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Abstract

We study the question which Boolean algebras have the property that for every generating
set there is an ultrafilter selecting maximal number of its elements. We call it the ultrafilter
selection property. For cardinality & the property is equivalent to the fact that the space of
ultrafilters is not Corson compact. We also consider the pointwise topology on a Boolean
algebra, proving a result on the Lindel6f number in the context of the ultrafilter selection
property. Finally, we discuss poset Boolean algebras, interval algebras, and semilattices in
the context of ultrafilter selection properties.
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1 Introduction

Given an infinite Boolean algebra B, we may ask whether for every generating set G there
is an ultrafilter p satisfying |p N G| = |B|. In this case, we call it the ultrafilter selection
property. There are many Boolean algebras which drastically fail this property: for example,
let B be the subalgebra of #?(k) generated by finite sets (the finite-cofinite algebra). Taking
G consisting of all singletons, we see that [p N G| < 1 for every ultrafilter p on B.

In Theorem 4.11 below, we prove that every poset algebra (in particular, every interval
algebra) of uncountable regular cardinality has the ultrafilter selection property. Recall that,
given achain (i.e., alinearly ordered set) C, the interval algebra B(C) over C is the subalgebra
of Z(C) generated by all intervals of the form

l[a,—>):={xeC:x>a},

where a € C. For the definition of a poset Boolean algebra, see Sect. 4.2.

In this note we are rather interested in the negation of the ultrafilter selection property.
Namely, a Boolean algebra B is called «-Corson if there exists a generating set G € B
such that |G N p| < « for every p € Ult(B). We shall see later that B is «-Corson if
and only if its space of ultrafilters is k-Corson (see Definition 2.1 below). In fact, B is 8-
Corson iff the compact space Ult(B) is a Corson compact. The notion of a x-Corson compact
was introduced by Kalenda [19] and later studied by Bell and Marciszewski [9] for infinite
successor cardinals. The definitions above make sense also for k = ¥, however in that case
the situation is somewhat clear:

Proposition 1.1 [2] An Boolean algebra is Ro-Corson if and only if its Stone space is a strong
Eberlein compact space.

In particular, for a countable Boolean algebra it turns out that being 8o-Corson is equivalent
to being superatomic. A space K is a strong Eberlein compact if there is a Tp-separating point
finite family consisting of open F, sets (see Proposition 2.2 below). Strong Eberlein compacta
were introduced and studied by Alster [2].

A natural (and still useful) generalization of k-Corson algebras is the following: We say
that a Boolean algebra B is « - Valdivia if there exist a generating set G C B and a topologically
dense set D € Ult(B) such that |G N p| < « forevery p € D. This notion was introduced by
Kalenda [19] and, for infinite successor cardinals, was also studied by Bell and Marciszewski
[9]. Note that every free Boolean algebra is Ro-Valdivia. In fact, taking the free algebra Fr(S)
generated by S, the set {p € Ult(Fr(S)): |[p N S| < Ro} is topologically dense. Indeed,
let W be a basic nonempty clopen set of 25. So there are finite disjoint sets o, 7 € S such
that W = [Jo - [[,c, —t. Then o U {—r: r € S\o} extends to a unique ultrafilter ¢, and
lgNS|=lo| < No.

In order to illustrate the rather delicate nature of the ultrafilter selection properties we
present the following simple yet somewhat nontrivial statement.
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Proposition 1.2 For every generating set G of the interval algebra B(R), the set {p €
UltB(R)): |G N p| < 280} is nowhere dense in Ult(B(R)).

Proof Fix a generating set G in B := B(R). Fix a countable set D C B consisting of positive
elements and dense in the algebraic sense, i.e., for every a # {J there is d € D withd C a.
For example, D could be the set of all nonempty intervals [s, t) with rational end-points.
Fix b € B, b # (. Note that the set G :={g N b: g € G} generates the relative algebra
B | b. In particular, |G| = 280 For each g € G such that g N'b # @ choose d(g) € D with
d(g) € gNb. There are H € G and e € D such that |H| = 2% and d(h) = e for every
h € H.Finally e C b, and |G N p| = 2% whenever p € Ult(B) is such that e € p. O

This shows that B(RR) is far from being c-Valdivia. It turns out to be quite non-trivial to
prove that a subalgebra of a x-Corson algebra is k-Corson (Corollary 3.5). In fact, we are
able to show it only in the case where « is a regular cardinal.

The names “,-Corson” and “k-Valdivia” are inspired by existing classes of Corson and
Valdivia compact spaces, where k = R;. Usually, these classes are defined topologically. We
explain it in the next section.

The present note is devoted to the study of «-Corson and «-Valdivia Boolean algebras,
where « is an arbitrary uncountable regular cardinal. Such a study has already been made
by Bell and Marciszewski [9] for x being a successor cardinal. We extensively use the
method of stable elementary submodels, characterizing «-Corson algebras and their Stone
spaces, extending Bandlow’s characterization [5] of Corson compacta. As an application, we
show that k-Corson Boolean algebras are closed under subalgebras, equivalently, «-Corson
compacta are closed under continuous images. We also explore concrete examples, like free
Boolean algebras over posets and, in particular, interval algebras. Finally, we study the natural
pointwise convergence topology on the Boolean algebra, induced by the Stone duality.

2 Corson-like compact spaces

In this section, we sketch some results and arguments in general case (not necessarilly non-
zero-dimensional setting). Namely, Corson-like properties of general compact spaces, where
Boolean algebras are not applicable. Actually, the starting point is Proposition 2.2, where
the notion of being x-Corson compact originates. We would like to characterize this prop-
erty in terms of elementary submodels. Actually, the case k = R was treated by Bandlow
[4-6]. Below we consider spaces of the form C(K), consisting of all real-valued continuous
functions on a compact space K, always endowed with the pointwise convergence topology
7. If K is zero-dimensional, we shall also consider C (K, 2), consisting of all characteristic
functions of clopen sets, which is clearly a closed subspace of C(K). Note that C(K) is a
Banach space (endowed with the maximum norm), however we will be interested in the point-
wise topology 7, only. We shall use the well known fact that given a continuous surjection
f: K — L between compact spaces, the dual operator f*: C(L) — C(K) is a topological
embedding with respect to pointwise convergence topologies. It is also an isometric linear
embedding, when C(K) and C(L) are treated as Banach spaces.
Given a set S, define
2e(S) = {x €0, 11°: [ supp(x)] < «},

where supp(x) :={a € S: x(«) # 0} is the support of x. We consider 2, (S) endowed with
the pointwise topology.
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Given a family of sets % we define ord(x, ) = |{U € % : x € U}|. This is usually
called the order of x with respect to % .

Definition 2.1 We say that a compact space K is k-Corson whenever K is topologically
embeddable in X, (S) for some set S. So Corson compact spaces correspond to R1-Corson
spaces.

Proposition 2.2 Let k > Rg be a cardinal. For a compact space K, the following conditions
are equivalent:

(i) The space K is k-Corson.

(i) There exists a family % consisting of open F, subsets of K which is Ty separating, i.e.,
forevery x,y € K thereis U € % satisfying |U N{x, y}| =1, and ord(x, %) < « for
each x € K.

Furthermore, if K is 0-dimensional, the family % from condition (i) may be assumed to
consist of clopen sets.

Therefore any Boolean algebra B is k-Corson if and only if its space Ult(B) of ultrafilters
is k-Corson.

Proof (i) = (ii) Assume K C 3, (S) and let
U= (r,11: ¢ €S, rel0,11NQ)},

where 7, : K — [0, 1] is the projection of K onto the a-th coordinate. It is clear that %
satisfies (b).

(il)) = (i) For each U € % choose a continuous function fy;: K — [0, 1] such that
fJI(O, 11 = U. Since % is Ty separating, the diagonal map f: K — [0, 117, defined by
fx)(U) = fu(x), is a continuous embedding. Clearly, f[K] C . (%).

Finally, if K is O-dimensional and % satisfies condition (ii), then we can replace each
U € % by a countable collection of clopen sets ¥y such that | J 7y = U. Obviously
¥ = Uyen Pu satisfies condition (ii). m}

We continue with a rather trivial observation for which the proof is left to the reader.

Proposition 2.3 Let k be an infinite cardinal.

(1) The product of < cf(x) many «-Corson spaces is k-Corson.
(2) The one-point compactification of a direct sum of k-Corson spaces is k-Corson.
(3) Every compact subspace of a k-Corson space is k-Corson. O

A topological space is called « - Valdivia compact if it is homeomorphic to a closed subspace
K of a cube [0, 115 such that D := K N =,(S) is dense in K. So D = K if and only if K is
k-Corson.

A similar characterization to Proposition 2.2, involving a dense set, is true for «-Valdivia
compact spaces.

2.1 Bandlow characterization of Corson-like spaces

For set-theoretic notions, we follow Kunen [23]. Concerning the method of elementary sub-
models we refer to [12], [17, Ch. 24] and [18, Ch. 17.1]. Concerning Corson and Valdivia
compact spaces we referto [18, Ch. 19], Kalenda [19, Ch. 1] and [20]. In particular, ®1-Corson
and N1-Valdivia compact spaces are called Corson and Valdivia compact spaces.
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Recall that for a space K and an elementary submodel M of some H(9), K € M means
that both the set K and a base of its topology t are elements of M. Furthermore, if K € M
then, by elementarity, C (K) with its pointwise topology is also in M, because it is uniquely
defined from parameters in M, namely by open intervals with rational endpoints.

