut(ch,,) must preserve commutators
by definition, i.e.

[FXl,FXQ} :F[Xl,XQ], Xl,XQ GChn.

It also preserves the derived series. In the ch,, case, its first derived algebra is
Heisenberg algebra spanned by Yi,...,Y,1,Z1,...,Z,_1, W and its second
derived algebra is one-dimensional spanned by W. This directly simplifies
automorphisms represented in the block matrix form:

1 0 0
F=|u M 0
T

a v A
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Furthermore, the commutators
[FZ;, FY;] =6i;FW, [FY;, FY;] =0, [FZ;,FZj
=0, 4je{l,...,n—1}

impose a restriction on M: M7 J,_ 1M = \J,_1.
Finally, after a short calculation the commutators

1 1
[FX,FYi]:iFYi [FX,FZi]:iFZi, i,7€{l,...,n—1},
imply a relation of vectors u and v: u = %Mjn_lv. 0

Note that Aut(ch,,) is generated by three types of automorphisms: di-
agonal, symplectic and generalized translations.

Corollary 2.1. The identity component of the automorphism group of the Lie
algebra ch,, is a semidirect product

Auto(chy) = D x (Spx T),

where
1 0 0
D= Fya)=[0 af 0 ||a>0,,
0 0 a?
1 0 0
Sp={ Fs,(M)=[0 M 0] |M"Jyo1M = J,_1 p = Sp(2(n—1),R),
0o 0 1
1 0 0
T={Fva=|% Jooiv I 0|laeRveR¥"
a T 1

Theorem 2.1. (Classification theorem) All positive definite inner products on
the Lie algebra ch,, in some basis with commutators (1) are represented by
the matrices

p ¥ 0 0
z o) 0 O
S(p7xﬂo—7ﬁ)_ O 0 o 0 bl (3)
0 0 0 p
where p,3 >0, x=(r1,...,2,-1)7 €eR"L  2,>0,
U:dia’g(o-lv"'70-n—2a1)a UlZ"'ZUn—221-

If all eigenvalues of o are distinct then all inner products (3) are non-
isometric. If my,...,miy1 are the multiplicities of the eigenvalues of the
matriz o, i.e. 0 = diag(d1, ..., 01, .. Oky. vy Ok, Loy 1), my++ o Fmpgq =

——— —— —
mq me ME+1

n — 1, then non-isometric inner products are represented by (3) with

. N X T n—1 .
l‘:($1,0,...,0,$2,0,...,0...7.’17k+1,0,...,0) eR"™, &;>0.
——— ——— ——

mi—1 mo—1 mey1—1
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Proof. We are looking for the simplest representatives of the orbits of Aut
(chy,) acting on the space of positive definite symmetric matrices. Consider
an arbitrary positive definite symmetric 2n x 2n matrix S in a block matrix
form

Y4 ép q
S = zo S w
wl B
A generalized translation Fy, (—w,0) € T simplifies S to
ZlT
S, = F 1SF,g1

Since 57 is positive definite, S; is also a positive definite (n — 2) x (n —
2) matrix. Thus S; allows Wiliamson’s diagonalization (Theorem 1.1) by a
symplectic matrix M;. We choose Fg,,,(M7) € Sp to obtain

D2 2 My @ -
_ ) Q1
Sy =F&, S1Fsp, = | M{zs MISMy 0 |=|(2 D; 0],
@ 0 &
a1 0 I3
where D; = diag(&l,...75,1,17617_...,5“,1) and g1 > -+ > g1 > 0

form the symplectic spectrum of S;. Now we choose a simple translation
Fy,(0,—8+) € T' to obtain

. p2 — g—i 20 p 2 0
S3 = FtSSQth = 29 Dz 0| =|% Ds 0
0 0 A 0 0 b
This is further simplified by a diagonal automorphism Fy,((7,_1)"2) € D
D azd 0 p 2T 0
Sy=F] S3Fy, = |azxn oD, 0 |=(z D o0},
0 0 04251 0 0 ﬂ
where
D = diag(——,..., =21, TL T2 )
On—1 On—1 On—1 On—1
= diag(o1,...,0n-2,1,01,...,0n_2,1)
= diag(o, o).