Following Bandlow [5], given an elementary submodel M of some H (0), given a compact
space K € M, we define the following equivalence relation on K as follows:

x ~p y whenever for every f € C(K)N M itholdsthat f(x) = f(y).

Denote by K /M the quotient space with respect to this relation.
Let us prove the following useful property of ~ ;.

Lemma 2.4 Let K be a compact space and let M be an elementary submodel of some H (0)
satisfying K € M. Assume A, B C K are closed sets such that a ~y; b whenever a € A,
b € B. Then there exists h € C(K) N M such that h(a) = 0 for everya € A and h(b) = 1
for every b € B.

Furthermore, if K is O-dimensional then we may assume that h takes values in the set
{0, 1}. In other words, in this case there exists a clopen set U € M with ANU = () and
BCU.

Proof Fix a € A. For each y € B choose f;, € C(K) N M such that fy(a) = 0 and
B C fy_l(l). The family {fy’l[(l/Z, 1]]: y € B} is an open cover of B, therefore it has a
finite subcover, leading to a function g € C(K) N M such that g(a) = 0 and g(y) > 1/2 for
every y € B. Let us denote the function g as g, since it depends on the choice of ¢ € A.
Using the same argument, with (1/2, 1] replaced by [0, 1/3), for the family {g,},ca, We get
a function 7 € C(K) N M such that h(a) < 1/3 for every a € A and h(b) > 1/2 for every
b € B. Finally, replace h by the composition k o i, where k € M maps the interval (1/2, 1]
onto {1} and maps the interval [0, 1/3) onto {0}.

If K is O-dimensional, we can repeat the same arguments replacing [0, 1] by {0, 1}. O

If M is an elementary submodel of some (H (0), €) and « is a cardinal, then k N M is a
set of ordinals but ¥k N M is not in general an ordinal. So we introduce the following notion.

Definition 2.5 An elementary submodel M of some (H (0), €) such that k € M and x N M
is an initial segment of x will be called «-stable.

Here is perhaps the most important consequence of being «-stable.

Proposition 2.6 Assume M < H(0) is k-stable, where k is a regular uncountable cardinal.
Then for every A € M such that |A| < k it holds that A € M.

Proof Let ) := |A| < k. By elementarity, . € M and thus also A+ 1 € M. Therefore A € M
because M is k-stable. Again by elementarity, there exists a bijection f € M from A onto A.
Finally, each a € A is of the form f(«) for some o € A. ]

The following rather trivial consequence of the above result will be used several times
without explicit reference.

Corollary 2.7 Let K C X, (S) be a k-Corson compact space and M be a k -stable submodel

of abig enough H(0) suchthatK,S € M and|M| < k. Ifx € KNM thensupp(x) € SNM.
m}
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The existence of k-stable elementary substructures of cardinality < « is almost trivial in
case k := AT is a successor cardinal. Namely, if « = AT then every M < H(0) such that
A+ 1 C M is k-stable, by the proof of Proposition 2.6. The general case follows from the
following:

Lemma 2.8 Let k < 6 be regular cardinals and let A € H(0) be a set of cardinality < k.
Then there exists a k -stable elementary submodel M of H () such that |M| < k and A € M.

Note that, by Proposition 2.6, we also have A € M.

Proof Using the downward Lowenheim-Skolem Theorem, we can build a chain {M,, }, <., of
elementary submodels of H (#), each of cardinality < «, such that M is countable, A € M,
M, 41 contains M,, € §,, where §,, = sup(M,, N k). By the regularity of «, §, < « as long
as [M,| < «. Finally, M := | J,,c,, M, is an elementary submodel of H (#), its cardinality is
<kand M Nk =, O

new "N

We are now ready to introduce Property B,.

Definition 2.9 Let « be an uncountable regular cardinal. We say that a compact space K
has Property B, if for every big enough 6, for every «-stable elementary submodel M of
(H(9), €) such that K € M and |M| < «, the equivalence relation ~; is one-to-one on the
setcl(K N M).

The main result of this section is to prove the following theorem.

Theorem 2.10 Let k be an uncountable regular cardinal. A compact space is k-Corson if
and only if it has Property B .

To prove this result we need some preliminary facts. Given p € cl(A) in a topological
space, we define

t(p, A) = min{|B|: p € cI(B) and B C A}.

We call it the local tightness of p with respect to At(p, A): local tightness. We shall say that
a topological space K has local tightness < k if t(p, A) < « forany p € cl(A) C K. It
may happen, in case « is a limit cardinal, that a space with local tightness < « has tightness
k (the supremum of all cardinals of the form t(p, A) with p € cl(A) € K).

Proposition 2.11 Let K be a compact space with Property B,.. Then K has local tightness
< k.

Proof Fixx € cl A C K and choose a k-stable elementary submodel M of a big enough H (6)
suchthatx, A, K € M and |M| < «. Weclaimthatx € cl(ANM). Suppose otherwise. Since
K has Property B, and x € M, we can use Lemma 2.4 in order to obtain f € C(K) N M
such that f(x) =0 and f(a) = 1 forevery a € AN M. But now M thinks that f separates
x from A, which means that x ¢ cl A, a contradiction. O

We show first the “only if” part of Theorem 2.10.

Lemma 2.12 Assume « is an uncountable regular cardinal and K is a «-Corson compact
space. Then K has Property B.
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Proof Assume K C %,(S) and take M < H(0) such that K, S € M. Then cl(K N M) is
precisely the set of all x € K such that supp(x) € S N M (and so Property B, holds for
K). Indeed, if x € K N M then supp(x) € M because M is k-stable. On the other hand, if
supp(x) € S N M then, using elementarity, it is easy to see that every basic neighborhood of
x contains some element of K N M. Indeed, a basic open set is determined by finitely many
coordinates ; € S N M and open intervals with rational end-points on each coordinate ¢;.00

The next result is the key to prove the “if” part of Theorem 2.10.

Lemma 2.13 Let k be an uncountable regular cardinal, K a compact space with Property
B, M be a k-stable elementary submodel of a big enough H(0) with K € M. Then there
is a retraction Ry : K — K such that

(1) RulK]=cl(K N M),
2) Ry(x) = Ry (y) ifand only if x ~p y, for every x,y € K.

Proof Fix x € K. We claim that there is a unique y € cl(K N M) such that x ~ s y. Indeed,
supposing that x ~ s y for every y € cl(K N M), by Lemma 2.4 we would have a function
f € C(K)N M such that f(x) = 0and f(y) = 1forevery y € cI(K N M). Then M =
“f = 1 constantly”, which is a contradiction. This shows the existence of y € cl(K N M)
satisfying x ~s y. Uniqueness follows directly from the definition of ~ ;.

Denote this unique y by Rjs(x). Conditions (1) and (2) are clearly satisfied. It is also clear
that Rys(x) = x for every x € cl(K N M). It remains to show that Ry, is continuous.

Fix x € K and fix a neighborhood V of R/ (x) in cI(K N M). By Lemma 2.4, there
is f € C(K) N M such that f(x) = 0 and f(y) = 1 forevery y € cl(K N M)\V. Let
U = f~'[0,1/2). Then U is a neighborhood of x and since U € M, we deduce that
Ry (z) € U whenever z € U, because Ry (z) ~y z for every z € K. Thus Ry[U] <
U Ncl(K N M) C V. This shows the continuity of Ry, and finishes the proof. O

Comment In what follows, we identify K/M and cl(K N M) whenever K is k-Corson
compact and M is a suitable elementary submodel of a big enough H (6). More precisely
by Lemma 2.13, the map mp from cl(K N M) into K /M defined by mp(x) = x/~p is a

bijection and a homeomorphism onto whenever we endow K /M with the quotient topology.
|

The proof of the next lemma is an adaptation of the proof of Lemma 13 in Bandlow [5].
Lemma 2.14 Property B, is closed under continuous images.

Proof Fix a continuous surjection ¢: K — L and assume K has Property B,..

Fix a big enough elementary k-stable submodel M < H(#) such that ¢ € M, and thus
K,L € M.Fix x # yincl(L N M) and denote Ko = cl(K N M).

Let A= ¢ '(x) N Kgand B = ¢~ (y) N Kg. Choose disjoint open sets U, V in L such
that x € U,y € V. Let A’ := Ko\¢~'[U]. Using Property B, of K, note that a ~y a’
whenever a € A, a’ € A’. By Lemma 2.4, there is a continuous function 2 € M such that
h[A] = {0} and h[A’] = {1}. Then the set F :=h~'(0) N A is nonempty, closed, belongs to
M and satisfies

e ')NKoy=ACF and FnNKyCe '[U]
Similarly, the set H := A~!(1) N B is nonempty, closed, belongs to M and satisfies
o 'ONKy=BCH ad HNKyCe '[V]
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We claim that [ F1N@[H] = @. Indeed, suppose @[ F]1N@[H] # @. Using elementarity we
find p e FNM,q € HNM suchthat (p) = ¢(g). Since p, g € Ko, necessarily ¢(p) € U
and ¢(g) € V, which contradicts the fact that U NV = @. So ¢[ F], ¢[ H] are disjoint closed
subsets of L that belong to M.

Elementarity (together with Urysohn’s Lemma) provides a continuous function g € M
separating ¢[ F'] from @[ H]. Finally, note that x € ¢[F], y € ¢[H] and hence x ~y; y. O

Proof of Theorem 2.10 We use induction on the weight w(K) of the space K. So, assume K
has Property B, and the theorem is valid for compact spaces of weight < .

Since K is embeddable in [0, 1]%X), if w(K) < «, then K, as product of < « «k-Corson
spaces, is k-Corson. So we may assume that w(K) = u > «.

Let A = cf u. We fix a continuous chain {My}1<¢<) of k-stable elementary submodels
of a big enough H (0) such that K € My, |My| < p for o < A and M, contains a fixed base
for the topology of K (in particular, K /M, = K). The embedding F: K — C(K) defined
by F(x) = {f(x)) rec(k) induces a one-to-one map Fy: K/My — C(K) N M, . Therefore
w(K/My) < |My| < p and thus K /M, is k-Corson, for every 1 < o < A.

Let Ky := K/M, andby Lemma2.13,let R, : K — K, be the associated retraction. We
also define Ko C K to be a fixed one-element subset {xo} of K| and we define Ry: K — Ko
to be the constant mapping. Furthermore, Ky := K /M, = cl(K N M, ) and R, is identity on
Ky.

Note that Ry © Rg = Rmin(a,8) for every o, B < A. So, we have a chain {Ky}y<; such
that K, = K and K5 = CI(UE ~s K¢) for every limit ordinal § < A. As K has local tightness
< Kk (Proposition 2.11), we know that K5 = Ug s K¢, whenever § is a limit ordinal. For

o < B, considering the retraction Rg :=RyI1Kpg : K/Mg — K /M., we have the following
situation: O

K

— |

Ko <— - K/My «—— K/Mgyy - +— ---K.

We shall need the following claims.

Claim 2.15 Assume K is k-Corson of weight < p and A C K is a closed set. Then there
exists a family U consisting of open Fy subsets of K such that \J% = K\A, % is Ty
separating on K\ A, and ord(x, %) < k for every x € K.

Proof Let L := K /A, thatis, L is obtained from K by collapsing A to a single point a. Let
g: K — L be the corresponding quotient map. So ¢~ (a) = A and ¢ is one-to-one on K\ A.
Then L has Property B, being a continuous image of K (by Lemma 2.14). We already know
that 98, of L implies that L is x-Corson, because the weight of L is < w. Thus, we may
assume that L C ¥, (S) for some set S. It is well-known that X, (S) is homogeneous with
respect to points, therefore we may assume that a = 0. Define

U ={q 7 (r. 1]l: €S, rel0,11NQ}.
Then % is the required family. O
Claim 2.16 Assumex # yin K. Let B < X be the minimal ordinal such that Rg(x) # Rg(y).

Then B is a successor ordinal.

@ Springer



Ultrafilter selection and Corson... Page9of26 178

Proof Note that 8 > 0, because Ky is a singleton. Suppose B is a limit ordinal. Then
Ry (x) = Ry(y) for o < B, which means that x ~;, y for @ < B. On the other hand,
x ~pmy Y, therefore there is f € C(K) N Mp such that f(x) # f(y). We have that
Mg = Uy ~p Mo, because B is a limit ordinal. Thus f* € M, for some @ < B, showing that
X » ), ¥, acontradiction. O

We now come back to the proof of Theorem 2.10: bear in mind that A = cf u where
w(K) = p > «k, and the theorem is valid for compact spaces of weight < w. We have
seen that w(Ky) < |My| < . So for each o < A, since K, satisfies B, the space K, is
k-Corson and thus using Claim 2.15 we choose a family ¥, of open F, subsets of K1 such
that | J ¥4 = Ky+1\Kq and ord(x, %) < « forevery x € Kyy1. Define

w = {R‘l

SLvig <o, Ve”f/g}.

We claim that % is a family witnessing that K is k-Corson.

Clearly, % consists of open F, sets. We show that % is Ty separating.

Fix x # y in K and let 8 be minimal such that Rg(x) # Rg(y). Then 8 = a + 1 for
some @ < A, by Claim 2.16.

If Rg(x) ¢ Ky or Rg(y) ¢ K, then there is V € ¥ separating Rg(x) from Rg(y) and
hence RE] V € % separates x from y. Suppose now that Rg(x) € K, and Rg(y) € K.
Then Ry (x) = Ry Rg(x) = Rg(x) and similarly R, (y) = Rg(y). On the other hand, by the
minimality of 8 we get Ry, (x) = Ry (y), a contradiction.

It remains to show that ord(x, %) < « for every x € K. Suppose {R_1 Vili<k € % has

ai+1
nonempty intersection. Refining this family, we may assume that {«;}; <, is either strictly
increasing or constant. Choose a € [);_, R;I_IHVi (€ K). Ifoj = a fori < «, then

{Vi}i<x C ¥4 and hence Ry (a) € [);_, Vi, contradicting the fact that ord(x, ¥;) < « for
x € Ky4+1 € K. Thus, we may assume that {«; }; < is strictly increasing. Let § = sup; _, o;.
Then 6 < A is a limit ordinal of cofinality k. Let b = Rs(a). Then b € K5 and Ry, 1(b) =
Ry +1(a) € V; fori < k. On the other hand, K5 = U§<8 K¢ (because the local tightness
of K is < «), therefore b € K, for some @ < §. Now fix o; > «. Then b ¢ V;, because
Vi N Ky, = §. This is a contradiction.

Thus we have shown that ord(x, %) < « for every x € K, which completes the proof of
Theorem 2.10. ]

2.2 Basic properties of x-Corson spaces
As a consequence of Lemma 2.14 and of Theorem 2.10 we have:

Corollary 2.17 Assume « is an uncountable regular cardinal. Every continuous image of a
k-Corson compact space is k-Corson. ]

In case k¥ = N1, namely, for Corson compacta, the result above was first proved by Gul'ko
[14] (see also [13, 24]). We have obtained it by means of elementary submodels, however,
extracting the necessary closing-off arguments one can possibly obtain a slightly more direct
proof of Corollary 2.17.

Concerning further basic properties of k-Corson spaces, we state three results.

Theorem 2.18 Let k = cf k > Ry and assume that K is a continuous image of a k-Valdivia
compact space. Then K is k-Corson if and only if K has local tightness < k.
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Proof Suppose first that K is x-Corson. Then, by Theorem 2.11, K has Property B, and
thus K has local tightness < «.

Now suppose f: L — K is a continuous surjection with L «-Valdivia and assume K has
local tightness < «x. We may assume L < [0, 11 so that D := L N T, () is dense in L.
Note that K = f[D], because of the local tightness < «. Indeed, the set f[D] is dense and
k-closed in K, namely, the closure of every subset B C f[D] of cardinality < « is contained
in f[D].

We now show that K has Property B,. Fix a suitable M < H(#) with |M| < « and
feM.Fixyp # yrincl(K N M).Let S := XN M and let

Ls:={x € L: supp(x) € S}.

Let A; = f’l (yi) N Ls. Then Ag, A; are disjoint closed subsets of Lg. By compactness
and normality, there are disjoint open sets Uy 2 Ag, Uy 2 A that are unions of basic
open sets. In other words, Uy, U; are determined by disjunctions of formulas of the form
x(aog) € Ip A -+ A x(ak—1) € Ix—1, where x is a variable indicating an element of L and
I;, i < k are open intervals with rational end-points. In particular, Ug, U; € M. We now
look at these sets in L (using the same definitions, namely, formulas involving finitely many
coordinates and associated rational intervals). If there is x € Uy N Uy, then x - xg satisfies
the same requirements, namely, x - xs € Uy N U;. We will obtain a contradiction as long as
we show that x - xs € Lg.

Suppose otherwise and choose a basic neighborhood W of x - x5 disjoint from L, involving
finitely many coordinates and open intervals with rational end-points. Let Wy be the restriction
of W obtained by discarding all the coordinates outside of S. So Wg © W and Wg € M.
Now M knows that L N W # @, because x € L N Wy. By elementarity, thereisx’ € LN M
with x’ € Ws. Note that x’ € W, because x’(a) = 0 = x(«) whenever @ € A\S. Thus
x’ € W N L, acontradiction.

We have shown that Uy, U are disjoint open sets in L that are also elements of M. Finally,
SIL\Uo]l, fIL\U,] is a closed cover of K known by M and separating yo from y;.

Indeed, suppose yo € f[L\Up]. Then there is xo € L with f(xo) = yo and xo ¢ Up.
By the arguments above, xo - x5 € L and it is outside of Uy, as the definition of Uy uses
coordinates from S only. On the other hand, every element of Ag = f -1 (yo)NLgisin Up,a
contradiction. Thus f[L\Upl, f[L\U;] indeed separate yg, y;. This completes the proof. O

Let X be a space, x € X and let « be an infinite cardinal. We say that x is a G-point if
{x} is the intersection of less than k open sets. So a Gy, -point is a Gs-point.

Proposition 2.19 Assume k is an infinite' cardinal. Then any k-Corson space has a G .-point.
Moreover, the set of G-points is topologically dense in the space.