Now consider a symplectic matrix M that preserves Williamson’s diag-
onal form MTDM = D. Then (Corollary 1.1)

M eU(n—1)=Sp2(n—1),R)NSOQ2(n —1)). (4)

Since M is orthogonal, i.e. MT = M1, it follows that DM = MD. M and
D are both diagonalizable and they commute, therefore they are simultane-
ously diagonalizable and they have same eigenspaces. Thus M must preserve
eigenspaces of each symplectic eigenvalue from Spec(D).
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e Consider first the most general case when all symplectic eigenvalues of
D are distinct. Then corresponding eigenspaces are two-dimensional and
can be viewed as the complex line C. Since Sp(2) = SO(2) = U(1), the
restriction of M on each two-dimensional eigenspace is a rotation in C.
When we identify R2("~1) =~ C»~1 by

ZT = (i‘la e Tp—1,Y1, - - 7@”—1) = (251, KRN Z7L—1)7
the transformation
(215 ey 2n_1) (ei‘glzl7 .. ,ew"*lzn_l)
is symplectic for any choice of angles 6 = (01, ...,0,,_1). If we choose 0
such that
ey =2, >0, ke{l,...,n—1},

the transformation becomes

T _ _ _ _ N
z :(xla'--7$n717y17"'5yn71)HZL‘

= (ml,...,xn,l,o,...,O) = (I‘T,O).

To represent the last transformation by a block matrix we define diag-
onal matrices

A(0) = diag(cos by, ...,cos860,_1), B(0)=diag(sinb,...,siné,_1).
Thus, the block matrix is

- (48 1)

Using Fsp,, (M) € Sp we get the final form:

T

T

p  TM 0 p T 0 ixgg

Sy =F2 SiFsp. = |MT2 M"DM 0| =|& D 0| = 7
P5 5 0 0 3 00 3 00 o0
00083

e If the multiplicity of an symplectic eigenvalue of D is m;, then we can
identify the corresponding 2m;-dimensional eigenspace with C™ via

(21, 2Zmy) 2 (Z1, oo s Bnyy Y1y -+ s Uy )-
Since M is unitary (4), it’s action on this eigenspace corresponds to the
action of U(m;) on C™:. U(m;) acts isometrically transitively on C™,
hence it can map any 2m;-dimensional vector (Z1,...,Zm;, J1s-- - Um;)
to the vector of the same length (Z;,0,...,0), i.e.

(Zl?"'Zmi) = (fla“'ajmivgla"'agmi) = (iivoa“'vo)a

P=ri T, AP

The same method applied to all the eigenspaces simplifies the vector x
to:

= (21,0,...,0,82,0,...,0...,841,0,...,00T €eR*"™1 & >0. (5)
N—_——

mlfl mzfl mk_*_l*l
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Now we check when two different matrices of the form (3) correspond
to non-isometric inner products. Let S(p, x, 0, 3) and S’ (p’,2’,0’, 5) be two
matrices from the same orbit

1 0 0
S'=FTSF, F=|u M 0| € Aut(ch,),
a ol A
with z and 2’ of the form (5). We shall prove that S = 5.
If we denote z = (x,0) and 2z’ = (2/,0) we have
/ T

P z 0
S'=1|2 D 0
0 0 o4
p+ulz+ T +u"Du+a?8 (T +u'D)M +apfvT  ap
= M7T(z+ Du) + aBv MTDM + pov” B\v
afB\ BT B2

Since 8 # 0 and A # 0, we immediately get a = 0, v = 0 (thus u = 0), so the
translatory part of the automorphism F' is identity and

p _ZTM_ 0
S'=MTz MTDM 0
0 0 BA?