Proof We adapt the proof to the well-known case where K is a Corson compact space and
G = G;. Let S be such that K is a compact subspace of X, (S) < [0, 115. For x, y € K,
we set x < y whenever y extends x, i.e. supp(x) C supp(y) and x(«) = y(«) for every
o € supp(x). Let C be a maximal chain in (K, <) and let z = | J C. Since K is compact and
z € [0, 115 is an accumulation point of C, we have that z € K and thus | supp(z)| < «.

We prove that z is a G-point in K. Let V be a basic open neighborhood of z in ¥, (S). So
V is determined by a finite subset o of supp(z): thatis V = [] Besupp(2) Vg where Vg = [0, 1]
for B € S\o and Vg := (x(B)—r, x(B)+r)N|0, 1] for B € o andr € Q. From the facts that

U1t was pointed out by the Referee that the proof of Proposition 2.19 is valid without the assumption on the
regularity of .
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(1): the set of finite subsets o of supp(z) is of cardinality less than «, (2): | supp(z)| < « and
thus the set of basic open neighborhoods V of z of the above form is of cardinality less than
« and (3): by the maximality of C: if t € K satisfies (o) = z(«) forevery o € Sthent = z,
it follows that z is a G -point.

The topological density of G -points follows from the compactness of K and from Propo-
sition 2.3(3). O

Recall that for distinct infinite regular cardinals A and x we can have 2* = 2¢ and thus
| [0, 11* | = | [0, 1]¢ | But [0, 1]* and [0, 1]¢ are not homeomorphic. This is an analogous
result as Banach-Stone theorem.

Corollary 2.20 Let A and « be infinite cardinals.

(1) The space [0, 11* is k-Corson if and only if . < k.
(2) The space {0, 1}* is k-Corson if and only if » < k.

Moreover, the space k + 1 is k-Valdivia but not k-Corson.

Proof Since the product of < « k-Corson spaces is k-Corson, if A < « then [0, 17" is
k-Corson. By Proposition 2.19, {0, 1}* cannot be «-Corson, as it clearly has no G, -points.
Hence, [0, 1]¢ is not x-Corson, being a superspace of {0, 1}*.

For the “Moreover” part, notice that ¥ + 1 is homeomorphic to the space of all non-
increasing functions from « to {0, 1}, hence it is k-Valdivia. It is not x-Corson, because the
maximal element has tightness « in « + 1. O

A recent note of Plebanek [27] contains a result showing that neither [0, 1]¢ nor {0, 1}* can
be k-Corson for an arbitrary (possibly singular) infinite cardinal x, answering a question of
Kalenda [19].

2.3 The Lindel6f number of spaces of continuous functions

Let « be an infinite cardinal and let E be a topological space. We say that E is «-Lindelof if
every open cover of E contains a subcover of cardinality < k. So the case k = R corresponds
to the classical notion of Lindelof space.

Assume that K is «-Corson. Recall that by Theorem 2.10 and Lemma 2.13, the retraction
Ry maps K /M onto cl(K N M) and that Ry is a homeomorphism onto. So R, induces a
continuous embedding R}, from C(cl(K N M)) into C(K). Note that for a general compact
space K, we have a canonical embedding of C(K /M) into C(K), induced by the quotient
mapping gy : K - K/M.

The proof of the following result is a suitable adaptation of the proof of [18, Sect. 17.3,
Theorem 17.1].

Theorem 2.21 Let k be an uncountable regular cardinal and let K be a k-Corson compact
space. Then C(K), endowed with the pointwise topology, is k-Lindelof.

Proof Recall that the canonical open base of (C(K), 7,,) consists of sets of the form
V={feCK): (Vi<n) f(x;) € Ji},

wheren € w, xg, ..., xp—1 € K and Jy, ..., J,—1 are open intervals with rational end-points.
Let ¥ be a cover of C(K) consisting of sets of the above form. Fix a «-stable elementary
submodel M of a big enough H (0) such that |M| < k and ¥ € M (so, in particular, K € M).
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It suffices to show that ¥ N M covers C(K).

By Theorem 2.10, K has property B,.. Namely, let Ry : K — K be the retraction induced
by M. Recall that Ry/[K] = cI(K N M). Let m: C(K) — C(K) be the dual projection,
namely, 7 : f +— f o Ry, ie. (wf)(x) = f(Ry(x)) for f € C(K).

Note that the image of 7 is cI(C(K) N M), where the closure is in the norm topology.

Fix g € C(K). Choose a rational ¢ > 0 such that the ball B(rr g, ¢) is contained in some
elementof #. Since 7 [C(K)] = cl(C(K)NM),choose h € C(K)NM with |mrg—h| < &/2.
Let B = B(h, ¢/2). Since h, ¢ € M we have B € M. Moreover B C B(mg, ¢) therefore B
is contained in some element of #'. By elementarity, thereis V € ¥ N M such that B C V.
Assume that

V={feCK): (Vi<n) (fx;) €I}
where xg, ..., x,—1 € K and Jy, ..., J,_1 are rational intervals. Note that
X0y .-y Xn—1 €M,

again by elementarity, because V € M and M knows that it is a basic set. Moreover
mwg € B C V, which means that 7 g(x;) € J; fori < n.

Now note that, given x € cl(K N M) we have that (7 f)(x) = f(Ry(x)) = f(x) for
every f € C(K). Finally, by the remark above, g € V, because g(x;) = wg(x;) fori < n.
We have proved that ¥ N M covers C(K). O

2.4 Examples of x-Corson spaces

Let K be a compact space and let D € K. We define the Alexandrov duplication D(K, D)
as follows. We assume that (K x {0}) N (D x {1}) = . We set D(K, D) = (K x {0}) U
(D x {1}) endowed with the topology for which a point of the form (x, 1), with x € D,
is isolated and a neighborhood of a point of the form (x, 0), with x € K, is of the form
((V x2)ND(K, D))\{{x, 1)} where V is a neighborhood of x in K.

The following result is rather standard.

Proposition 2.22 Let K be a k-Corson compact space and let D C K. Then the Alexandrov
duplication D(K, D) is k-Corson.

Proof Assume that K is «-Corson. It is easy to check that D(K, D) is compact. Let % be
family of open F, subsets of K as in Proposition 2.2(ii). We define a family ¥ of subsets of
D(K, D) as follows.

Y ={{tx,)}: xeD}U{(Vx2)NDK,D): Ve«}.

We leave to the reader to verify that this set ¥ consists of open F,; subsets of D(K, D) and
that ¥ satisfies Proposition 2.2(ii). ]

Bishop and de Leeuw [10, Sect. VII: Examples] generalize the above Alexandrov dupli-
cation D(K, D) in the following way. The results in [10] are related to Choquet Theorem.

Let (Y, 7y)xex be a family of pairwise disjoint nonempty topological spaces indexed by
aspace (X, tx), ¥ := J,cx Yx and let s: X — Y be such that s(x) € Y, for every x € X.
We define the porcupine space % := (Y, t,s). The universe of & is ¥ = (J,cx Yx. We
denote by 7w : ¥ — X the projection, thatis w(y) = x ifand only if y € Y. Sows(x) = x
for x € X. We describe the porcupine topology 7 on Y as follows. Let

o ¥ be the set of all subsets U of Y satisfying: there is x € X such that U € 7, and
s(x) ¢ U, and
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e 7! be the set of all subsets of ¥ of the form 7 ~![V] or of the form
g V\xJUU := J{V;:t e Vandt #x}UU
where V € tx, x € V,and U € t, satisfies s(x) € U.

In other words a member of 7! hastheform:n’l[V]\F = J{Y;: t € VI\F where V € 1y,
and for some x € X the set F is a closed subset of Y satisfying s(x) ¢ F.

The topology t on Y having 19 U 7! as a subbase is called the porcupine topology T on
Y. Note that if X and each Y, are Ty (resp. 72) and compact, then Y is Ty (resp. 72) and
compact.

Observation Assume that X and each Y, is 7> (and thus Y is 7).

(1) The set Y, \{s(x)} is open in the subspace Y, and in the subspace Y\{s(x)} for every
x € X.
Moreover the induced topologies of (Y, ) and of (Y, 7) on the set Y, \{s(x)} coincide.
(2) The set s[X] is closed in the space Y.
Moreover s is a homeomorphism from X onto the subspace s[X] of Y.

Proof (Hint)

(1) uses the fact that Y, \{s(x)} € 79,
(2) uses the fact that, by Part (1), Y\s[X] = Ux (Yx\{s(x)}) is open. O

Proposition 2.23 Let « be a regular cardinal, (Y, tc)xex be a family of pairwise disjoint
k-Corson spaces indexed by a k-Corson space (X, tx) and let s: X — Y be such that
s(x) € Yy for every x € X. We suppose that the following hold.

(1) Foreveryx € X, {s(x)}is G5 in Y.

(2) The set Loy :={x € X: thereisU € % suchthatU # Y, ands(x) € U} is of
cardinality less than «, where for every x € X the family %, of F, open sets in Yy
satisfies Proposition 2.2(ii).

Then the porcupine space % := (Y, t, s) is k-Corson.

Proof Choose a family %x of F, open sets in X satisfying Proposition 2.2(ii). Recall that
%, witnesses the fact that Y, is «-Skula (i.e. %, satisfies Proposition 2.2(ii)) for Y.
For every x € X, as above, we denote by

° “//xo the set of all subsets V of Y such that V € %, and s(x) ¢ V, and by
° “//xl the set of all subsets of Y of the form n_l[W\{x}] UU, where W € %x, x e W
and U € %, satisfies s(x) € U.

We set 70 = Uyex %0 7! = Uyex % and 7 = 70 U 71, Also for x € X we set
#= 10Ul

We prove that ¥ satisfies Proposition 2.2(ii). First, using if necessary the fact that {s(x)}
isaGgsin Yy,eachV € ¥ isan F,; in Y. Then ¥ is Typ-separating. In order to see this, fix
y#yinY.Ify,y € Y, \{s(x)} then y and y’ are separated by a member of #. If y = s(z)
and y' = s(z’) then y and y' are separated by some 7 ! [W] € ¥!.If y € Y, and y' = s(x)
then y and y’ are separated by some 7~ [W\{x}]U U € ¥!.

Fory e Y,and# C ¥, weset# (y) :={V € #: y € V},andthusord(y, #') = |# (y)|.
Since Y is Ty and compact, to see that Y is k-Corson, it remains to show that |#'(y)| < « for
everyy € Y. Wefixy € Y. So y € Yy(y) for an unique x(y) € X. Since ¥O(y) = ”on(y)(y),

we have |”1/0(y)| < K.
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To prove that | #!(y)| < k we need some notions. Any V € ¥ has the form
Voww =7 IW\{2)]U U,

where W € %x, z € Wand U € %; satisfies s(z) € U. By the hypotheses, the sets
(m7 ' [W]:z€ W e %x}and {U € U.: s(z) € U € 1} are of cardinality < « and thus

Voi={Vowp eV zeWeUands(z) e U € 1.},
is of cardinality < «, for any z € X. In particular
1) 7.(y):=={V,wu € ¥:y €V, w,u}isof cardinality < x foranyz € X andy € Y.
Recall that y € Y.
(i) If y = s(x) then, by (i), ¥~ := #;(y) is of cardinality < k.

Now suppose that y # s(x). If z € X\Xgy, then U = Y, and thus s(z) € Vo, wu =
a  [W\{z}]U Y, = 7~ [W]. Therefore

i) 7* = (%) z€ X\Zo} = {1 [W]: W € %x and s(y) € W} is of cardinality
< k forevery y # s(x).

Since | X | < &, and again by (ii) for every z € X4 we have |¥;(y)| < k, and thus
@(v) 7** = J{¥:(y): z € Ty} is of cardinality < « for every y # s(x).
Since ¥1(y) = ¥~ U¥* U ¥** by (iD)-(iv), | ¥ ()| < « forany y € Y. o

The next result is a re-statement of a result of Bonnet and Rubin in [11, Sect. 3.3 (Propo-
sition 3.16)].

Lemma2.24 Let % :=(Y, 1, s) be a porcupine family such that X and each Y, are compact
and O-dimensional. Then Y is compact and 0-dimensional.
Moreover if X and each Y, is scattered then Y is a scattered space. O

3 A characterization of x-Corson Boolean algebras

We follow Koppelberg [21] for Boolean algebraic notations. In a Boolean algebra B, + and
- denote the join and the meet, and —x is the complement of x in B. Alsoforx,y € B, x-—y
is denoted by x — y,and x A y denotes the symmetric difference, thatis (x — y) + (y — x).
For a Boolean algebra B we denote by Ult(B) the set of ultrafilters of B (with the pointwise
topology). Also if X is a O-dimensional compact space, we denote by Clop(X) the set of
clopen subsets of X, which is a Boolean algebra. For a set X, we denote by Fr(X) the free
Boolean algebra over X. For interval algebras, we refer to Koppelberg [21, Sect. 15]. For
poset Boolean algebras, we refer to Abraham, Bonnet, Kubi$ and Rubin [1].

In a O-dimensional compact space, for a family of clopen sets: the property of being Ty
separating is equivalent to being a generating set in the algebra of all clopen sets. So another
formulation of Proposition 2.2 is:

Corollary 3.1 Let k > Rq be a cardinal and K be a 0-dimensional compact space. Denote
by B the Boolean algebra of clopen subsets of K. The following are equivalent.

(1) The space K is k-Corson.
(ii) The Boolean algebra B is k-Corson. O

@ Springer



Ultrafilter selection and Corson... Page150f26 178

Let K be a topological space and A € K. We denote by cl(A) the topological closure of
Ain K. For A C Ult(B), recall that p € cl(A) € Ult(B) if and only if for every a € p there
is x € A with a € x. In other words, for a set A C Ult(B), we have

cl(A):lpeUlt(IB%):ngA}. )

We shall use this formula several times later.

Now fix a Boolean algebra B and fix a big enough regular cardinal 6 so that B € H(6).
Furthermore, fix an elementary submodel M of (H(0), €) such that B € M. It is obvious
that B N M is a subalgebra of B. It turns out that in case B is k-Corson and M is sufficiently
closed, the embedding B N M C B has a special property.

Namely, let K = Ult(B). Then the relation p € | J(KNM) isequivalentto p € cl(KNM).
Hence the natural equivalence relation ~j7 on cl(K " M) C K says that p ~); ¢ if and only
if there isnoa € BN M such thata € (p\q) U (¢\p).

Proposition 3.2 Let k be a regular cardinal, let B be a k-Corson Boolean algebra, and let
M be an elementary k-stable submodel of a big enough H(0) such that B € M. Then for
every p, q € Ult(B) such that

p.q < J(Umynm)
ifpNM=qgNM then p=gq.

Proof Let G be a generating set witnessing that B is «-Corson. By elementarity, we may
assume that G € M.

Suppose p # g and p U g < [J(Ult@B) N M), that is p, g € cl(Ult(B) N M). Then
p NG # g NG, because G generates B. Choose a € p N G\g (if necessary, we switch p
and ¢). By the assumption, a € r for some r € Ult(B) N M. Recall that |[r N G| = X for
some A < k and by elementarity and the facts that r, G € M, we conclude that A € k N M
and thus, by «-stability, A + 1 € M. Thus,r NG € M, because r, A, G € M. It follows that
ae€e Mandhence pNM #£gNM. O

Let B be a Boolean algebra and let M be an elementary «-stable submodel of some H (6).
Motivated by Proposition 3.2, we shall say that M is B-good if for every p, g € Ult(B) such
that p # g and p U g C | J(Ult(B) N M), itholds that pN M # g N M.

We shall say that a Boolean algebra B has property B, property ‘B, if every elementary
k-stable submodel M of a big enough H (0) satisfying B € M and |M| < « is B-good.

Itis rather clear that this property translates to the already defined property 8, for compact
spaces, namely:

Proposition 3.3 Let « be an uncountable regular cardinal. A Boolean algebra has property
B, if and only if its Stone space has property B.

Proof Tt is enough to note that M is B-good if and only if the equivalence relation ~; is
one-to-one on cl(K N M), where K is the Stone space of B, taking into account that x ~s y
iff there is a clopen set in K N M separating x and y (see Lemma 2.4). O

Theorem 2.10 combined with Proposition 3.3 gives:

Theorem 3.4 Let k be an uncountable regular cardinal. A Boolean algebra is k-Corson if
and only if it has Property B. m}

As a consequence of Corollary 3.1 and of the above result 3.4 we have.

Theorem 3.5 Let k be an uncountable regular cardinal and assume B is a k -Corson Boolean
algebra. Then every subalgebra of B is k-Corson. O
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3.1 Remarks on Valdivia algebras

We have seen already that a k-Corson Boolean algebra has local tightness < «, whenever «
is a regular cardinal (Proposition 2.11). This actually can be proved directly, showing that
t(p, A) < k whenever p € cl(A) € X, (S) with S arbitrary. In fact, it is easy to check that
p € cl(M N A) whenever M is a k-stable elementary submodel of a big enough H (6) such
that p, A € M. It turns out that local tightness distinguishes the «-Valdivia algebras from
the x-Corson ones.

Theorem 3.6 Let k = cf k > R and assume B is a k-Valdivia Boolean algebra. Then B is
k-Corson if and only if Ult(B) has local tightness < k.

On the other hand, if B is k-Valdivia but not k-Corson, then the interval algebra B(k) is
a homomorphic image of B.

Proof The first part follows from the fact that B is «-Corson iff Ult(IB) is «-Corson and from
Theorem 2.18.

Now suppose B is x-Valdivia and is not k-Corson. We may assume that K := Ult(B) is
a subset of {0, 1} and that D := K N =,(S) is topologically dense in K. Since K is not
k-Corson, we choose x € K\Z,(S). Let A = | supp(x)| > «.

Fix a continuous chain { M, }4 <) of k-stable elementary submodels of a big enough H (6)
such that x, K € My, |My| < A for e < X and supp(x) € ., My := M.

Fix « < X and set S, = M, N S. We define the function ry(x) : S — {0, 1} by the
conditions

ra(X) [ Se =x [ Se  and  re(x) [ (S\So) =0.

We claim that ry (x) € K.

Let V be a clopen basic neighborhood of ry (x) in 25. So V is determined by a finite set
o C Sandamap ¢ : ¢ — 2 satisfying ry(x) [ 0 = @, namely, V = {z € 25: z | 0 = ¢}.
We show that V. N K # .