Therefore p’ = p and D' = MTDM.
Assume A > 0 and choose « > 0 such that
F = diag(1, M, \) = diag(1,aM, a?).
If A < 0 the procedure is analogous with the same result. The only difference
is —a? as the last entry of the previous matrix. Now we have
D' = M"DM = o’M"DM.
The symplectic spectrum (o1, ..., 0,2, 1) is a symplectic invariant by Propo-
sition 1.1 and D = diag(o, o) is a sorted Williamson diagonal form. M DM
has the same spectrum as D and it is proportional to a sorted diagonal ma-
trix D’ = diag(o’,0’). Hence MT DM is diagonal, has the same eigenvalues
as D, both are sorted, therefore M7 DM = D. Thus we have D' = 2D, i.e.
diag(ay,...,00 o, 1,07,...,00 5, 1) = a*diag(o1,..., 00 2,1,01,...,0,_2,1).

Consequently o2 =1, so a = 1 and

P 2TM 0
S'=| Mz D 0f]. (6)
0 0 I}

Therefore, 3 = 3 and ¢’ = 0.

As shown before, M is an unitary matrix that preserves eigenspaces
of each symplectic eigenvalue from Spec(D). If M is restriction of M to
the eigenspace C™ then (6) implies (i},0,...,0) = M(&;,0,...,0). Since
the unitary group preserves the length of a vector, it follows that &, = &;.
Therefore we have proven z = x’ and consequently S = 5’. O
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Remark 2.1. In the following, we will use the simpler notation x = (21, ...
Zn). Strictly speaking, the exact relation of indices is
Iy =z, ;= Tyt 41 it €{2,...,k}, with all the rest z; being 0.

Remark 2.2. Every inner product on a Lie algebra uniquely determines a
left invariant metric on a Lie group. Thus the previous theorem gives us a
classification of all non-isometric Riemannian metrics on the Lie group CH".

3. Curvature Properties of Lie Group CH"

We have classified all non-isometric left invariant Riemannian metrics on
CH"™ and now we will show some useful curvature properties of these metrics.
Let (X,Y1,....Y,1,Z1,...,Zn_1,W) be a left invariant basis of ch,, with
commutators (1). Denote by g(p, x, o, 3) a left invariant metric defined by an
inner product S(p, z, o, 3) in the basis given above.

Let V be its Levi-Civita connection. For any left invariant vector fields
X1, Xo, X3 the Koszul’s formula reduces to

29(Vx, Xo, X3) = g([X1, Xa], X3) — g([ X2, X3], X1) + 9([X3, X1], X2). (7)

From Koszul’s formula (7) using the fact that V is torsion-free, i.e.
Vx, X2 — Vx, X1 = [X1, Xs2], we find all non-zero covariant derivatives:

1 n—1 £ZJ2 n—1 2 Z n—1 z
; i i k
VxX =— =X - —Y; VxYi=— [ X — —Y
T s 1 0;i0 2
i k ij 0 k
Vy X =—[X- —Y, | —2Y;, VyY = X — —Yi |,
Yi 2z < Z O k) 2 Vit 2z ( ke k)
k=1 k=1
04
Vy.Z;j=—2W=-VzY;, VyW= Zi=VwY;, VzX=-—-=-2Z,
i 2 J ? 20—1 o
V.7, = 2% X—gﬂy vy =2 X—Sﬂy
Zi 45 2 P % 3 I w 2 vt o il
n—1 x
VwX =-W, VwZ = wiX — 2 Y Y =2V | =V W,
2205 1 Ok
where z = p — Z?;ll Z—z and 0,1 = 1. The Riemann curvature operator for

all Xy, Xs € ch, is defined by
R(X1,X2)=Vx,Vx, - Vx,Vx, — VX1, Xs]-

Expressions for the Riemann curvature operator are quite complex so it is
convenient to present them in terms of wedge products (see Appendix for
the explicit formulas). Since we work with left invariant basis, we have a
natural identification T,CH" = ch,, for any p € CH". Using the symme-
tI‘y g(R(Xl, XQ)XQ,, X4) = —g(R(AXV:[7 XQ)X4, Xg) we know that the Riemann
curvature operator belongs to the algebra of skew-symmetric endomorphisms
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so(g). Accordingly, we identify the skew-symmetric endomorphisms so(g)
with 2-vectors A2T,CH" by