Lett:=0NSy =0 NMyand y = ¢ | t. Note that ¢ | (oc\7) = 0. Since T € M,,
¥ € M, and ¢ defines a clopen set W of 25. We have that W € M,. Since x € W N K, by
elementarity, “My = W N K # (”. Therefore choose y € M, N W N D. So supp(y) € Sg.
On the other hand since y € My, and “M,, = |supp(y)| < «” (because y € D € ¥, (1)), by
Kk-stability, we obtain that supp(y) € M,. Consequently, y [ (S\S,) = 0 and hence y € V.
Therefore y € V N K, showing that V N K # @.

Next since V is an arbitrary basic neighborhood of r,(x) and K is compact (and thus
closed in 25), it follows that ro (x) € K.

Now, since {My}q <. is continuous, and since o < B iff 4 (x) C rg(x) we conclude that
{re (x)}o <. is homeomorphic to A + 1. In particular K has a topological copy of k + 1. O

4 The pointwise topology on a Boolean algebra

Let B be a Boolean algebra. Its Stone space Ult(B) can be identified with the space of all
homomorphisms of the form z: B — 2, where 2 denotes the 2-element Boolean algebra. By
this way, it is natural to consider the pointwise topology on B, which is the weak topology
induced by the family of all homomorphisms into the 2-element algebra.

In other words if K is a O-dimensional compact space, we consider the Boolean algebra
C(K,2) = (Clop(K), tp) instead of the space C(K) (endowed with the pointwise topology
Tp).
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The standard neighborhood basis consists of finite intersections of the following sets:
Vi={aeBiacq} and V, ={acB:agq)

for g € Ult(IB). We shall denote this topology by 7, (1), or shortly, by 7.
Some applications of Boolean algebras endowed with the pointwise topology appear in
the results 4.1, 4.9 and 4.10.

Theorem 4.1 Let k be an uncountable regular cardinal and let B be a x-Corson Boolean
algebra. Then (B, ) is «-Lindeldf.
In particular, if « = A7, then the Lindelof number of (B, Tp) does not exceed ).

Proof Recall that B is «-Corson iff K :=Ult(B) is x-Corson (Corollary 3.1) and that
Clop(B) = C(K,2) € C(K). By Theorem 2.21, C(K) is k-Lindelof and thus C(K, 2)
is k-Lindelof. m]

Remark 4.2 1t is clear that the proof above can be adapted to the case of x-Valdivia algebras,
replacing 7, by the topology 7, (D) of pointwise convergence on the dense set D.

We start with a simple example relevant to our study.

Proposition 4.3 Let k be an uncountable cardinal and let B be the interval Boolean algebra
generated by the chain k. Then B is k-Corson if and only if « is singular.

Proof Suppose first that « is regular and fix a generating set G C B. Recall that the space
Ult(B) is « + 1 with the order topology. We can look at G as a family of clopen subsets
of k + 1 which separates points, that is, for each x, y € ¥ 4 1 there is a € G satisfying
la 0 fx, y}l = 1.

Let S € « consist of all £ < « such that there existsa € G with § € a and k ¢ a. If the
set H :={a € G: k € a} has cardinality «, then H witnesses the fact that B is not x-Corson.
Otherwise |«\S| < « and hence S is stationary. Therefore §' :={« € S: a € « is limit}
is stationary. For each £ € S’ choose az € G such that & € a¢ and set f(§) = min(ag).
Then the function f: S’ — K is regressive, therefore by Fodor’s Pressing Down Lemma
there are @ < « and a stationary set T C S’ such that f(§) = o for £ € T. Thus the set
{a € G: o € a} witnesses the fact that B is not «-Corson.

Suppose now « is singular, that is, k = sup,_, ky, Where each k is a cardinal < «
and A < « is regular. We may assume that the sequence {xq}y<y is strictly increasing,
continuous (i.e. k5 = sups .5 k¢ for every limit ordinal § < 1) and ko = 0. For each & < A
choose a family G, of clopen subsets of the interval [k, + 1, ky+1] separating the points of
[ko + 1, ky+1] and such that |Gy| = ky+1. Define H = {[ky + 1, k]: @ < A} and let

G=HU|J{Gy: @ <2}U{0}.
Note that
{aeG:kea}l|=|H|=Xx<«k.

Fix £ < « and choose 8 < A such that § < kg. Then & € a € G implies that either a € G
for some o < B orelse a € H. It follows that

Hae G: & cal| <|Bl kg <«k.

It remains to check that G separates the points of x + 1. Fix § < n < k. Let 8 < A be
minimal such that § < kg. If kg < nthenh :=[kg + 1, k] € H satisfiesn € h and & ¢ h.
Next assume 1 < kg.
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Notice that necessarily 8 = « + 1, because £ < < «g and {k;}; <. is continuous and
strictly increasing. We have «, < £ and hence &€, n € [ky + 1, kg+1]. Thus, there is a € G
such that [{&, n} N a| = 1. This completes the proof. ]

4.1 Initial chain algebras

A relatively big class of Corson-like spaces comes from trees. Namely, let (7', <) be a tree,
thatis a; :={t' € T: ¢’ < t} is a well ordering for any r € T. In Monk [25, Ch. 2, Special
classes], the Boolean subalgebra B of &?(T') generated by {a;: t € T} is called the initial
chain algebra over T. The compact space o T was defined and studied by the third author in
[29, 30].

Fix a tree T. Define o T to be the set of all paths in 7. A path A in a tree T is a linearly
ordered set A C T such that {x € T: x <t} € A whenever t € A. Hence any path is an
initial subset of a branch and any branch is a path. For the pointwise topology, o T is closed
in {0, 1}7 because “not being a path” is witnessed by at most two points of 7. So subbasic
clopen sets have the form

Vi={Ae€oT:teA} and V, ={AcoT:t¢A)

where t € T. Hence {V,+: t € T} generates the Boolean algebra of clopen subsets of o 7.

To A € oT we associate its characteristic map x7(A) C {0, 1}7. So | supp(A)| = |A|.
Therefore if any branch of T has cardinality less than « then x7 is a topological embedding
from o A into =, (T) < {0, 1}7. Note that x7 is an order-isomorphism from (7', <) onto its
image. On the other hand, assume that « is regular and that b is a a branch of cardinality «,
then b has an accumulation point in ¢ 7 with local tightness k. Thus, we have proved the
following fact (see [29, Lemma 3]).

Lemma 4.4 Let k be a regular cardinal and T be a tree. Then the 0-dimensional compact
space o T is k-Corson if and only if every branch of T is of cardinality less than . O

Remark Define a “pseudo-tree” T by requiring thata, := {t' € T: ¢’ < t}is alinear ordering
for every t € T. For pseudo-trees, Lemma 4.4 is not true. A counterexample is the linear
ordering R: the space o R is homeomorphic to Ult(B(R)), and by Proposition 1.2, B(R) is
not ¢-Valdivia and thus not c-Corson.

A free sequence in a space X is a sequence x := (Xg)¢ <o (o an ordinal) of elements of X
such that for all £ < a: cly{x;: n <&} Nclx{x,;: § <n < a} = @ (recall that cly denote
the topological closure operation). Any free sequence is a discrete subset of X. Perhaps one
of the main interest in free sequences is given by the following theorem due to Arhangelskii
(based on proofs of Shapirovskii): see Monk [25, Theorem 4.20] and Juhész [16, 3.12].

Lemma 4.5 (Arhangelskii and Shapirovskii) Let K be a compact Hausdorff space. Then
sup {t(p, K): p € K} = sup{|u|: 3 afree sequence in K of length u in K }.
]

Following [29], for a compact space K we let 0 K be the set of all free sequences in K.
We order two free sequences x and y by x < y if y extends x. Since (o K, <) is a tree, we
can consider the topological space o (o K), denoted by 02K, of all paths of o K. Our next
result is the following.
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Proposition 4.6 Let k be an uncountable regular cardinal and K be a compact Hausdorff
space K. The space 62K is k-Corson if and only if K has local tightness < «.

Proof Note that for any free sequence x in K ,i.e.x € o K, thepath{y e 6 K: y < x} € 6K
is a well-ordering of cardinality |x|.

Now by Proposition 4.4 , 62K is k-Corson iff every branch of o K is of cardinality less
than « iff every path of 62K is of cardinality less than «. On the other hand by Lemma 4.5,
every free sequence x in K is of length less than «, i.e. every member of ¢ K is of cardinality
less than «, iff t(p, K) < « forevery p € K. O O

We now develop the above result in terms of Boolean algebras, see: [26]. Fix a Boolean
algebra B. A free sequence in B is a sequence {a¢ }¢ <o, Where « is an ordinal, and for every
finite sets S, T C o such that £ < ¢ whenever £ € S and ¢ € T, it holds that

HSES ag - H:eT —a; >0

(Finite intersection property). This notion of a free sequence is closely related to the usual
notion of a free sequence of points in a topological space. Let B be a Boolean algebra.

(*) For any ordinal o, there is a free sequence (ag)s <o in B if and only if there is a free
sequence (xg)g <o in Ult(B).

Indeed let {(ag)e <o be a free sequence in the algebra B. For each 8 < o, by compactness,
choose xg € Ult(B) such that ]_[$<ﬁ ag - H,B§§<a —a; € xg.Then (x¢)e <o is afree sequence
over Ult(B). Conversely let (x¢)s <o be a free sequence in Ult(B). For each 8 < o choose
ag € Bsuchthat {xe: § < B} C {y € UtB): —ag € y}and {xs: & > B} C {y €
Ult(B) : ag € y}. Then (ag )¢ <« is a free sequence over B. These processes are not inverses
of each other.

Let B be a Boolean algebra. Denote by o (B) the tree of all free sequences in B, ordered in
the usual sense, that is, p < ¢ if ¢ extends p. Since (o (B), <) is a tree we can consider the
set o (o (B)) < {0, 1}°® denoted by o2B, of all paths of o (B) endowed with the pointwise
topology. Recall that for an uncountable cardinal ¥ and for a Boolean algebra A: Ult(A) is
k-Corson if and only if A is x-Corson (Corollary 3.1). The proof of the following result is
similar to that of Proposition 4.6.

Proposition 4.7 Let « be an uncountable regular cardinal. Given a Boolean algebra B, the
space 0°B is «-Corson if and only if Ult(B) has local tightness < «. O

Setting
t(B) = sup{|x|: there is a free sequence in B of order type o},

by (), we have that t(B) = t(Ult(B)).

We do not know an example where the spaces o(B) and o 2(Ult(B)) are not homeomor-
phic, but it is not difficult to see that o2(B) is homeomorphic to a subspace of o 2(Ult(B)).

Recall that a Boolean algebra B has the A-separation propertyseparation property, if for
each A, B C B such that |[A| < A, |B| < A, satisfyinga - b =0foralla € A, b € B, there
exists c € Bsuchthata < cfora € A and b < —c for b € B. So the countable separation
property is the R-separation property.

Remark that if B is A-complete (every subset of cardinality less than A has a supremum
and an infimum) then B has the A-separation property.

Take K to be the Stone space of a complete Boolean algebra B of size ¢ (for instance
B = 2 (N) and choose D C K so that |D| = ¢. Then D(K, D) is ¢™-Corson and it still
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has the countable separation property. Indeed since |B| < ¢ the space K is ¢*-Corson and
thus, by Proposition 2.22, D(K, D) is ¢t-Corson. Next, since B is o-complete, it has the
countable separation property, therefore so does D(K, D).

As usual if A is a cardinal, we denote by A7 its successor cardinal and any cardinal is
considered as an ordinal.

Corollary 4.8 Assume ).<* = A. There exists a A\*-Corson Boolean algebra B with the A-
separation property and such that |B| = AT,

Proof We consider the set K = {0, 1}*, of all binary A-sequences, ordered lexicographically
and endowed with the interval topology. We denote by L the subset of K consisting of all
x € K such that supp(x) := {§ < A: x(£) # 0} is of cardinality < A. Note that |[L| = A<* =
A < 2% = |K|. This linear ordering L was introduced by Hausdorff and is usually denoted
by 14, see [28, Theorem 9.25, Ch. 9, Sect. 4].

Let By be the interval algebra over the linear ordering L. So |By| = |L| = A and thus By is
A+-Corson. Now choose D C K so that |[D| = A" < |K| and let B be the algebra of clopen
sets of the Alexandrov duplication D(Ult(Bg), D). By Proposition 2.22, B is A T-Corson, and
obviously |B| = A*. Next, since L contains neither a copy of the ordinal A nor its converse,
therefore By has the A-separation property. O

In Theorem 4.15, we shall see that a complete Boolean algebra of regular size k > Rg
cannot be «-Corson.

4.2 Poset algebras and modest semilattice algebras

Let P be a poset. We say that F C P is a final segment whenever [ p, —>):={q € P: q >
p} € F forevery p € F. Alsoin alattice L aset F' C L is a filter if F is a final subset of L
such that x A y € F for every x, y € F, and a filter is prime if moreover x V y € F implies
xeForyekF.

We define the poset algebra B(P) as follows. Let Fr(P) be the free Boolean algebra over
the set P and x: P — Fr(P) be the canonical embedding from P into Fr(P). Let Ip be
the ideal of Fr(P) generated the set {(x(p) - x(¢)) A x(p): p < g}, that is by the set
{x(p) — x(g): p < q}. We set B(P) = Fr(P)/Ip. We denote x(p)/Ip by x,. The map
p > X is one-to-one and p < ¢ in P if and only if x), < x; in B(P).

We denote by FS(P) the set of all final segments of P. So #, P € FS(P). That is (up
to characteristic function) the set of all increasing maps x from P into {0, 1}. So FS(P) is
a closed subspace of 27 (P) (for the pointwise topology). Notice that (FS(P), U, N, t) isa
distributive lattice and that, with the pointwise topology 7, the meet and the union operations
are continuous. Trivially, for every p € P the set ap, :={u € FS(P): p € u} is a clopen
final subset of FS(P). It is easy to check that the map x, — a,, is extendable to a Boolean
isomorphism from B(P) onto Clop(FS (P)). Hence we identify Ult(B(P)) and FS (P). (See
Abraham et al. [1, Sect. 2].)

Note that every interval algebra is a poset algebra.

Proposition 4.9 Every poset Boolean algebra contains a generating set that is closed and
discrete with respect to the pointwise topology.

Proof Let B be a poset Boolean algebra over P. Note that G :={a,: p € P} generates B.
For p € P, the seta, is a clopen prime filter of FS (P). Conversely if F € FS(P) is a clopen
and prime filter, then F has a minimum of the form [p, —) with p € P, and thus F' = q,
[1, Lemma 2.9].
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We show that G is discrete in (B, 7). Fix p € P. So J, :=FS(P)\a,, is a clopen ideal
of FS (P) and thus J), has a maximum defined by a finite subset 7, of P. Therefore a, is the
unique clopen filter of FS (P) belonging to the clopenset {u € FS(P): p € u and uNt, = ¥}
of FS(P).

Next G is closed in (B, 7)), because “not being a prime filter in FS (P)" is witnessed by
at most three points of P (as a clopen set in FS (P) is defined by finitely many points of P).
Furthermore, recall that G generates the Boolean algebra B. In particular, |G| = |B]|. O

Next, let M = (M, A) be a semilattice. We define the semilattice algebra B(M) as
follows. Let Fr(M) be the free Boolean algebra over the set M. Recall that x(p) denotes
xp. Let Jy be the ideal of Fr(M) generated the set {x, - x4, A xprq: p.g € M}. We
set B(M) := Fr(M)/Jy. We denote by Fil (M) the set of all filters of M. In particular @ €
Fil(M). Note that Fil (M) corresponds (via characteristic functions) to the set of semilattice
preserving maps from M into {0, 1}. Hence Fil (M) is a closed subspace of 22 M) (for the
pointwise topology).

For p € M we seta, :={u € Fil(M): p € u}. Itis easy to check that the map x, — a,
is extendable to a Boolean isomorphism from B(M) onto Clop(Fil (M)). Hence we identify
Ult(B(M)) and Fil (M). Also (Fil(M), N, @, t) is a compact 0-dimensional semilattice and
M is continuous.

Let (L, A, 0, T) be a compact O-dimensional semilattice. Recall that, by the definition, the
meet operation A is continuous for the topology 7. Since A is continuous, L has a smallest
element0. Anelementa € L is compact if, by definition, @ > 0 and the following implication
holds for every set S C L:

supS=a = (A F €[S]"®) supF =a.

This clearly justifies the name “compact". The property of being a compact element turns
out to be equivalent to the fact that the filter [a, —) is a clopen subset of L. We denote
by K (L) the set of compact elements of L. So 0 ¢ K(L). Then Clop(L) is the Boolean
algebra generated by {[ p, —): p € K(L)}. Also if p, g are elements of K (L) then either
[p,—>)N[g,—)isemptyor[p,—>)N[g,—)=[s,—), wheres :=p vi q € K(L).So
L = Ult(B(M)) where M = K (L) U {0} and for every p, g € K(L), either p Mg =sif
s 1= p VI g exists, nor p AM g = 0 (that corresponds to [ p, =) N [gq, =) = ).

We refer to the book of Hofmann et al. [15] for much more detailed information concerning
compact semilattices.

A compact 0-dimensional semilattice (L, A, 0) is modest if for every compact element
a € L the set of its immediate predecessors is finite. So, in a modest semilattice L, for any
compact element a, there exists a finite set 7, such that ¢ < a for every ¢ € I, and for every
x < a there exists ¢ € I, such that x < c¢. The notion of a modest semilattice was introduced
recently in [22, Sect. 3].

Basic non-trivial examples of modest semilattices are compact O-dimensional linearly
ordered spaces (every element has at most one immediate predecessor). More general exam-
ples are median spaces (see for instance [7, 31]), treated as semilattices. In particular, every
0-dimensional compact distributive lattice is a modest semilattice (that corresponds to the
space of ultrafilters of a poset algebra [1, Theorem 2.6]).

Given a subset A of a partially ordered set, we denote by max A the set of all maximal
elements of A. So max A can be empty.

Theorem 4.10 Let B be an infinite Boolean algebra such that the space L = Ult(B) carries
a structure of a modest topological semilattice. Assume further that there exists a set of
cardinality < |B| which is topologically dense in max L.
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Then for every regular cardinal . < |B| there exists a closed discrete set in (B, t,) of
cardinality X.

In particular, if |B| is an uncountable regular cardinal, then for every generating set
G C B there exists p € Ult(B) such that |p N G| = |B|, that is B is not k-Corson.

Proof We identify B with the algebra of clopen subsets of L, so that we shall write p € a
having in mind that a € B is an element of p € Ult(B).