(X1 A X2)(X3) := g(X2, X3) X1 — g(X1, X3)Xo,

for any X3 € T,CH". Since R(X1,X2) = —R(X5, X1) the curvature tensor
can be regarded as a skew-symmetric operator on the space of 2-vectors

R: A*T,CH" — A*T,CH" = s0(g), R(X1 A X3) := R(X1, X5).

Lemma 3.1. The Riemann curvature operator R : A®ch, — A2%ch,, is given

by:
R(X.Y;) = Txavie Lzaw
y 4Z 40_1 K3 I
1
R(X,Z;) = <—aiXAZi—Qa;iXAW+x,»ZQ”nAW+zmAW>,
4202‘ g

1
R(X,W):QZ[—QX/\W—%ZZY[/\W
l

+5Z ( —xm X N Zp +xmz Yl/\Z +2Yp, /\Z>

B
R(Y;,Y;) = E}/i/\y}_mzi/\zj’
i0j
1
R(Yi,Z)) = | = 2,0.Yi AW + 26,010, (XAW§ jZYlAW>
1] 1

—00;Y; NZj + 25”010Jﬂ2

m

(me A Zm

2
Om

—meJlYl/\Z —2Y N Zo,

—I—ﬁ(;va/\Zi—x]—ZjlYl/\Zi—ij/\ZZ->
l
l

rw) = 2|2 (w2 ) (22w
7 K2 1

7

)

x] X
+X/\ZZ-—Z;lYl/\Zi—UiZU—lQY;/\ZZ
l l

1

Rr(Zi ;) = 420;0;
i0j

("EiO'ij AW — l’jO’iZZ‘ A\ W) - JiO'jZZ' A\ Zj
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—le(inzAYj—xMAm—anG)
gl
l

R(Zi,W):ﬁ<—X/\Y+Z ZYIAY; — Z Zl/\Z

4 X
<U_2 ﬁ)Z AW+—Z ’ZmW)

2

_|_

Proof. For example, let’s prove the formula for R(Zi, W). Start by applying
this operator to the vector field X by definition

R(Zi,W)X = V2, VwX —VwVzX — Viz wX

g 7
= —x; X i —Y; Y.
4z0; Tk zl:m Ltz

When we apply all wedge products from the standard basis of A*T,CH" to
X we see that the only basis elements that give vector fields X and Y; in the
result are (XAY;) X = 2; X —pY; and (Y;AY;)X = x;Y;—x,Y;. Hence, we have
a linear combination R(Z;, W)X = pu(X AY;) X +n(Y; AY;)X. Consequently

B
4zo;

(xix tay ?YI + zY) = (@ X — pYi) + n(@rY; — ;7).
l
l

. When we

Comparing the coefficients by the vector X we obtain y = —

4za

substitute p and p = Zl + z in the previous equation, it gets simplified
to

’ xiZﬂYlHYi -7 (—Zﬂzﬂmw(xm—xim.
a1 a1

420’1' 420’1' .

As a result we find n = 420 2 o . Therefore we have represented

O (x AYi(X) + Z“ (Vi A Y)(X)

20; 4z0; oy

R(Z;, W)X = — 1

in terms of wedge product. In this way we have found the first two summands
in the expression of R(Z;, W). Repeating the procedure by applying the op-
erator R(Z;, W) to vectors Y;, Z;, W one will similarly find the coefficients
with the remaining summands Z; A Z;, Z; AW and Z; AW.