We use some ideas from duality theory for semilattices. Namely, denote by G the set of all
clopen filters of L. Thus, # € G and nonempty elements of G are of the form [a, —), where
a > 0is a compact element. Straight from the definition of a compact element, knowing that
L is modest, it follows that for each compact element a the filter [a, — ) is isolated in G. The
only possibly non-isolated element of G is the empty set @.

Note that G is closed in (B, 7,), because “not being a filter” is witnessed by at most three
points of L and K (L) U {0} is closed under meet. Furthermore, recall that G generates the
Boolean algebra B. In particular, |G| = |B|.

Fix D € max L such that | D| < |B| and D is dense in max L. Since L is a compact space,
for every x € L there is y € max L such that x < y. In particular, if @ € L is a compact
element, then [a, —) N'max L is nonempty and open in max L, therefore there exists d € D
such thata < d. Fix aregular cardinal A < |B|; possibly replacing it by | D|*, we assume that
|D| < A. By the previous remark, there exists p € D such that the interval [0, p] contains at
least A compact elements. Let V), = {u € G: p ¢ u}. Then V), is a neighborhood of ¢. Thus
G\ V), is a closed discrete set of cardinality at least A.

The second statement follows from Theorem 4.1. O

Note that, under the assumptions of the theorem above, if max L is nonempty and finite,
and if for every x € L thereis m € max L such that x < m, then the set G of all clopen filters
is discrete and closed with respect to the pointwise topology on B. As we have mentioned
already, poset Boolean algebras satisfy the assumptions of Theorem 4.10. On the other hand,
for these algebras, we have improved the result in Proposition 4.9.

4.3 Interval algebras

From the results of the previous section we obtain the following property of poset Boolean
algebras, which might be of independent interest.

Theorem 4.11 Let B be a poset Boolean algebra and let k be a regular uncountable cardinal
such that |B| > k. Then for every generating set G C B there exists an ultrafilter p € Ult(B)
such that |G N p| > k and thus B is not k-Corson.

In particular, if |B| is a regular uncountable cardinal then for every generating set G C B
there exists an ultrafilter p € Ult(B) such that |G N p| = |B|, that is B is not «-Corson.

Proof Suppose the statement above is not true. Then B is «-Corson, therefore by Theo-
rem 4.1 every open cover of (B, 7,,) has a subcover of cardinality < «. On the other hand,
by Proposition 4.9, the algebra B contains a closed discrete set of cardinality «. This is a
contradiction. O

A variant of the result 4.11, involving a topologically dense set of ultrafilters is not true. A

counterexample is any uncountable free Boolean algebra. It turns out however that for some
interval algebras one can still prove something, generalizing Proposition 1.2:
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Theorem 4.12 Assume C is a chain of regular cardinality k > R such that each non-trivial
interval of C has cardinality k and no subset of C is order isomorphic to k or its inverse.
Then for every generating set G of the interval algebra B(C) the set

S={p eUlt@BC)): |GNp| <«}
is nowhere dense in Ult(B(C)).

Proof Suppose G C B(C) is a counterexample and let K = Ult(B(C)). We can find a
non-trivial interval [s, t] € K such that the set S N [s, ¢] is topologically is dense in [s, ¢].
We conclude that the space L :=[s, t] is «-Valdivia compact. By the assumption on C, we
have that t(p, A) < «k for every A € K and for every p € cl(A). In other words, K and
thus L, has local tightness < «. By Theorem 3.6, it follows that L is k-Corson. On the other
hand, the weight of L is k because all non-trivial intervals of C have size « This contradicts
Theorem 4.11. O

Recall that for a set A C Ult(B), in Sect. 3, (x), we have seen that:
cl(A) = [p cUltB): pC UA].

Lemma4.13 Let B be a Boolean algebra with a generating set G and let A be an infinite
cardinal. Let

D, ={p e Ult(B) : |G N p| <A}.
Then

(a) The closure of every subset of D, of cardinality < X is contained in Dj,.
(b) The tightness of D, does not exceed .

Proof (a) follows from the following fact. Assume p € cl(A) with A C D, and |A] < A.
Then

GnpcanlJa={JGnx,
x€eA
therefore |G N p| < A - |A| < A.

(b) Assume p € cl(A)\A, where A € D, . Fix a big enough regular cardinal 6 and fix an
elementary substructure M of (H(0), €) suchthat p, Ae M, A+ 1 C M and |[M| = 1. We
claim that p € cl(A N M).

Suppose otherwise and choose finite sets S, T € G such that, letting

w=[[s-->_T,

we have thatu € pandu ¢ | A. Notethat S € GNp € M,because p € M,|GNp| < rand
M contains all elements of sets of cardinality < A.Let 7" =TNMandu' =[S - - > T
Then u’ € p and also u’ € M, because u < u’ and S, 7’ € G N p € M. Note that

MEpc| A

therefore, by elementarity, using the fact that u’ € p N M, there is ¢ € A N M such that
u' € g.Inparticular S € g and T’ Ng = @, because ¢ is an ultrafilter of B containing u’. On
the other hand, since u ¢ | J A, we have u ¢ g, therefore T Ng # @, because S C . Finally,
TNgCGNg< M,andthus T’ Ng =T Ng # B, a contradiction. O
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Theorem 4.14 Let B be an interval Boolean algebra and let A be an infinite cardinal such
that |B| > AYt. Then for every generating set G C B, for every topologically dense set
D C Ult(B), there exists p € D such that |G N p| > A.

Proof Suppose G C B is a generating set and D C Ult(B) is a topologically dense set such
that |G N p| < A for every p € D. We shall show that the tightness of Ult(B) does not
exceed A 1. After that, using Theorem 3.6, we deduce that B is AT -Corson and finally, by
Theorem 4.11, we conclude that |B| < AT. This is a contradiction.

Thus, it remains to show that the tightness of Ult(B) is < AT. This is equivalent to the
fact that whenever C is a generating chain for B then the ordinal A™" does not embed into
C. Suppose otherwise and choose a strictly increasing monotonic sequence {cg}¢)++ < C.
We may assume that ¢y = 0P and that {ce}e <p++ is strictly increasing.

For each § < AT choose ps € D sothat csy1 € pg and ¢ ¢ pg. Let p € Ult(B) be an
ultrafilter containing the set

{—cs: & < ATTYUfceC:c> ce forevery & < ATy

This actually defines p uniquely. Note that for every a € p, there is a(a) < AT such that
a € pg forevery & > a(a). On the other hand, givena < AT, wehavethat p ¢ cl({ps: & <
a}), which is witnessed by the fact that —c, € p.

Now observe that |G N p| > AT. Indeed, otherwise by Lemma 4.13(b), there would exist
§ € At of cardinality < A™ such that p € cl({pg: & € S}), which is impossible by the
regularity of AT

Choose H € G N p such that |H| = AT. For each h € H find ar(h) < A*T such that
h € pg for & > a(h). Let B = sup,cy a(h). Then B < At and H € G N pg.

On the other hand, pg € D, which means that |G N pg| < A, a contradiction. This
completes the proof. O

As a consequence of previous results, we obtain the following:

Theorem 4.15 Let B be a complete Boolean algebra of an uncountable regular cardinality
k. Then B is not k-Corson, that is, given a generating set G C B there exists an ultrafilter p
such that |p N G| = |B|.

Proof Letx = |B|. By the Theorem of Balcar and Franek [3], the free Boolean algebra Fr (k)
embeds into B. Obviously, Fr(x) is not x-Corson (this also follows from Theorem 4.11).
Finally, by Corollary 3.5, we conclude that B is not «-Corson. O

Theorem 4.16 Assume B is an infinite Boolean algebra with the countable separation prop-
erty. Let k be an uncountable regular cardinal. If B is k-Valdivia then it is k -Corson.

Proof Otherwise, by Theorem 3.6, B has ahomomorphism onto the interval algebra B (k) and
thus onto B(w + 1), which contradicts the fact that B has the countable separation property.O]

5 Concluding remarks and open questions

Question 5.1 Let K be a x-Corson space. Is its hyperspace H(K) x-Corson? Here H(K) is
the space of all nonempty compact subsets endowed with the Vietoris topology.

Negative answer has been found by the Referee; the arguments come from Bell [8],
although the following claim probably belongs to the folklore.
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Proposition 5.2 Let k be an uncountable cardinal and let A(k) denote the one-point com-
pactification of the discrete space of cardinality k. Then H(A(x)) contains a copy of the
Cantor cube 2¥.

Proof Define ¢: (k) — H(A(k)) by setting ¢(x) = x U {oo}, where oo denotes the
unique accumulation point of A (k). It is easily seen that ¢ is a homeomorphic embedding,
when £ (k) is viewed as the Cantor cube 2. ]

Note that A(k) is Corson (in particular, «-Corson), while 2“ is not x-Corson, due to
Corollary 2.20.

The following natural question has been recently answered in the negative by Plebanek
[27].

Question 5.3 Let B be a o-complete Boolean algebra of cardinality x > Ry. Is it possible
that B is k-Corson?

In the next question we consider Boolean algebras with the pointwise topology.

Question 5.4 (1) Characterize Boolean algebras for which there is a discrete and closed set
of generators. (2) Characterize Boolean algebras for which the Lindel6f number is equal to
the cardinality of the Boolean algebra.

Question 5.5 Are the results above (e.g. Theorem 2.10, 2.21, Corollary 2.17) valid for
singular cardinals?
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