All the remaining curvature operators have been found by analogous
lengthy calculations. O

Using the definitions of the Ricci curvature tensor and scalar curvature
Ric(Xp, Xs) = Tr(X — R(X, X1)X2), Xi,Xs €chy,
T = Z gijr ij5
we calculate them directly:

Lemma 3.2. For all left invariant Riemannian metrics g(p,x, o, 3)
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(i) the Ricci curvature tensor in a basis with commutators (1) is

np+z nzT 0 0
nx no+pfzo~ 1 0 0
Ric = 5 0 0 no+Bzo~ 1 +BvuT (2n + l)gv ) (8)
2
0 0 @2n+1)50T  2mp-p2y Pl & (i—:—l-z)
Tk
where
X = (xl,...,xn_l)T, deiag(al,.. O'n_g,l), Op—1 = 1,
—1 x4 o n—1x

v=o0 xz(i—i), z2=p— Zzlm.

(ii) CH" has a constant negative scalar curvature:

n—1
1 2
on? 1 = i
n? +n+ +6;Ui2 (Z+a»>

7

Proof. The formulas follow directly from the calculated Levi-Civita connec-
tion and Riemann curvature operators. Since o; > 1, i € {1,...,n—1}, and
B,z > 0, the scalar curvature is strictly negative. ]

Remark 3.1. This is consistent with Milnor’s result ([21], Theorem 3.1) that
a scalar curvature of a non-flat left invariant Riemannian metric on a solvable
Lie group is strictly negative.

Remark 3.2. Ricci negative metrics on CH" exist. For example, if z; = 0 and
2n—pBy.1 ! 1 > 0, all eigenvalues are negative. In that case

n—1
Ric = ——dlag ((n—|— Dp, u, u,2nf — ﬂzpz ! )
op

k=1

where u = (nal—kg—f,...,non_g—F Ufi,n—!—ﬂp) e R 1L

Definition 3.1. A metric is Einstein if its Ricci tensor is proportional to the
metric tensor.

Theorem 3.1. The left invariant Riemannian metric g(p,x,o,8) on CH" is
FEinstein if and only if the following conditions are satisfied:

pB=1 x;=0, o;=1, ie{l,....,n—1},

i.e. the corresponding inner product is

1
S:diag(p,l,...,l,p). (9)

This is the standard Kdahler metric of the complex hyperbolic space CH™,
unique up to isometry and scaling.

Proof. Direct comparison of the Ricci tensor (8) with the metric tensor (3)
shows that Ric = kg holds for some constant k iff p3 = 1 and (Vi) x; =
0, o; = 1. The resulting metrics (9) is the standard K&hler metric of the
complex hyperbolic space with constant holomorphic sectional curvature —%.
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Now we check the uniqueness up to scaling. Consider a scaled metric

. q
qS = diag <pq,q7~-~,q,p>7 q>0.

The action of a diagonal automorphism F = diag (17 %, ey

1
FT(¢S)F = diag <pq, 1,...,1, )
pq

shows that ¢S is in the orbit of the standard K&hler metric of the complex
hyperbolic space with constant holomorphic sectional curvature —p—lq. O
Remark 8.8. This is consistent with Herber [13], Theorem E: Any solvable
Lie group S admits at most one left invariant standard Einstein metric up
to isometry and scaling. If it does, then S does not carry any nonstandard
Einstein metric and hence the Einstein metric is essentially unique.

A complete Riemannian metric ¢ on a manifold M is called a Ricci
soliton if

Ric(g) = el + Lxg (10)

for some smooth vector field X on M and ¢ € R.

Given a Lie group G, a left invariant metric g (identified with the inner
product on a Lie algebra g) is called an algebraic Ricci soliton if

Ric(g) =cI + D (11)

for some ¢ € R, D € Der(g). If G is nilpotent, the metric g is called nilsoliton,;
if G is solvable, then g is solsoliton.

Any Riemannian algebraic Ricci soliton is automatically a Ricei soliton,
i.e. (11) implies (10). For a left invariant Riemannian metric, converse is also
true when G is nilpotent or completely solvable (see [19,20]). Furthermore,
a given solvable Lie group admits at most one Ricci soliton left invariant
metric up to isometry and scaling ([20], Theorem 5.1, Remark 5.2). Since
Einstein metric is a trivial example of Ricci soliton and the Lie group CH"
is completely solvable, we conclude:

Corollary 3.1. The only Ricci soliton left invariant metric on CH™ up to
isometry and scaling is Einstein metric (9).
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Appendix A: Explicit Expression of Riemann Curvature
Operator

1
R(X, V)X = E(*%‘X + pY5)

1
R(X,Y))Y; = ~(2;Y; = 8ijoiX)
5iy
R(X,Y)Z; = 2w
_ B

R(X,Z)X = ﬂz (Zi + “””W)

4 o;
€Z; €Z; z
R(X, Z,)}/j = & <Zi + OTWi 57,]%W)
o
X,Z)Z; =——6.,X
R(X,2)7; = -2t5,
RX, zyw = - 20X+ Y DY+ 2Y
4zo; L
PO T zZ+p
X X =— — 7
R(X, W) 4220? + 2z w
i3 X B T4
X Y, = 7 — —7; + —
R(X, W)Y 4z 202 ! 20; Z+22W

g xy
X, W)Z; = 30X £ 22 Y Y+ 22,
ROX,W)Zi = 7 | =30 + 22 Eljal 1 +22
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1
R(Y“Y])Yk = E(ézkazy —(Sij]Y)
B ( ik Sk
}/Z,Y Zy =— | — —7Z,L
R( j) k 4 7; j :
1] TiT
R(Y;, Z;)X = 1 _l”v:Zj+( ajj 25wz> }
1
R(}/i7Zj)Yk = Z (5 ﬂZ +5zk Z +26U s Zk+5zkaUGlW>
J
R(Y.Z))Z = -25.£ BX - V-0 3 My,
1y Hj k 4z IJO'Ig k k k l o 1
/8 I’l
0k — IjX—ZYj_IjZ*Yl —0j,0;Y;
0j ; o]
R(Y;, Zj)W = B ——J}Q+26Z»(X_Zﬂyl)
» <] 4z ; 7 : e

1 € Bz
Y, W)X =— 15 —Z— —Z; +2x;W
R( ) > (535 S22 T +2x )

4 T~ 0 i
o ﬁ xy g; z
R(Y;, W)Y; —5513' Ui;aflzzﬂr(?ﬁ*a)w
B i zj
VW) Z, == [sx - 2y - Hy;
R( uW) J 4z 51]( ZZ:UZ l) o; i
52 Z 0'<2
Yy, W)W = —u X +x; ) —Y —-22)Y;
RYLW)W = 1 | —a +le:‘” L (2= 2)
R(Z;,Z;)X =0
R(Z;, Z;)Y, _L %(—m X +a; 3 2 4 2v))
iy L5 )Lk Az o; J 7 l o l
0; x
— 2 (X Z S i 2Y)

R(Zi.Z)Zx = [‘MMZ W) = by (Zit ?W)}

1
4
R(Zi 2w =D (Tig _Tig
P 4z \ o;

0j

. _ A . N _
R(ZHW)X T 4z sz+$z;O_lel+ZY—z)

i

MJOM
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| 2 2 g (0 (27 - 2) - T

R(Z;,W)Z; = Z’+6”UZ;CU ZH_((S” (2ﬂ UJ) ‘71‘7]) W‘|
ﬂz z 2 T Ly

Rz =T 5) 4t 5 2 %
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